Technische Universitat Miinchen @ m
Fakultat fir Physik

Master Thesis

Anapole Moment of Majorana Fermions
and Implications for Direct Detection of
Neutralino Dark Matter

Anapolmoment von Majorana-Fermionen und Implikationen fiir den
direkten Nachweis von Neutralino Dunkler Materie

Merlin Emanuel Reichard

18. February 2021
last compiled: 20. Dezember 2022



First Reviewer (Supervisor): Prof. A. Ibarra
Second Reviewer: Dr. J. Harz



Abstract

After an introduction to dark matter and supersymmetry, the calculation of the
anapole moment as loop induced electromagnetic interaction of a generic Majorana
fermion is carried out. For this, the contributions of both a scalar and a vector in the
corresponding loop diagram is considered, of which the latter is a novel calculation.
After motivating this inherent electromagnetic moment in the context of dark matter
direct detection experiments, where observation based on this interaction may occur,
a numerical analysis of the anapole moment is carried out. After a brief model-
independent study, the focus is drawn on the dark matter candidate of the minimal
supersymmetric standard model, the lightest neutralino. In particular the parameter
space of the gravity- and anomaly mediated supersymmetry breaking scenarios are
investigated. For this, the experimental constraints on the Higgs boson and the dark
matter relic density are employed.

Zusammenfassung

Nach einer Einfithrung in die Dunkle Materie und die Supersymmetrie wird die Be-
rechnung des Anapolmoments als schleifeninduzierte elektromagnetische Wechsel-
wirkung eines generischen Majorana-Fermions durchgefiihrt. Dazu werden die Bei-
trage sowohl eines Skalars als auch eines Vektors im entsprechenden Schleifendia-
gramm betrachtet, wobei letzteres eine neuartige Berechnung ist. Nach einer Motiva-
tion dieses inhdrenten elektromagnetischen Moments im Kontext von Experimenten
zum direkten Nachweis dunkler Materie, bei denen eine Beobachtung aufgrund dieser
Wechselwirkung erfolgen kann, wird eine numerische Analyse des Anapolmoments
durchgefithrt. Nach einer kurzen modellunabhéngigen Untersuchung wird der Fokus
auf den Dunkle-Materie-Kandidaten des minimalen supersymmetrischen Standard-
modells, das leichteste Neutralino, gelenkt. Insbesondere wird der Parameterraum
der Gravitations- und Anomalie-vermittelten supersymmetriebrechenden Szenarien
untersucht. Dazu werden die experimentellen Ergebnisse fiir das Higgs-Boson und
die Reliktdichte der Dunklen Materie herangezogen.
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Chapter 1
Introduction

Observational evidence suggests that around 80% of matter in our universe is not
visible, but composed of an unknown, dark type of matter instead [1]. These pieces
of evidence can be seen in many astrophysical and cosmological systems, ranging
from rotation curves of galaxies, cluster movements, to large scale structure and the
omnipresent cosmic microwave background [2]. This dominating type of matter is
substantially driving the gravitational dynamics of the structures in our Universe.
If this dark matter (DM) is a particle, it is expected to be truly dark, e.g. it does
not interact with the photon in the same way as the electrons and the nuclei of
the intergalactic medium. Furthermore, it has to be stable; otherwise their content
would have decayed [3]. One typical type of DM candidate is a weakly interacting
massive particle (WIMP), whose present relic abundance is described by the freeze-
out mechanism: The candidate is in thermal equilibrium with the bath of Standard
Model particles at high temperature (early times), but once the annihilations cannot
keep the WIMP in equilibrium with the thermal bath, it stops interacting with the
visible sector [3] and its (comoving) number density becomes constant. Furthermore,
the same couplings leading to the correct dark matter abundance may allow the
detection of WIMPs.

Different strategies both experimentally and theoretically have been developed
trying to detect the DM particle. On the experimental side the approaches can be
separated roughly into three categories: direct detection experiments, where DM in-
teracts with material in the detector directly, indirect detection experiments, where
signals like hard gamma-rays originating from extraterrestrial DM interactions are
looked out for, and collider searches, where DM may be produced via high-energetic
particle collisions. On the theoretical side, many models have been proposed with
varying particle content and interactions allowing both predicting the present ob-
servational evidence for DM and offering a prospect for its detection.

Current evidence does not completely exclude the possibility that the DM particle
can interact with ordinary matter via electromagnetic interactions. In fact the as-
sumption of Lorentz- and electromagnetic gauge invariance do not forbid that DM
can have a charge or other higher electromagnetic moments. In many models, these
higher electromagnetic moments can be generated via quantum corrections. Con-
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cretely, Dirac fermions can carry electric charge, an electric- and magnetic dipole
moment, and an anapole moment. Majorana fermions, due to the fact that they
are self-conjugate fields, can only carry an anapole moment. In this thesis we will
consider the anapole moment of a spin 1/2 Majorana fermion and its application
to the scenario in which it dominates the interaction between the DM particle and
nuclei in direct detection experiments.

One candidate for WIMPs is found in the framework of supersymmetry (SUSY).
This additional symmetry of nature proposes that all particles have a corresponding
supersymmetric partner called sparticle. These new fields differ from their counter-
parts by their spin quantum number. Applying this framework to our currently best
model - the Standard Model (SM) of particle physics - leads to the minimal super-
symmetric standard model (MSSM). Consequently, all matter particles, like quarks
and leptons, have corresponding force-carrier particles called squarks and sleptons
respectively. Similarly the gauge bosons of the strong-, weak- and electromagnetic
interaction have matter fields called gauginos as partners. Apart from addressing
many still-standing issues of the SM, this framework can be studied on its own and
has interesting theoretical features and consequences for quantum field theories in
general.

The thesis is structured as follows, chapter [2] introduces dark matter and some
of the evidence hinting at it followed by a discussion of the freeze-out production
mechanism of a weakly interacting massive particle (WIMP).

Supersymmetry as a framework of physics beyond the Standard Model of particle
physics is introduced in chapter [3] Basics of the construction of supersymmetric
theories and the simplest supersymmetric extension of the Standard Model in the
form of the minimal supersymmetric standard model (MSSM) is given subsequently.

Then, the definition and calculation of the anapole moment of a generic Majorana
fermion is covered in chapter [d For this, the possible contributions from both scalar
and vector interactions are covered, of which the latter is a novel consideration.
Furthermore, the historic issues surrounding the calculation of the SM neutrino
charge radius is presented and the solution in the form of Pinch-Technique and
Background Field Method are discussed.

In chapter [5| the basics of direct detection experiments are discussed and the pos-
sibility of the detection of a Majorana WIMP via the anapole moment is illuminated.

Chapter [ contains the numerical analysis of the anapole moment in both, a model-
independent manner and in the context of the MSSM. For the latter, the lightest
neutralino as WIMP DM candidate is considered. Under the assumption that it is
the only WIMP responsible for the present dark matter energy density, some of the
underlying parameter spaces of the supergravity- and anomaly mediated MSSM is
considered and the anapole moment is evaluated in this regions.

Finally, the key results are summarized in chapter [7] and an outlook is given.



Chapter 2

Basics of Dark Matter

In this chapter the concept of dark matter (DM) is introduced and some of the
observational evidence and basic production mechanisms are presented. We will
also summarize the basics of today’s understanding of cosmology in the form of the
ACDM model.

2.1 Standard Cosmology

Based on the observation by Hubble, that the velocity of which galaxies drift apart
from each other is proportional to their distance, the Big Bang scenario was de-
veloped. The basic idea is, that if the distance between galaxies grows with time,
they were closer together in the past. Thus, a common origin in both space and
time was proposed. The present value of this rate is given by the Hubble constant

Hy =100 -k km s~ 'Mpc™, (2.1)

where h = 0.67 is introduced as a dimensionless quantity [1, [3] and allows the study
of Hy irrespective of the issues surrounding its measurement. For this reason many
quantities in this framework depend on h.

More general, the time dependent expansion of the Universe is described by the

Hubble rate da/ds
() = 39/ (2.2)

a

where a is the scale factor (with the value today set to ag = 1) describing the change
of length due to the Universe’s expansion and accompanies the spacial components
of the line element

ds? = dt* — a? < + r2d92> , (2.3)

dr
1 — kr2

for which homogeneity and isotropy is assumed. Further, this line element defines
the Friedmann-Robertson-Walker (FRW) metric g,,,. The factor k € {—1,0,+1}
describes the curvature of an open, flat and closed Universe respectively.
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A common choice to describe the content of the Universe is to model it as a perfect
fluid with energy momentum tensor

™ — (P >, 2.4
v ( —p l3xs (24)

where p is the energy density and p is the pressure. Its dynamics are described by
the Einstein equation

1
R, — §ng, - Aguy = 87GT),, (2.5)

where R, and R are the Ricci-tensor and Ricci-scalar respectively, while A is the
cosmological constant. For a pressureless fluid, one can solve the time- and space-like
components and obtain the Friedmann equations

8rG Ak
=", 2 2.6
3 Pty (2.6a)
i la? A 1k
-+ - =—-41Gp+ - — -— 2.6b
a + 2 a? mep+ 2 2a? ( )
It is useful to rewrite eq. (2.6a)) as
A% Qo+ Qe+ Qp — 1| =, (2.7)
where 7 = dln(a)/dt = Ha is the conformal expansion rate, Qm = pm/pe, O =
pr/pe and Qy = %/ pe are the dimensionless energy density of non-relativistic
matter, radiation and vacuum energy respectively, and p. = % is the critical

density. Observations tell us, that the curvature is flat, e.g. k& ~ 0 [1], such that
eq. (2.7) reduces to
Qm + 2 +Qp = 1. (2.8)

In general, the thermodynamic equation of state (no summation implied),

0 non-rel. matter
pj = wjpj, with w; = ¢ 1/3  rel. matter (2.9)

—1 vacuum energy

describes the relationship between pressure and density of any type of matter (and
vacuum energy here). One consequence is, that the energy density of the respective
type of energy has a different time-dependency. Explicitly [4],

a3 non-rel. matter

pj(a) ~ < a=* rel. matter (2.10)

const. vacuum energy
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implying that in the very early stages of the Universe, the dominating type of en-
ergy was relativistic matter (radiation). With ongoing expansion, this contribution
decreased and the non-relativistic matter started dominating eventually. The in-
termediate epoch, at which the radiation and matter energy densities where equal,
is called matter-radiation equality and plays an important role for the large scale
structures and the cosmic microwave background. Today, the dominating source of
energy density is the vacuum energy, contributing around 70% to the total energy
content of the Universe.

The ACDM model is then realized by the spatially flat K = 0 FRW metric of
eq. (2.3). The matter contribution Uy, is further separated into baryonic (visible)
matter Qy, and cold dark matter (CDM) €2,. The latter - the DM relic density -
serves as key quantity for testing new models describing DM candidates and de-
pends heavily on the exact framework of the physics beyond the SM. Some ideas are
summarized in section 2.3}

2.2 Observational Evidence

Some examples of evidence hinting at DM ranging from scales of galaxies and galaxy
clusters to cosmological scales are summarized here [2].

2.2.1 Galaxies and Galaxy Cluster

The apparent deviation of the rotation curves of galaxies from the Newtonian pre-
diction is hinting strongly towards a new form of matter. The discrepancy is due to
the fact, that the observed velocity of the outer parts of galaxies is approximately
constant, while from Newtonian physics one would expect a relation

o(r) = , (2.11)

with M (r) = 4r [ drr?p(r) leading to a dependency beyond the optical disk of
v~ 1/, (2.12)

where v is the circular velocity of the galaxy with radius . The measurement,
that the velocity of objects in the outer regions is nearly constant with respect to
r, can only be explained if there is additional - non-visible - matter with a density
distribution ppew ~ 1/72. This new presence of non-visible, or dark matter (DM),
is then dominantly responsible for the comparably high- and constant velocities in
the outer region of galaxies. This characteristic is best studied by the observation
of Low Surface Brightness (LSB) galaxies, whose mass distribution is dominated by
the presence of DM. How this distribution, also known as DM halo, is shaped in the
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inner regions, is still subject of research: it could present a cored or cuspy profile.
For the outer regions on the other hand, the rotation curves of disk galaxies strongly
suggest a spherical halo shape.

Another form of observational evidence of DM can be found via the effect of weak
gravitational lensing around elliptical galaxies. The strong gravitational potential
generated by the mass aggregated in the galaxy bends the spacetime around the cen-
ter. Since light from behind the galaxy (from our point of view) follows the geodesic
"around" the galaxy, a unique shape is generated. Then, the mass generating this
effect can be deduced and compared to the mass from visible matter.

On the scale of galaxy clusters the first hints of DM were observed in 1933 by F.
Zwicky [5l [6] who found using velocity dispersion measurements that the mass-to-
light ratio in the Coma cluster is two orders of magnitudes higher than that in the
solar neighborhood. There are several ways of determining the mass of a cluster.
Common methods include gravitational lensing, the profile of X-ray emissions and
relating the observed kinetic energy with the potential using the Virial theorem.
Then, one can compare this data with estimates of the mass of visible matter only.

2.2.2 Cosmic Microwave Background

The evidence based on galaxies and galaxy clusters allows us to study the DM
distribution on comparably small scales. In order to quantify its contribution to the
total energy density of the Universe, larger scales have to be probed. In fact, valuable
information can be extracted from the omnipresent Cosmic Microwave Background
(CMB).

At early times when the temperature was high enough, neutrinos, photons and
electrons were in thermal equilibrium via the processes

vee W' =, e and ey —e —e . (2.13)
The interaction rate is given by
I':=own, (2.14)

where ¢ is the cross section, v the relative velocity and n the number density. Since
the Universe expands, the number density persistently dropped until the processes
of eq. could no longer occur. The equilibrium stopped once the Hubble rate,
eq. , became larger than the interaction rate. The epoch, where they were
equal,

INTgee.) = H(Tec.), (2.15)

defines the decoupling temperature Tye.. =~ 0.26 eV =~ 3000K at which the photons
decoupled from matter [4]. In fact, these photons are still present but with reduced
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temperature Ty ~ 2.7K ~ 60GHz due to the expansion of the Universe. As ap-
parent, this temperature lays in the microwave band, thus giving rise to the name
Cosmic Microwave Background (CMB). First signs of this signature where observed
in 1941 by McKellar [7], but it took until 1964 where Penzias and Wilson accident-
ally discovered a background noise in the microwave band [8], now identified with
the CMB. This discovery was a major milestone for the Big Bang hypothesis and
delivered observational evidence contradicting the competing steady state theory.

Instruments to study the CMB include the Wilkinson Microwave Anisotropy
Probe (WMAP) mission [9] on the observational side, which surveyed the back-
ground over the full sky. After accounting for relative corrections due to earth’s
movement, it was found that the CMB is remarkably smooth, with deviations be-
ing of order 67/T < 1075. However, the whole sky - as a surface - should not be
causally connected, so there needs to be an explanation of why the temperature is
so uniformly similar. One theory is that the Universe underwent an epoch of very
rapid expansion such that these regions were causally connected. As it turns out,
this inflationary period would be driven by a cosmological constant and not by any
type of matter.

In conclusion, the CMB permits the study of all cosmological model parameters,
since it has all physical information present at the decoupling epoch encoded. These
will be imprinted into temperature fluctuations around T and inhabit statistical
information about physical quantities. Leading physical effects on the CMB are

o At the time of photon decoupling there are acoustic oscillations in the photon-
baryon composite due to the presence of gravitational wells caused by DM.
While the composite is pulled down the potential, and if its temperature cannot
adjust fast enough, a pressure is generated acting against the potential. This
induces a temperature fluctuation.

e The Sachs-Wolfe effect describes the effect of general relativity on the CMB
photons, namely the effect caused by a strong gravitational potential changing
over the time a photon is traveling through it. Before and during the decoup-
ling epoch, this effect is hardly separable from the acoustic oscillations. After
decoupling however, when the photons are streaming through the Universe,
this effect can have sizeable effects and has to be integrated over the line of
sight.

From the analysis of the CMB one can infer the values of
Qtotal(t0)7 QA7 Qm(tO)hQa Qb(tO)h2a (216)

where each has a separate effect on the shape of the CMB power spectrum (see [4,
Chapter 1.4]).
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2.2.3 Large Scale Structures

Hints at dark matter can also be found in the visible matter distribution in the Uni-
verse. In particular how the large scale structures like (super-) galaxy clusters and
voids are distributed. Their history is governed by the time evolution of primordial
seeds in the energy distribution in the very early epoch of the Universe. Since DM
is the dominating matter form, the gravitational dynamics are mainly governed by
it, driving the aggregation and formation [10].

The basic idea here is, that one studies the deviations of the matter density field
with respect to its mean. That is, one separates the local density p(x,t) into

plx,t) = p(T)(1+ 6(x, 7)), (2.17)

where p is the spatial average and é(x,7) is the density contrast. The peculiar
velocity is given by the velocity deviating from the Hubble flow, e.g.

ui(x, 7) = vi(xe, 7) — Hw;. (2.18)
where vl is the ordinary velocity. In both eq. and eq. -, r; = ar; and
T = fto 0 adi/) are the comoving distance and comoving time respectively. The

conservation of the number density in phase space f(x,p,7) implies that its total
derivative vanishes:

df 8f ox 8p

=t VIt o Vel (2.19a)
of
F*Tn Vf—amV®-Vyf = 0. (2.19b)

This equation is called Vlasov-equation where ® is the cosmological potential de-
scribing the gravitational source due to the fluctuations only. Taking momentum
moments of the Vlasov-equation, one obtains in lowest order the equations

85(;_’7-) =V -[1+0(x,71))u(x,T1)] (2.20a)
aauf + Huj +uViu; = —(VP); — ;VZ'(,OUU) (2.20D)

corresponding to the continuity- and Euler equation respectively. The term o;; is
the stress-tensor and can be taken to be diagonal and proportional to the pressure of
the fluid. Since in this context, the structure formation is mainly governed by cold
DM modeled as a pressureless fluid, the tensor o;; vanishes at first order. However
this approximation is not valid on all scales |10].

With these equations one can study the formation of large scale structures and
test the resulting statistical predictions in the form of the matter power spectrum
P(k) defined by

(5(k)S(K")) = (277)35(3)(k + K P(k). (2.21)
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Here, 0(k) is the density contrast in momentum space and ( - ) is the correlation
function. This powerspectrum can be compared with both observations and N-
body simulations. The key point is, that the smoothness of the CMB, and thus the
homogeneous distribution of the photon-baryon composite in the early epoch, cannot
serve as a source for the observed structures alone. Instead, one needs additional
matter in order for the observed structures to have formed in the given time of the
Universe. This additional matter is identified with the DM, whose effect on the
structure formation dominates over the contribution from visible matter.

2.3 Production Mechanisms and WIMPs

Several mechanism have been developed to explain the present energy density of
DM, its relic abundance. The most popular ideas are [11]:

1. Freeze-out mechanism: Similar to the decoupling of photons, starting in
thermal equilibrium, when the interaction rate between the DM and SM drops
below the Hubble rate, its comoving number density becomes constant and
freezes out due to lack of interaction processes occurring.

2. Freeze-in mechanism: Here, the DM was never in equilibrium with the
SM (for example achieved with a small coupling y ~ O (10_7)). Once the
visible sector producing the DM becomes Boltzmann suppressed, the comoving
number density of the DM freezes-in.

3. Dark Freeze-out mechanism: Similar to the freeze-in mechanism, DM was
never in equilibrium with the visible sector. However, it was in equilibrium
with its own dark sector populated by a freeze-in type yield from the visible
sector. The DM particle annihilates into particles of the dark sector only until
the Hubble rate dominates over this interaction rate.

4. Reannihilation mechanism: Here, the dark sector is thermalized and dark
freeze-out happened prior to the ending of the yield from the visible sector.
Thus, the relic abundance is increased by these processes until the yield stops,
after which the abundance freezes out.

In this work we will focus on weakly interacting massive particles (WIMPs), whose
relic abundance is produced via the freeze-out mechanism. An advantage of the
model is, that a WIMP naturally obtains the correct relic abundance in the early
epoch of the Universe via the same interactions, with which it is detectable [12].
The WIMP relic density is coined by the physics in the era preceding Big Bang
Nucleosynthesis (BBN). Currently, BBN is the earliest time we can probe, where
the elements D, 3He, *He and "Li were synthesized within approximately the first
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three minutes. Thus, in order to calculate the WIMP relic density, one has to make
assumptions about the pre-BBN Universe.

The standard computation of freeze-out assumes conserved entropy of both matter
and radiation, thermal production of the WIMPs, that their decoupling occurred
while the Universe was dominated by radiation and that they were in chemical-
and thermal equilibrium before decoupling. Then, production and annihilations of
WIMP pairs took place via SM particles:

xx < ete , utuT,qq WW—,ZZ, HH, . .. (2.22)

Processes from right to left occurred as long as the SM particles in the plasma had
enough energy to produce the DM candidate, e.g. T' > m,.. The WIMP annihilation
was in equilibrium with the production processes with common rate

Fann = <Uannv>neq7 (223)

where oann is the WIMP cross section, v the relative velocity and neq the number
density at chemical equilibrium. The angles ( - ) is the average over the thermal dis-
tribution. As the Universe expanded, the number density of the interacting particles
decreased, causing the annihilation- and production rates to decline accordingly.
Then, when the annihilation rate I'y,, became smaller than the Hubble rate,

Pann < H, (2.24)

chemical decoupling occurred and the number of comoving WIMPs attained a (ap-
proximately) constant value, viz. the number density decreased as ~ 1/73 with the
expansion of the Universe. This is the freeze-out mechanism.

In many cases, the WIMP is assumed to be a Majorana fermion such that it
coincides with its own antiparticle: x = ¥. In particular this is the case for the
models studied in this work.

The present WIMP density can be calculated via [12]

dn
i —3Hn — (Ganuv)(n® — ngq), (2.25a)
ds
4 _ _apn. 2.25b
a = (2:250)

In eq. time is denoted by t, the entropy densities by s and n (neq) stands for
the number density (at equilibrium). The term ~ H is responsible for the dilution
due to the expansion, while the term ~ (o,n,v) accounts for annihilations and inverse
annihilations of the WIMP. Combining these two equations by introducing the new
parameters Y = n/s and x = m/T, where T denotes the temperature of the photon

bath, one obtains
dY 1 ds

W = 30 qg (Cam) (V7 —Yeg). (2.26)

10



2.3 Production Mechanisms and WIMPs

The energy- and entropy density can be related to the photon temperature via

w2 4 2> 3
P = %geﬁ(T)T y S = Eheﬂ‘(T)T 5 (227)

where ger (hesr) stands for the effective degree of freedom of the energy (entropy)
density. With

1/2 hegt 1 T dheg
gif* = 2 (1 4o : (2.28)
B 3 hen dT
one can rewrite eq. (2.26) as
dy 45 \ V2 g s s
E - - <7TM1%1> ) <Jannv>(y - Y:eq)' (229)

where Mp) = 1/\/5 ~ 1.2 x 10!? GeV is the Planck mass. This equation is most
easily solved numerically with initial conditions Y = Y, at x ~ 1 resulting in today’s
Yy. Then, one can calculate the WIMP relic density as

Pg)chQ o mX80Y0h2

QO h2 =
X P2 Y

(2.30)
The zero as sub- or superscript denotes the present value of the respective quantity.
One important feature of this framework is, that decreasing (oannv) in eq.
leads to an increased WIMP number density and thus to an augmented relic abund-
ance. Since the quantity (oannv) depends on the interaction strength, it is expected
that a weaker coupling leads to a higher relic density.

Irrespective of the production mechanism responsible for the relic density, the
theoretical prediction has to be compared with observational data. For example the
combined limit from the WMAP+eCMB+BAO+H|y data set gives a cold DM relic
density [9, Table 17] of

0, h2 °20.1153 £ 0.0019, (2.31)
restricting possible DM models.

11






Chapter 3
Supersymmetry in a Nutshell

In this chapter the basics of supersymmetry as extension of the Standard Model of
particle physics are introduced.

3.1 Symmetries in Particle Physics

The importance of symmetries can be found in probably every field in physics. Par-
ticularly in particle physics, symmetries can allow or forbid particles and interactions
of a model. The mathematical description is formulated in terms of the action

S:/&xg (3.1)

where £ = L(¢, A,) is the Lagrangian being a function of the fields and interac-
tions of the model. According to Noether’s theorem, whenever the action remains
unchanged under a transformation

S8 =8+455=S8, (3.2)

there exists a corresponding conserved quantity. It is said, that the system possess
the symmetry corresponding to the transformation. In classical physics, if a sys-
tem is invariant under translations, the momentum is conserved etc. However this
concept is more general and can be applied to any symmetry. The Lagrangian £
can be considered to be the building block of a theory! and encapsulates arguably
all physical information about a system. From it, equation of motions, scattering
amplitudes, decay widths and cross sections can be computed.

Since the laws of nature do not change with respect to Lorentz transformations, it
is reasonable to demand that also £ should be invariant with respect to them. One
example is the free scalar theory,

Efree = % 8u¢ 8M¢ _%m2¢27 (33>

1Up to redefinitions and integration-by-part identities

13
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in which the fields ¢ transform trivially under the Lorentz group and describe a
spin-0 particle. Since ¢ transforms trivially, the Lagrangian is Lorentz invariant.
The free theory of a complex scalar,

Liree = 8,u¢ 8M¢* _m2¢¢*7 (34)

is not only Lorentz invariant, but additionally invariant under the global U (1) trans-
formation '
o —e P, aeR. (3.5)

The corresponding Noether current,

o OLfree 5¢ OLfree 6¢*

" 9(0,0) ba W@Z—i(qﬁfm* —¢" 0u) (3.6)

and charge
Q= /d3$ Jo (3.7)

are immediate consequence of Noether’s theorem [13, Chapter 3.3]. If we allow the
parameter in eq. to be spacetime dependent, & = «a(z), the derivatives in
eq. have to be replaced by covariant derivatives for the Lagrangian to remain
invariant:

Oy — D, =0, +ieA,. (3.8)

The gauge field A, can be identified with the photon field. The U(1) symmetry
with a spacetime dependent parametrization a(z) is now considered to be local (or
gauged) and the Lagrangian reads

L = D,¢ D"¢* —m*pop*. (3.9)

Note, that the covariant derivative introduces interactions between the charged
scalar and the photon. Often, this gauge redundancy (or invariance) is referred
to as gauge symmetry. Adding the kinetic term of a photon, a spin-1 vector field,
leads to the model of scalar quantum electrodynamics (QED), in which a charged
spin-zero particle interacts with photons:

1 * *
Lscatar QD = = 1 Fu " + Dyp(D*9)" — m2po*. (3.10)

Here F,, = i/e[D,, D,] is the field strength tensor.

Similarly, the SM is a gauge theory whose group structure is determined by
SU(3). x SU(2)r, x U(1)y, corresponding to the color, left and hypercharge sym-
metries respectively. The SM consists of gauge fields, three generations of fermions
and an uncharged Higgs scalar. After the latter obtains a vacuum expectation value
(vev), the SM gauge group is broken down to SU(3).x U(1)ep, whereby the fermions
and electroweak gauge bosons acquire masses.
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3.2 Why Supersymmetry?

3.2 Why Supersymmetry?

Although the Standard Model (SM) of high-energy physics allows us to study
particles and their interactions in the Universe remarkably precisely, some phe-
nomena are unexplained such that more physics remains to be discovered. Some
examples showing our lack of understanding include [14, Chapter 1.4]

e We do not have a non-classical model of gravity describing phenomena at the
quantum level. Our current best model, Einstein theory, is non renormalizable
at very small length scales (equivalently at high energies M, = 1/ VG ~
1.2 x 10 GeV).

e The hierarchy problem: Why are the electroweak- and Planck scale so different
with Mgw/Mp ~ 10~%? Related is the necessity of fine tuning order by order
in perturbation theory due to the sensitivity of the SM Higgs potential to UV
physics.

e Strong CP problem: Ad hoc, no symmetry forbids a term QFWFW in the
QCD part of the SM Lagrangian, where F),, is the QCD field strength tensor
and F), its dual. Experimentally, this parameter is unnaturally small with
6 <1078,

o Is there a reason for the internal structure of the SM (gauge group SU(3). X
SU(2)r x U(1)y, three generations of fermions, 3 + 1 spacetime dimensions,
origin of all SM parameters, ...)7

o What dark energy and dark matter is.

Since these (and other) problems cannot be solved or explained within the SM,
extensions have to be made. Some of these add new particles and/or interac-
tions to the Lagrangian, while others extend the symmetries. In the latter case,
one can either modify internal symmetries, like embedding the SM gauge group
SU(3). x SU(2)r, x U(1l)y into a more general grand unified theory (GUT), or
modify spacetime symmetries themselves. In this regard, commonly studied ideas
include adding extra dimensions or imposing a new symmetry relating matter and
interaction fields: supersymmetry (SUSY).

SUSY solves some of the mentioned problems. In particular it unifies the gauge
couplings of the SM, offers a DM candidate - usually the lightest neutralino - and
resolves the hierarchy issue and the related sensitivity of the SM Higgs potential to
a high energy scale. Its mass - in the SM - obtains quadratic divergent corrections
from higher order loop diagrams proportional to the cut-off scale. For a cut-off at the
Planck scale, these diagrams lead to corrections which are 30 orders of magnitudes
larger than the Higgs mass itself [15]. In a supersymmetric extension however,
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Chapter 3 Supersymmetry in a Nutshell

every SM loop diagram with fermions is matched with a similar diagram with the
superpartner of the fermion running in the loop. In unbroken SUSY, these two terms
cancel each other and protect the SM Higgs boson from quantum corrections.

While there are many of these useful consequences of SUSY, the idea itself seemed
to be an academical curiosity first, and only later turned out to be useful for solving
problem in the SM [16]. Apart from the SM, it also offers insights into different
aspects of general quantum theories and general relativity.

3.3 Supersymmetric Lagrangians

3.3.1 The Supersymmetry Algebra

SUSY can be seen as naturally emerging from analyzing the scattering matrix S
(S matrix) in a general way using group theoretical arguments. In this elegant
and concise approach the so called no-go theorem, also known as Coleman-Mandula
theorem, plays a central role [17, Chapter 1.2]. This theorem states that the only
symmetries of the S matrix can be the direct product of the Poincaré group (e.g.
Lorentz group + translations) with internal symmetries. Further symmetries would
overconstrain the S matrix and would make it non-physical. For example in 2 — 2
scattering, the S matrix is only a function of the scattering angle, if only Poincaré
is taken into account. A further symmetry would constrain this angle to a certain
value which renders the S matrix non-analytical. However, extending the Lie algebra
to a so called graded-Lie algebra allows for an additional symmetry between bosons
and fermions, which does not violate the no-go theorem. As it turns out [18], this
is indeed the only possibility to extend the Poincaré algebra in such a way that
the Coleman-Mandula theorem is not violated. So not only does it circumvent the
original theorem, but it also is the only way to do it. This means that the SM gauge
group can be extended with an additional, non-internal symmetry. Except noted
differently, only D =4 and N =1 (one set of SUSY generators) SUSY is discussed
here.

The SUSY algebra is a graded-Lie algebra, meaning that anticommutation rela-
tions and spinorial/Grassmannian generators (), and Q(Ti replace the usual commut-
ation relations between bosonic-like generators for the extended part. Additionally
to the Poincaré algebra, the SUSY algebra reads

{Qaa Qﬁ} = {QL’ Q;} = 07 (311&)
{Qav QL} = Qngpﬂa (311b)

where the latter equation encapsulates the non-trivial extension of the Poincaré
algebra (for the convention see section [3.3.2]).
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3.3 Supersymmetric Lagrangians

3.3.2 Chiral Supermultiplets: The Wess-Zumino Model

The arguably easiest example of a supersymmetric theory is the Wess-Zumino model
[19]. Following |15 Chapter 3.2], Dirac spinors 1, are represented by left-and right
handed anti-commuting Weyl spinors ¢ and x' respectively:

vo= () o= (v &) =ub(, ). (3.12)

with spinor space indices o, & = 1, 2 for the left and right handed spinors respectively.
These are raised and lowered with the e-symbol, defined via

2=l — ey = —€19 =1, =2 =€ =€ =0. (3.13)

Such that for example £, = eagfﬁ and XL =€, BXTB . The convention for contracting
indices between different spinors is such that

EX = %0 = %X’ = ... = XL (3.14)

Note the position of the undotted indices, ¢, while dotted indices are always con-
tracted from bottom left to top right, ,“. The Pauli matrices take the form

o’ =5 = <1 1> , ol = -5l = (1 1) , (3.15a)
0l =5 = (Z _i> : 03 =5 = <1 _1> : (3.15b)

The basic ingredients needed to construct the Wess-Zumino model are:
1. The Lagrangian of a free, massless charged scalar
2. The Lagrangian of a free, massless left-handed fermion

3. Imposing SUSY-transformation: The scalar and fermion should transform into
each other

4. The action should remain invariant under this transformation

5. SUSY algebra has to be close; in other words, we want to find a representation
of the superalgebra

6. Find allowed interaction terms

17



Chapter 3 Supersymmetry in a Nutshell

The first two points are well known, the respective Lagrangians read
Lscalar = 8'u¢* au¢ and  Ltermion = inEuau¢ (3'16)

and together form the 3 4+ 1-dimensional action

S = /d4x (ﬁscalar + Efermion)- (317)

The scalar and fermion are related to each other via their transformation behavior
under SUSY. In fact, the boson ¢ (and ¢*) is imposed to transform into the fermion:

8¢ ~ tho = 6p = etp (69" = €'yT). (3.18)

The equality after "=" is due to the spinor structure of 1, on the left hand side
and holds up to an arbitrary factor. Note, that € is an infinitesimal anti-commuting
spinorial parameter of mass dimension —1/2. With that, the total scalar Lagrangian
transforms as

5£scalar = 65“¢8p¢* + €T8M¢T8u¢ (319)

Since the action has to remain invariant, the corresponding transformed fermion
Lagrangian has to cancel this contribution (up to a boundary term):

5['scalar + 6['fermion ; au( . -)7 (320)

Keeping in mind the mass dimensions as well as the respective Lorentz- and spinorial
structure, the variation of the fermion is fixed to be of the form:

0hg ~ (J“eT)aal@, 57,/}:; ~ (ec")a0,0". (3.21)

By plugging this transformation behavior into eq. (3.20)) and applying the identities

D [e"0” + Vot =2, i) (o' + 0"a"), = 2L, (3.22)

one finds the proportionality constants —i and 7 respectively and obtains:
§the = —i(o"eNadud,  OYE = i(ea™)ad " (3.23)

Now, the only thing which has to be checked is if the SUSY algebra is closed, e.g.
if the commutator of two SUSY transformations is another symmetry of the theory.
Let €1 and €2 be the parameters characterizing the SUSY transformation of ¢ and
1. Then one obtains

0er0er 0 = 0oy (€1) = €1 (—1)0" e} D (3.24)
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3.3 Supersymmetric Lagrangians

and thus
(0¢y0e; — Oey0ey )P = i(—ela“eg + 620“61)@@. (3.25)

As apparent, the RHS is proportional to the generator of spacetime translation.
However a similar calculation for the transformation of the fermion leads to

(0¢;0cy — 0ey0ey ) V0 = i(—elal‘eg + 620“61)8“/1&
+ non-zero, (3.26)

where the non-zero terms only vanish on-shell. This means, that SUSY is only
satisfied in the on-shell limit. This problem can be circumvented by introducing an
auxiliary field F' to the Lagrangian

Low = F*F, with [F] =2 (3.27)
which transforms under SUSY as
OF = —€'g"0,p,  OF* = i0,iote. (3.28)

This auxiliary field is responsible for the cancellation of any off-shell part violation
of the SUSY algebra as in eq. (3.26). Now, also the transformation behavior of 1
has to be altered accordingly,

§he = —i(0"€)aOud + €aF, 5L = i(ed™)a0ud* + €l F*. (3.29)

such that indeed 0S5 = 0 while also accommodating that the SUSY algebra closes
off-shell. Indeed, one finds

(0ey0cy — 0ey0e,) X = i(—ela”eg + 620“61)6#)( (3.30)

for any X = ¢, ¢*, 1,9t F, F*. The triple (¢, 1, F) is referred to as a chiral super-
multiplet.

In order to derive the interactions between scalars and spinors, consider n (i =
1,...,n) copies of free Wess-Zumino Lagrangians:

Livee = 0"¢™ 0y + i0p" 16" Oy1p; + F* . (3.31)
The interaction Lagrangian also has to be invariant under SUSY transformations,
such that the most general ansatz can be chosen to be

1. .
Lint = (—2W13¢ﬂ/1j + WzFi> + h.c. (3.32)

From

0= 6Lint , (3.33)

4 spinors

one finds that
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Chapter 3 Supersymmetry in a Nutshell

o SW4 /¢y is totally symmetric in i, j, k,
o WU /5¢r =0, e.g. W is holomorph in ¢y,

motivating the ansatz - - -
W4 = MY + kg, (3.34)

with y“* a totally symmetric Yukawa coupling and M% a symmetric mass matrix.
Furthermore, this defines implicitly the superpotential

1 . 1 ..
W= §M”¢z‘¢j + gyljk¢i¢j¢k7 (3.35)
such that
J o 147 (3.36)
WY = . .
0¢i0e;

Note, that in general the superpotential can have a term of the type Li¢; with
[L] = 2 if ¢; is a gauge singlet. Since in the SM no fermion is a gauge singlet, so
is no corresponding superpartner. However this term plays a role in spontaneous
SUSY-breaking. Similar proceeding for the condition 0 < (5£int‘ 5 shows that also
W? is related to the superpotential:

4
obi
Using the equation of motion for the auxiliary fields, they can be replaced in the

Lagrangian in favor of the superpotential. Finally, in terms of the superpotential
W, the Lagrangian reads

W’L

(3.37)

L= 06" 9uds + i 150,05 — 5 (W%iwj n W;;@zﬂ%,z)“) “WIWE (3.38)

3.3.3 Gauge Supermultiplets

Following 15, Chapter 3.3], the supersymmetric partner of a gauge field Ay, is called
a gaugino A% with index a running over the adjoint representation of the gauge
group. The SUSY invariant Lagrangian reads

1 1
L=~ {FL P 4 XY, 4 DD (3.39)

with the covariant derivative of the gaugino

VA = A" + g f e AL\ (3.40)
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3.3 Supersymmetric Lagrangians

and D is an auxiliary field and plays a similar role as F' before. Interactions between
a chiral supermultiplet and a gauge multiplet are introduced by replacing the ordin-
ary derivatives with covariant derivatives. Since SUSY commutes with gauge trans-
formations, all elements of a chiral supermultiplet are in the same representation
of the gauge group. This means, that under an infinitesimal gauge transformation
expressed by A¢,

X, = X+ igAa<TaX)i, (341)
where the matrices T® correspond to the representation to which all of the X; =
o, 1, F belong to. With the mentioned introduction of the covariant derivative, new
terms including interactions between gauginos and matter fields are generated, which
are not compatible with SUSY invariance. Thus, once again the transformation
behavior in 6 F; has to be altered. After all these steps have been taken, the scalar
potential in Ligta reads

* *7 ]- amna __ * 7 ]' 2 *a 2
V(g,¢") =F Fi+2§a:DD = WiW +2§a:ga(¢T¢) > 0. (3.42)

The first and second term are called "F-term" and "D-term" contributions, respect-
ively.

3.3.4 Superspace and Superfields

Following [15, Chapter 4], an alternative approach to the direct construction is
based on objects called superfields living in superspace as introduced by Salam and
Strathdee in 1974 [20]. This formalism is used to discuss supersymmetric theor-
ies in a more formal and theoretical way. Instead of working with spacetime only,
the usual coordinates x* are extended with sets of complex, anti-commuting two
component spinors 8% and GL whose components behave like Grassmann numbers.
The coordinates (z*, 0%, HL) define the superspace. The integration- and differenti-
ation behavior of the Grassmann coordinates allows manipulation- and projection
techniques which are used to extract supersymmetry-respecting terms for the Lag-
rangian. For example, the following equations hold:

0 0 0
g (V0) = g (V705) = g (070s) = 0w = v (3430)
a0 00 = g (°0761) = canl? — 300 = 20, (3.43b)
/ d%6 60 = 1, / d%6t gtet = 1. (3.43¢c)

The integration measures are defined as

1 1 y
0=~ 6" d%qp and &' = dg}, d6’e™”. (3.44)
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Chapter 3 Supersymmetry in a Nutshell

Explicitly, the first integral in eq. (3.43c|) reads:
/ 6% 0P 5 050,67° = coze® / 46° (<$§97 . 9555) = %5 = —4,  (3.45)

where the property of Grassmann numbers has been used to interchange integral
and derivative.

A general superfield S = S(z, 6, 0") encapsulates all component-fields of a super-
multiplet, e.g. the spin-0-, spin—%— and auxiliary field of a chiral supermultiplet.
Since it is a function of both bosonic spacetime coordinates x* and fermionic anti-
commuting coordinates ¢ and 9;';, we can make the following expansion in coordin-

ates:
S(x,0,0") = a+0¢+ 6T\ +00b+ 6107 + 015" 0v,+
+0T0T0n + 0067 ¢t + 000101 d. (3.46)

Latin characters represent scalar- or vector fields, while Greek characters stand for
spinorial, anticommuting fields. Due to the Grassmann nature of the additional
coordinates, all higher order terms vanish. Note

e The general superfield has 16 fermionic- and 16 bosonic degrees of freedom,
while, for example, the chiral supermultiplet only contains 4 + 4 = 8. This
means, that the general superfield in eq. is a reducible representation of
supersymmetry.

o Using the integration measures as defined in eq. (3.44)), one can project out cer-
tain components of S(x, 0, #"). This will be very important when constructing
the invariant action later on. Some examples are:

/ 20 S(2,6,07) = b(x) + 01¢T () + 0101 d()
/ d20" S(x,0,0") = c(x) + On(z) + 00d(x)

/d29d29T S(x,0,0") = d(x)

e Dirac delta functions in superspace can be used for the same purpose. With
respect to the fermionic integration measures they are:

2O—-0)=0-0)0—-0), 520 —01) =" -0 —om).

It is possible to conduct simplifications via integration-by-parts in Grassmann

coordinates: 9 5
%0 —— = [ %" — =o0.
/ 90~ / a6},
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3.3 Supersymmetric Lagrangians

One appealing feature of this formalism is the observation, that SUSY transforma-
tion correspond to translations in superspace, e.g.

V26.5(x,0,0") = —i(eQ + €FQN)S(, 0,07 (3.47a)
= S(zH + iea"0T +ic'a"0,0 + €,0T + ') — S(z*,0,6T)  (3.47b)

with differential operators

Qo = z;;a — (00100, QM = 182 — (5"0)%0,. (3.48)
One can check that these differential operators satisfy the SUSY algebra and can
use them to work out the transformation behavior of all fields in S.

As mentioned before, the general superfield S is a reducible representation of
SUSY since the degrees of freedom (dof) do not match the field content of neither
the chiral supermultiplet nor the vector supermultiplet. For the chiral supermultiplet
the redundant dofs of a superfield ®(x,#, ") can be removed using the (anti-) chiral
D, (D) covariant derivatives?

0

_ 0
v wot -
D, = 504 i(c"0")00,, Dy : ~5gta +i(00") 50, (3.49)

where the constrain defining the left-chiral (or chiral) superfield reads
Dy® =0, (3.50)
while the right-chiral (or anti-chiral) superfield is defined by
D, ®* = 0. (3.51)
One can solve these constraints by a shift z# — y# = z* — ilo"dt and will find in
terms of (z,6,0")
®(x,0,0") = ¢(z) — i05"0'0,p(x) — feee)TeTaQ o(x) + V201(x)
1
— —=00015"0,3(x) + 00F (z 3.52
7 () (z) (3.52)

and a similar expression for ®*. The fields (¢, 1, F') appearing are identified with
the elements of a chiral superfield behaving under SUSY transformations as derived
in section
The constraints for extracting a vector supermultiplet is comparably simple and
reads
V=V (3.53)

2This covariant derivative commutes with SUSY transformations
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Chapter 3 Supersymmetry in a Nutshell

for a superfield V. Again, solving this equation leads to a superfield whose compon-
ents are identified with the elements (A,, A, D) of a vector supermultiplet;

V(x,0,0) = a+ 06+ 01¢" + 00+ 0700" + 0001 A, + 0T0T(A — %U“@M@L)

ia%). (3.54)

00T\ — 2 0,0) + 999*9*(%17 _
The fields a, & and b are additional auxiliary fields which can be removed via a
"supergauge" transformation |15, Chapter 4.5].

With the field content of a chiral and vector supermultiplet identified, the question
is how to fiend the corresponding Lagrangian using these superfields. As hinted at
earlier, the Grassmann nature of the additional coordinates can be used for certain
projections. Note that,

/ diz / A20d26" 5.5 ~ / diz / 420426 (eQ+eT QT) BP . (3.55)

Such that the action can have SUSY-invariant terms of the form f dz f d260d26t S.
In particular, a vector superfield will contribute to the Lagrangian this way. This
contribution is called D-term:

1

Vlp = /d29d29T V(x,0,0") = V(z,0,07)
pootot 2

D — iaQa (3.56)

where the term ~ a vanishes under the integral [ d*z. Another contribution arises
from the chiral superfield. Noticing that 6.F" ~ d,1, the 66 - component of ® is
invariant under SUSY and thus may contribute. This term is called F-term:

=
0t=0

=F (3.57)

[@]F = / d20d%e" 62 (9H)o = / a20 @
00

Since the action has to be real, also its complex conjugate has to be included:
[®]F + c.c. = /d20d29T [5(2)(91)@ + 6(2)(9)(13*} (3.58)

As it turns out, the D-term of a vector superfield and the F-term of a chiral su-
perfield are the only possible ways of extracting a SUSY invariant contribution for
a Lagrangian density. In general, the underlying superfields ® and V are compos-
ite objects made of other superfields. For example, the superfield S = ®*® with
b = P(x,0, 97) as in eq. , is a vector superfield whose D-term reproduces the
free Wess-Zumino Lagrangian. In general, this function of superfields,

K(®,8*) = Cpppn® 0", (3.59)
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is called the Kdhler potential. Interactions are deduced from any holomorphic func-
tion W (®;) of the chiral superfields via its F-term. In fact, this coincides with the
earlier derived superpotential. The superpotential

1 .. 1 ..
W= M%)+ gy”k@ifbj@k (3.60)

replicates all interactions between the fields of n copies of Wess-Zumino models. It
is also possible to describe (non-) Abelian gauge theories in this formalism which
can be achieved by modifying the Kéhler potential to be supergauge invariant 15|
Chapter 4.8 f.]

It is noteworthy that SUSY can offer interesting theoretical insights in general
QFT. For example, the fact that the superpotential is holomorph in the field ®
only, results in the observation that the (Wilsonian) effective action does not get
quantum corrections [21]. Or, in other words, the superpotential is not renormalized
[17, Chapter 8]. In more general SUSY theories a generalization of this observation
is linked to the non renormalization theorems. One interesting example is the N' = 4
Super Yang-Mills theory, for which the Lagrangian does not get renormalized at all.
Thus, also the § - function vanishes and the theory becomes scale invariant [22-24].

3.4 The Minimal Supersymmetric Standard Model

The minimal realization of SUSY in virtue of a model describing nature at our scale
is the Minimal Supersymmetric Standard Model (MSSM) whose core features are
summarized here. We assume conserved R- (or matter-) parity ensuring that the
lightest supersymmetric particle (LSP) is stable.

3.4.1 Field Content

Each fermion and spin-1 gauge boson of the SM is respectively embedded into a
chiral- or vector supermultiplet (following |25, Chapter 8.2]). Their bosonic (fer-
mionic) counterparts are then called sfermion (gaugino). In the case of leptons
(quarks), the supersymmetric spin-0 particles are called sleptons (squarks). The
first generation of sfermions can be written as

_ 5 o a 3 .
b = <~y> , €1R, Q1L = <~) , U1R, d1R- (3.61)
€ Jr dj,

Where the sfermions with left (right) label are the superpartners of the respective left
(right) chiral fermion and do not carry themselves a chirality. The chiral superfields

then read
_ Ll/e n _ Qu 7 B
Ll - <L6> 9 El) Ql - <Qd> 9 U17D17 (362)
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where the unbarred fields L and )1 are the left chiral fermion doublets while quant-
ities with a bar are the antifermion singlet chiral superfields. Note that all quantum
numbers of a multiplet are identical. The other generations are expressed simil-
arly. Since the superpotential can only contain left chiral superfields, one has to
take the charge conjugates of the SU(2) singlet right chiral fermion fields and com-
plex conjugates of the right sfermion fields as fundamental fields in the superfield
formalism.

Fach SM gauge bosons is embedded into a vector supermultiplet. The super-
partners of the U(1)y, SU(2)r and SU(3). gauge bosons B, le and gj; are four-
component Majorana fermions Ao, A' and g% respectively.

The Higgs sector of the MSSM differs from the SM case in that it needs two
Higgs doublets. This is due to the fact that, while in the SM one Higgs doublet
is responsible for the generation of masses for both left- and right chiral fields, the
property of the superpotential Whssm forbids a similar framework. Because it is
an analytic function of left chiral fields only, one needs one Higgs doublet (with
hypercharges Y = F1) for each set of fields with T3, = —i—% and Ts;, = —2 each,

2
called hi and hy. Together with their superpartners they form superfields H; and

Hy, see section [3.4.2]
Before going into more details of the different sectors, lets present the overall

picture. The Lagrangian for the MSSM can be split into two contributions [25|
Chapter 8.3]

Lnissm = Lsusy + LsoFT, (3.63)

where Lsysy contains the pure gauge L, pure matter £y and Higgs-Yukawa part
L. The latter contains

Ly o / a0 [Wassad® (8) + Wiigendo® (6) (3.64)
with the superpotential
Wwssm = pHy - Ho — f{Hy - LiEj — {?Hl -QiDj — [5Qi - HoU; (3.65)

Here, the indices i, are family indices, A - B = e,4A°B? for SU(2) superfields A
and B. The fi’; are Yukawa couplings and p is a free parameter.

The second term Lgopr breaks SUSY explicitly and is needed since in the pure
MSSM no spontaneous global SUSY-breaking can occur as can be shown using
supertrace mass sum rules [25, ch. 9.1]. Effectively this allows the study of the
MSSM irrespective of the exact source of SUSY-breaking. Some ideas about the
origin are portrayed in section [3.5] The soft Lagrangian can be divided into two
different contributions:

—Lsort = VsorT + gaugino mass terms (3.66)
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with the part containing no gaugino mass terms reading
Vsorr = Gz (M3, ), Gin + Wi (M2,),, Tin + di (M%R)ij d;n
+4; (MZ)Z] lip + &R (MiR),J €jR
Ry -G (fA9) &g + By - Gir <fdAd>z'j dip +h.c.
+qir - ha (f*A"),; 4jp + hec.

+ m2|hy|? + m3|ho|> + (Buhy - hy + h.c.). (3.67)

The gaugino mass terms read

1 = ~ = ~

_Lgaugino mass = T+ i(MlAOPL)\O + Mf)\OPR)\O) (3683)
1 = . ~ . =. ~ .

+ S (MNP + MyNPRA') (3.68b)
1 ~a ~a *~a ~a

+ 5 (M3g"Prg® + Ms g Prg®). (3.68¢)

The potential Vsopr plays a role for the mass terms for sfermions as well as in the
Higgs sector.

3.4.2 Higgs sector

As mentioned previously, the MSSM Higgs sector consists of two SU(2) doublets h;
and ho which together with their superpartners are part of the superfields H; and
Hj respectively. Writing out the suppressed SU(2) indices of hq 2 explicitly one gets

_ (M) _ (M _ (ha) _ (P2
= (1) = (1), = (%)= (%) o0

contributing to the soft Lagrangian as
—Lsorr D ma|hi|* + m3|ho)® + (Bphy - ha + h.c.) (3.70)

where B is the soft SUSY-breaking bilinear and |u/| is the Higgs-higgsino mass para-
meter. Their left chiral supersymmetric partners, called higgsinos, are

- }~11 BO N ]Nll il+
hlLE(»):(g) , hz<>:(> | (3.71)
h‘% hl L h% h’g L

The Higgs and higgsino fields are contained in left chiral superfields

Hi . H} -
H) = H2 D (hl’hlL)a Hy = H2 D) (hg, hQL). (372)
1 2
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Chapter 3 Supersymmetry in a Nutshell

In the context of spontaneous symmetry breaking the Higgs fields obtain vacuum
expectation values (vevs)

(h1) = \2 (18) , (he) = \2 (1?2) , (3.73)

where vy 2 can be chosen to be real and positive. Their ratio is defined as
tanf= 2, 0<pB<n/2 (3.74)
V1

and is a free parameter. Furthermore, assuming correct EWSB, they are related to
the masses of the W and Z Bosons by

2 2\1/2
+
my = (0} +93)%, mz (929)(1;% + v3)1/2 (3.75)

The Higgs potential reads

1 g*
Vi = 5(6% + ") (Il — ha*)? + 5 hihel’

8
+miy|ha|* 4+ m3,|ha|* + (mizh - he + h.c.) (3.76)
with
| = hth (3.77a)
hy - hy = hihg = imohths, (3.77b)
mi, = By (3.77¢)
m3 oy, = mi o + . (3.77d)
Replacing the Higgs field in the potential with their respective vevs one obtains
- 1 1 1
Vi = 33(9/2 +9%) (0] —v3)* + §m%hv% + §m§h7}§ — mivivs. (3.78)
Demanding that OV /dv; = 0 for i = 1,2 leads to the relations
1 1
mi, = —§(m% — m3)tan(23) — imQZ sin(23) (3.79a)
1 1
\pul? = 0527 (m2sin?  — m? cos? B) — §mQZ (3.79Db)
which can be recast into (see e.g. eq. (8.1.10) in [15])
2m?
sin283 = 12 , (3.80a
m? +m3 + 2| |2 )
2 2
2 [m3 —mi] 2 2 2
my = —m5 —mi — 2|7, 3.80b
b= s =2l (3.80)
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3.4 The Minimal Supersymmetric Standard Model

highlighting a fine tuning problem between the input parameters in order to obtain
the physical Z-boson mass. Further, p is a SUSY-respecting parameter, while the
soft masses my2 and B are SUSY-breaking, such that any fine tuned balancing
between them seems unnatural. This potential lack of naturalness can be quantified
via the naturalness ¢, of a parameter a as

_ |9In(m7)
Ca = 01n(a)

(3.81)

and is explicitly calculated in SUSY spectrum generators like SOFTSUSY [26] and
SUSPECT [27].
The mass matrix is given by

9 0* Vi
T <6¢z~a¢j> (352

where ¢; stands for any component of any Higgs field involved. Investigating the
mass diagonal fields one finds

H?* = sin Bhi 4 cos SR, (3.83a)
G* = — cos Bh{ + sin Bhy, (3.83Db)
with masses

The massless Goldstone modes are eaten by the SM SU (2) gauge bosons and combine
to the massive W*. The mass m? is the mass of the CP odd Higgs A:

A
7= Im AY sin 8 + Tm A9 cos 3, (3.85a)
GO 0 0
— = —Imhj cos f + Im hg sin 3. (3.85D)
V2
with )
2m
m% = o 212 meo = 0. (3.86)

As before, the neutral Goldstone is absorbed and gives mass to the Z Boson. Ad-
ditionally there are two neutral CP even Higgs fields H and h in the spectrum, of
which the latter is identified with the discovered signal at the LHC in 2012 |28 29].
Since at tree level

myp, < mz|cos(25)], (3.87)

large radiative corrections are needed to explain the measured value of mj; =
125 GeV, where the biggest contribution comes from top and stop loops.
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Chapter 3 Supersymmetry in a Nutshell

3.4.3 Neutralinos
The neutralinos emerge as mass eigenstates of the vector
@) = (Ao, Ag, by, h3) (3.88)

consisting of neutral gauginos Ao (bino) and A3 (neutral wino) and neutral Higgsinos
hi and h3. The mass Lagrangian reads

1
—L= 5(qu)T/\/tn(wO) + h.c. (3.89)
with explicit mass matrix
My 0 —mzcgsw  MzSgsw
M — 0 M, mzcgcw  —MzSgCw 7 (3.90)
—MmzCzsw mzcgCw 0 iy
mzsgSw  —MzSgCw —u 0

using the notation ¢, = cos(a) and s, = sin(a) for a = 3, Oyy. This matrix can be
diagonalized with a unitary 4 x 4 matrix /N such that

N*M"N~! = diag(mﬁ;,mm Mo m~2) (3.91)

X27 UX3? X

with ordering mge < mgo < Mgo < Mo of the absolute values of the eigenvalues of

M. The corresponding mass eigenstates (neutralinos) then read
Xi = Nty (3.92)
In particular, the lightest of these has the form
X9 = Ni1Xo + NioAs 4+ Nighi + Nygh2 = (3.93)

explicitly showing that the lightest neutralino consists of four different fields whose
relative weights depend on the SUSY parameters My, Mo, p and tan 8. Furthermore
since N is unitary, the weights satisfy

> INu?=1. (3.94)

Although it is possible to obtain the matrix N analytically [15, [25], it is easier to
diagonalize M" using numerical tools instead. In this case one has to manually
sort the eigenvectors according to the absolute value of the eigenvalues in order to
identify the lightest state.
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3.4 The Minimal Supersymmetric Standard Model

3.4.4 Charginos

The chargino mass matrix is derived from the mass term of the fields

() =)

which are four-component objects consisting of the charged gauginos (e.g. winos)
A = (A1 FiA3)/V/2 and spinorial higgsino fields h? and hi each having two com-
ponents. The mass Lagrangian takes the form

—L=w")T"XyT +he. (3.96)

with mass matrix

X = ( M, V2my Sinﬁ) . (3.97)

V2myy cos I} W

The matrix X can be diagonalized with two unitary 2 x 2 matrices U and V such
that
U*xXv—t=MP. (3.98)

Equivalently one can take the transpose and obtain

with Orp = V* and O, = U*. Ignoring potential phases of My and p, thus making
X purely real, one can parameterize the mixing matrices as

[ cosg, singy, - COS @y sin ¢,
U= (— sin ¢,, cosgbu) » V= <_€v sing, €, cosqﬁv) (3.100)

with
€y = sgndet X = sgn (Map — miy, sin(28)) (3.101)

and (u,v) — (L, R) in the notation in which Oy instead of U/V have been chosen.
With the matrix diagonalized, one can identify the mass eigenstates

X = Vim¥m, (3.102a)
i = Uit (3.102D)

and rewrite the mass Lagrangian as

—L = X (MP)mx;h, + hec. (3.103)

[

with diagonal matrix
M = diag(m,z,m ). (3.104)
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The masses

1
i, = 3 B e+ 2 (] o)+ a2

1,2

1/2
+4Amiy (|M3] + |p?| + 2 Re{Map} sin(25))) ]
(3.105)

are the eigenvalues of XTX or X X1 diagonalized by V or U respectively, e.g.
(MPY? =vXTXv-l=U*XxXT(U*)"L (3.106)

The angles ¢y /g of the mixing matrices satisfy

2v/2myy (Mo cos 8 + psin )
tan2¢r, = 3.107
an 291 M3 — p? — 2m3, cos 23 ( 2)
tan 205 = 2v/2myy (Mysin § + jios ) (3.107b)

M2 — 2+ 2m%V cos 2f3

As noted in [25], since eq. (3.107) is invariant under ¢,/ — ¢r/r +7/2, one has to
check which of the four solutions leads to eq. (3.98]) being satisfied.

3.4.5 Sfermions

The masses of sfermions have different sources of origin (following [25, Section 9.4]):
explicit mass terms and trilinear A-terms from Vgopr, the contribution from F-
terms due to Wyssm and contributions from D-terms. The latter two are realized
after EWSB while the first is invariant under SU(2);, x U(1)y and thus in some
sense more universal. A feature is, that left- and right sleptons can mix, but also
mixing of charged sleptons between different generations is - in general - allowed.
The last point however may often be disregarded due to current experimental bounds
hinting at flavor conservation. The sfermion mass terms can be expressed in terms

of six-component vectors
f= (JfL> , (3.108)
Ir

where both fL and fR are three-component interaction eigenstates in generation
space. For example for selectron type fields f = é one obtains f;;, = (ér, [LL,%L)T
and corresponding supersymmetric praters of the right handed leptons. Finally, the
mass term for each f reads

_‘Csfermion mass — fTM?Zf (3109)
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3.4 The Minimal Supersymmetric Standard Model

For the sneutrinos the block matrix (with 3 x 3 blocks) reads

2 2 i
M2 = MG, FmzTspcos28 0 (3.110)
0 0
while for the quarks and charged leptons the matrix is
M? M?
M3 = (M LL LR) : (3.111)
JRL IRR
with [30]

M?LL = M}L + mQZ(T?fCL — Qysin® Oy) cos 28 + m?c (3.112a)
M3, = —my(AT* + k) (3.112b)
M%RR :./\/lf;R +mQZ(T3fL — Qg sin? ew)COSZB—l-m?c (3.112¢)
M3, = —mp(AT + k) (3.112d)
where the matrices M%L = M2 and M2 . = M2 appear in the soft breaking

Lr Ur,dr qr
Lagrangian as mass of the left chiral fields, while MgR and M?LR . are the masses

of the right chiral fields and A7 are the trilinear couplings, see eq. ‘3.62 ). The third

component of the weak isospin of f is given by T; 1, while the charge and mass of
the fermion f is given by @y and m; respectively and finally x = tan 3 for f =e,d
and k = cot 8 for f = u.

The terms my and m?c above are only approximations; in general one would have

matrices myg and mfmﬁ in generation space respectively in place, see |25, Chapter

9.4]. They are - in general and in particular in the SM - not diagonal and the
corresponding gauge eigenstates have to be rotated into the mass eigenstates first.
In the SM this is achieved as

(me)ij = meiéij, (UULTmuUuR)ij = muiéij, (UdLdeUdR)ij = mdiéij. (3.113)

where the matrices U9 and U9R are unitary. However since the masses of the
fermions in the first two generations are relative small compared to the masses
of fermions in the third generation, as well as the mixing of the third generation
with the first two generations is rather small, it is fair to make the simplification of
diagonal mixing matrices, e.g. assume that mass and gauge eigenstates are identical:

(my,a)ij = M, 4,0 (3.114)

Another way to put it is, that since the masses of the first two generations are
comparably small, approximately, the only non-vanishing elements of the Yukawa
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Chapter 3 Supersymmetry in a Nutshell

matrices generating the masses after EWSB can be taken to be [31, Section 12 and
Section 17.4]

B =y yB =y B =y (3.115)

3.5 SUSY-Breaking Scenarios

Since current experiments did not find mass-degenerate supersymmetric partners of
SM particles, SUSY has to be broken spontaneously at a scale Mgysy [15]. There
are multiple ways this can be achieved and usually involve the introduction of new
fields and/or sectors. From a practical point of view, it makes sense to simply
parameterize the effect of any spontaneous SUSY-breaking mechanism implicitly in
the form of the soft breaking LsopT we introduced in eq. . Some ways, in
which these soft terms can be generated, are introduced here.

3.5.1 SUGRA

As first model lets discuss the minimal Supergravity® (mSUGRA) model [25|
Chapter 12]; in which the universal soft breaking terms are due to flavor blind
supergravity interactions mediating SUSY-breaking from a hidden sector to the vis-
ible. At the GUT scale Mgyt ~ 2-10'6 GeV unification of the unbroken SM gauge
couplings are assumed. The free parameters (at the GUT scale) are the unified
scalar mass mo, unified gaugino mass m o, the universal trilinear coupling A¢ and
the Higgs sector parameters which in the presence of correct EWSB reduce to tan
and sgnp.

3.5.2 AMSB

Another scenario for the transmission of SUSY-breaking is the anomaly mediated
supersymmetry breaking (AMSB) scheme [15, Chapter 7.8]. The setup here in-
volves extra spatial dimensions such that there exists a physical separation between
the hidden- and visible sector. In many cases it is assumed that only one extra
dimension exists whose size Rs (in units of fundamental Planck scale Ms) is relat-
ively larger than the remaining four dimensions. This is required in order to explain
the suppression of flavor violating terms rather naturally not relaying on any fine
tuning, e.g. they are suppressed exponentially ~ exp(—R5M;5). The MSSM chiral
supermultiplets are confined to the visible four dimensional brane which are separ-
ated from the fifth dimension by a 5D bulk. One type of model assumes that the
gauge multiplets propagate in the bulk and thus transmit the breaking of SUSY from
the extra dimension. This is often referred to as gaugino mediated SUSY-breaking.

3 A theory with local super-Poincaré invariance, similarly to the interpretation of Einstein gravity
as gauge theory of local Lorentz invariance, see [17, Chapter 15]
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3.5 SUSY-Breaking Scenarios

In the case that the gauge multiplets are also confined to the MSSM brane, the
SUSY-breaking is entirely governed by supergravity effects leading to AMSB. The
name origins from the fact the MSSM soft terms are linked to the violation of a
local superconformal invariance (extension of scale - invariance). In certain formu-
lations of supergravity, Newton’s - or Planck’s - constant is obtained from the vev
of a non-dynamical scalar field ¢, also known as conformal compensator. In the
presence of spontaneous SUSY-breaking, the auxiliary field Fy of the supermultiplet
of ¢ also obtains a vev (Fj) ~ mg/,. Now, there is an anomalous symmetry break-
ing due to the non-vanishing beta functions and anomalous dimensions which break
the superconformal invariance and ultimately lead to the soft breaking terms in the
MSSM.

The free parameters are then the universal scalar mass mg (necessary in order to
prevent tachyonic sleptons), the gravitino mass mg/,, tan 3 and sgnp.

3.5.3 GMSB

In the gauge mediated supersymmetry breaking (GMSB) scenario, SUSY-breaking
is mediated via gauge interactions from the hidden sector to the observable. Thus
scalars with the same quantum numbers obtain the same soft mass in LgopT irre-
spective of their flavor. The minimal version assumes that the messenger (super-)
fields form complete representations of SU(5) which is the simple Lie group with
lowest rank containing all SM fields. Since in GMSB the LSP is usually the gravitino,
this model is not considered here.
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Chapter 4
The Anapole Moment

This chapter focuses on the one-loop induced anapole moment, characterizing the
only allowed interaction between a Majorana fermion and a photon.

Many calculations in this chapter have been done with the help of (semi-) auto-
matic computational tools in the MATHEMATICA environment. For the SM, diagram
generation has been done using FEYNARTS [32] and further analyzed using FEYN-
CaLc [33H35]. The expressions have been translated into Passarino-Veltman func-
tions and then analytically simplified using PACKAGE-X [36] which can be linked to
the previously mentioned packages using FEYNHELPERS [37]. Feynman diagrams
are mostly drawn with the help of TIKZ-FEYNMAN [38].

4.1 Electromagnetic Interactions of Fermions

The effective interaction between fermions 1);, 1); and a photon ~ can schematically
be expressed via the diagram in fig. In this sense also off-diagonal (transition)
interactions are allowed in which v; # ;. In this work however, after discussing
the general case briefly, we will assume diagonal interactions with v¢; = ;.

i

Figure 4.1: Schematic representation of the effective interaction between a fermion
and photon
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Chapter 4 The Anapole Moment

For now, lets assume that 1); and 1 are massive Dirac fermions, and discuss the
Majorana case later. The corresponding effective interaction is described by the
matrix element [39)

(Wil 355(0) [9og) = s (pg) ML (pis pg )i (ps) (4.1)

where jﬁﬂ(w) is the effective current and

M (a) = (v = qut/8®) | S5 (@) + F5 (@) = ioma” | Fi(a®) +ifE (@)

(4.2)
is the only decomposition of linearly independent terms in the basis
Pi = {17 Yus Z"Y57 YuV5, Opr = { [’Y[M ’}/l/] /2} (43>
for which
T =A0r0. (4.4)
Additionally the matrix element satisfies the hermitian condition
M (q) =21y (=)™ (4.5)

The coefficients fg(q?), far(¢%), fe(¢?) and fa(q?) are the charge-, dipole magnetic-
, dipole electric- and anapole form factor respectively. In the limit of an on-shell
photon, ¢> = (p ;= pi)2 — 0, these form factors reduce to the following quantities:

1o 1i0) = qri charge,

]{4’(0) = pyp; magnetic moment,
fél(O) =€y, electric moment,
fﬁl(O) =ay; anapole moment.

Due to the hermitian property of the matrix element in eq. , also the form
factors have to be hermitian, e.g. ffi = ( éf)* for Q = Q, M, E,(Q. Assuming, that
the theory is invariant under a CP transformation, one obtains further constraints
on the form factors, namely

L=l = (fl* for Q=Q,M, A (4.6a)
5 =—1 =) (4.6b)

In the presence of an external electromagnetic field the non-relativistic Hamiltonian
for the diagonal interaction reads (see also appendix [A)

H~—ulo-B)—¢elo-E)—alo-V x B). (4.7)
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Note that the form factors in eq. do not necessarily correspond to the coeffi-
cients in the classical multipole expansion. In particular the anapole moment does
not have a classical counterpart, but coincides with the toroidal moment in the
on-shell limit with m; = my instead, see appendix @

If the particles v; and 9y are not Dirac fermions, but Majorana fermions instead,

even more constraints on the amplitude M, ﬁf emerge. The Majorana nature manifests
itself in the condition

U = vf = Ciby,, (4.8)

viz. the particle is its own anti-particle. Here C is the charge conjugation matrix
satisfying

ct=ct, ¢'=-¢c, c'riec=nt?, (4.9)
with

1 forI'; =1,1¢
m = {+ or 1 > VY5, Yu5 (410)

-1 for I'; = yu, 00

In this case, the matrix element takes the form

(Wl GE(0) [obi) = s (py) ML (pis py)ui(pi) — 0i(pi) MY (pg.pi)os(py)  (4.11a)
=y (py) [Mii(pi,pf) + C[Mﬁf(pupf)]ch] ui(pi), (4.11b)

where the second term in eq. (4.11al) originates from the antifermion contribution.
With o ‘ ‘
M= M+ M (s, pp)]TCT (4.12)

one obtains the matrix for the effective Majorana vertex interaction
My = (o = 4u/8%) | Jo(@®) + Fala®)a*s| — ioua” [Tur(a®) +ifp(a®s| (413)
with matrices fQ satisfying
fo=—fE=—f& forQ=Q,M,E (4.14a)
fa=Fi = fa (4.14b)

In particular this means that for a Majorana fermion the only non-vanishing diagonal
form factor is the anapole form factor. Since in this work we are mainly interested
in the diagonal form factors, we will only consider ¢ = f from now on.

In order to obtain a certain form factor from a given amplitude, it is useful to
make use of the fact that the I'; make up a basis. For this, we follow the vertex

39



Chapter 4 The Anapole Moment

conventions of [36, 40] and reparameterize eq. (4.2]) in terms of the dimensionless
coefficients F; and G; as

1q, ot 2q
M = Fy (g%~ — F R 22
w(@) = FL(@* v — vud) + Fo Syl &
iq, ot s 2qu75
G1(¢*, — G Gyt 4.15
+ G1(q™ v — Yud) s + G 5 TG (4.15)

where p; (p2) is the momentum of the incoming (outgoing) fermion and m is their
mass. Comparing this equation to eq. , note that the anapole form factor is
given by

fa(@®) = Gy. (4.16)

We can define a projection operator

)(pl +P2)“ + (

v f3+9375)

q*
") -t ).

(4.17)
where the brackets (p; + m) on the left- and right side substitute for the spinors
u(ps) and u(p;) respectively, enforcing e.g. pu(p,s) = mu(p,s). In order to obtain
the coefficients f; and g;, we calculate

Pt = (1 + m) <(f1 g+ (fa + g

tr[P*M,] = {a F; or G;}. (4.18)

and solve the resulting set of equations. For the anapole moment we obtain

wo_ _ mqtys _ s
Po, = irm) ( (D —2)¢*(4m* — %)  2(D - 2)¢*(4m* — q2)> Pt
(4.19)
Since we work with dimensional regularization in D = 4 — 2¢ dimensions, the

trace technique requires a scheme for the treatment of the -5 appearing. Here,
we mostly used naive dimensional regularization, and checked the expressions with
both the Breitenlohner-Maison-t’Hooft-Veltman scheme (BMHV) [41, 42] and the
Larin scheme [43]. The surrounding problematic and some schemes are discussed in

appendix [B]

4.2 The SM Neutrino Charge Radius and Anapole Moment

Historically the calculation of the neutrino charge radius has been faced with various
serious problems regarding its finiteness and gauge independence [44H46]. Before we
address a solution in the context of the Pinch-Technique/Background Field Method
in section we will revisit the origin of the issue at hand briefly.
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The electromagnetic vertex of the (massless) SM Dirac neutrino can be para-
meterized using the single Dirac form factor fp(q?) the following way [39, 47, 48]

My(q) = fp(@)yu(1+ 75) (4.20)

Comparing this expression with eq. (4.2), we can infer for the charge- and anapole
form factor that

fo(@) = fp(d®),  fald®) = fp(d)/q*. (4.21)
Alternatively, we can write down the EM vertex directly [49] as
Mu(q) = (ud” = aud) [fo(@®)/ @ + Fa(d®)rs] (4.22)

and not introduce the Dirac form factor.

The charge form factor can be associated with the charge density in momentum
space. In particular, in the Breit frame for which g9 = 0 and |q| = \/—¢?, the
following relationship holds [46, 47|

2\ 31 o(r)e 14T — 3, Tsin(\q\r)
fala®) = [ @ plryeier = [ atr )= L0, (423)

Taking the derivative and subsequently the limit ¢ — 0 we find

C dfole? 2 -2
qlzlglo é?;g ) = /d3w p(T)E =: ? (4.24)

This means, that the charge radius of the neutrino is expressed in terms of the
electric form factor fg(q) as follows

dfq(e®)
<,,,2i> -6 7 (4.25)
v, dq2 42=0
and parallels the calculation of the anapole moment, since
_ fold?) _ dfe(d®)
q q2:0 q q2:0
and thus

(r7,) = 6ay,. (4.27)

Naively speaking, one would project out the Lorentz structure corresponding to the
Dirac form factor from the vertex v;v — vy at e.g. one loop level and then extract
the charge radius. The contributing diagrams are shown in fig. For the sake of
simplicity we will only look at the diagonal case ¢ = k from now on.
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Figure 4.2: Diagrams used for the naive calculation of the SM neutrino anapole
moment

The counterterms appearing in diagram 18 and 19 of fig. [{.2] are needed in order
to render the amplitude UV-finite when all particles are taken to be on-shell. One
way this can be achieved is by using the on-shell renormalization scheme, which is
mathematically formulated in terms of certain renormalization conditions [50]. In
the case here, the field renormalization constants §Z 4z and 6 Zz 4 appear, which are
the off diagonal elements in the renormalization matrix of the neutral gauge bosons,

2\ (707 23\ (2\ _ (1+%6Z22  16Zza \ (2 (4.28)
Ag B Z1/2 Z1/2 A) %6ZAZ 1+%5ZAA A)’ ’

connecting the bare fields Zy and Ag to their renormalized counterparts Z and A
respectively. The on-shell renormalization conditions involving §Z 47 and § Zz 4 read
Rel'\7 (k)e” (k)

=0,  TaZ(k)e"(k) =0, (4.29)

k2=0

2,2
k?=m?7,

or, equivalently
ReX4% (M%) =0, %44(0) = 0. (4.30)
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Here, 3417 is the transverse part in the renormalized (hatted quantities) irreducible

two point function, e.g.

A, 7, =A7(k)
— <gW - k;’;”) S92 (k%) — kk’i (K*).  (4.31)

Then the renormalization constants can be calculated in terms of the unrenormalized
(unhatted) self energies as

%77 (M3) £77(0)
M MG
With these renormalization constants the amplitude corresponding to the sum of the
diagrams in fig. is indeed finite and well defined in the on-shell limit. Explicitly
the counterterm diagrams evaluate to
€Q“¢PL (¢ — €2m%)0Zaz + (¢* — m%)0Z74) + VuPra®(m% — ¢*)6Zaz
dewsw(q? —my)(q* — E2m%)

0Z a7 = —2Re , 0Zgzpa=2 (4.32)

(CTs) =

I

(4.33)
While the UV-part of of the amplitude M/',,, is vanishing in the on-shell limit,
the appearing Lorentz structure allows for a non-zero contribution to the anapole

moment:
(27&, — 185) m¥, — 85m%, 1

0 =¢3 . 4.34
fa( )UV ‘ 3456m2c2 s m?, euv (434)

This inevitable means that the anapole moment is not physical and not measurable
since it is not only explicitly gauge parameter dependent, but also UV-divergent;
both non-physical properties. This has also been realized in the literature and
lead to many attempts to solve the issue of an unphysical neutrino anapole mo-
ment /charge radius [45, |51}57]. In particular it was discovered that similar UV-
divergent and gauge dependent expression are found when embedding the vertex
into a Y19 — 119 process (e.g. neutrino-electron scattering) and looking at other
topologically distinct diagrams, e.g. box diagrams. Since the overall amplitude does
behave physical, the question was if this cancellation between vertex- and box dia-
grams can be formalized and ultimately if proper, physical off-shell vertex functions
can be defined in a non ad-hoc manner. The answer turns out to be yes and the
fundamentals are going to be addressed in the next section.

4.3 The Pinch-Technique and the Background Field Method

Before we examine the anapole form factor and anapole moment further, it is im-
portant to investigate the Pinch-Technique (PT) and the Background Field Method
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(BFM) in order to understand the historical issues surrounding the calculation of
the anapole moment [45, 51-60]. In particular the calculation of the neutrino charge
radius (and thus the anapole moment) within the Standard Model lead to serious
issues finding a subamplitude satisfying simultaneously gauge-invariance, finiteness
and target-independence as demonstrated in the previous section.

Following the arguments of [58], it is well known that in the standard QFT proced-
ure, one starts with a quantized Lagrangian including a gauge fixing term to remove
redundant degrees of freedom. This gauge fixing term allows a proper mathematical
treatment of the theory, in the sense, that Feynman rules can be derived consist-
ently. However, this method introduces new redundancies, e.g. individual off-shell
Green functions may explicitly depend on the gauge fixing parameter, have unphys-
ical thresholds etc. It is clear however from the Becchi-Rouet-Stora-Tyutin (BRST)
invariance that for physical quantities, like the S matrix, these unphysical effects will
eventually be absent due to internal cancellations. A related topic are the relatively
recent developments in the context of on-shell scattering amplitudes [61], in which
the calculation of Feynman diagrams can be avoided altogether. Thus intermediate
cancellations of unphysical terms stemming from different contributions are absent
to begin with. Nevertheless for the calculation of individual sub-amplitudes and
form factor one has to deal with unphysical redundancies.

The PT is a diagrammatic algorithm which allows the construction of off-shell
Green functions in non-Abelian gauge theories which are gauge-invariant and inde-
pendent of the gauge-fixing parameters [58, 62]. Furthermore, these Green functions
satisfy ghost-free Ward identities similar to Green functions in Abelian theories.
The PT makes use of certain longitudinal momenta inside box- and vertex dia-
grams whose structure is propagator-like and thus can be reassigned to self-energy
diagrams. It was noticed that effective Green functions satisfying QED-like Ward
identities can also be constructed in the context of the Background Field Method
(BFM). In fact, the PT coincides with the BFM for a special choice of the quantum
gauge fixing parameter: {g = 1 [58, 59, |63, [64]. Thus, it is not necessary to use
the diagrammatic algorithm of rearranging certain terms, and can work with the
BFM instead in order to calculate gauge invariant off-shell quantities. In particular,
for the calculation of the anapole moment in a non-Abelian theory, only a minimal
alternation of the standard Feynman rules has to be carried out, see appendix

4.4 General Anapole Moment for Majorana Fermions

In this section we will derive two contributions to the anapole moment stemming
from scalar and vector fields present in the one-loop Feynman diagrams. Sub-
sequently, this general result will be applied to the SM neutrino anapole moment in
section and we will find a gauge independent and finite expression. A further
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4.4 General Anapole Moment for Majorana Fermions

numerical evaluation is presented in chapter [6] For the calculation, the conventions
of 25, |65] are used, supplemented by the treatment of Feynman rules involving
fermion-number-violating interactions by Denner et. al. [66, 67] which are summar-
ized in appendix

For a generic Majorana fermion, all diagrams as shown in fig. -3 may contribute to
the anapole form factor. Note that ¥ is the background field photon due to the fact
that we work in the background field gauge with quantum gauge parameter g = 1.
The Majorana fermion interaction vertices are parameterized via the Lagrangians

Lyrs = X [cL Pr, + crPr] f*f +he., (4.35a)
Lrpy = V;Y Yu lvLPr, + vr PR x" +he, (4.35D)

where y is a neutralino-like Majorana fermion, f and x™ are Dirac fermions, f is a
scalar and V)" is a vector field. The symbols are chosen in accordance to the later
application within the MSSM, in which x is the lightest neutralino, serving as DM
candidate, f are SM fermions, f their respective supersymmetric spin-0 partners and
V, = W, is the weak gauge boson. The field x T is identified with the chargino,
the mass eigenstate of the mixed charged gauge- and Higgs bosons, see chapter [3

As mentioned before, since the underlying theory may be non-Abelian, one has to
either use the PT or the BFM replacing the quantum photon with the background
photon in the background Feynman gauge. Here, the latter approach is used ren-
dering the form factor gauge independent and finite. Effectively, the triple gauge
vertex and the neutralino - Goldstone - gauge boson vertex are replaced by their
respective background counterparts. The Feynman rules are listed in appendix
and are based on the BFM SM rules by Denner et. al. [60]

Applying the Feynman rules to the diagrams in fig. and using the momentum
assignment of fig. [£.1] we obtain for the scalar contributions

(a) = i / (c.Pp + crPr) (K + 2 + myl [-eQpyul K + 11 +myl [ Pr+ cpPr)
((k +p9)? — m?) ((k +p1)? — m?) <k2 — MJ%)
(4.36)
() = it / (cLPr + crPr) [f + b + my] (¢} Pr + ¢y PL] [-eQ (2K + )] t e
(0 +p2)> = m3) ((k + )2 = M2) (k2 — M2
(4.37)
and similarly for the vector contributions
(c) = 18 / volor Pr + vRPRI[F + 1o +myll—en]
((h+ 222 — 2 ) ((h + pr)? — 2 ) (2 — )
x [f+ ph + my 1alvp Pr + vi PRl[-g°°] + rev. (4.38)
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(c¢) FFV contribution (d) FVV contribution

Figure 4.3: Fermion-Fermion-Scalar (FFS), Fermion-Scalar-Scalar (FSS), Fermion-
Fermion-Vector (FFV) and Fermion-Vector-Vector (FVV) contributions to the ana-
pole form factor. The red arrow defines the fermion flow. 01.02.2022: the fermions
in the scalar diagrams also have to be positively charged to be consistent with the
defined fermion flow

and

(d) = if / v8lvLPr + RPR[K + 1 + my+Valvi PL + v Pr][—g®)
((k +)? = m)((k + p2)? = m3 ) (k2 —mi)

X [_6] [gl/p(_2k - Q)/L - 29Mqu + 29;};},(]1/] [_gyﬁ] + rev. (439)

where rev. symbolizes the respective second diagram in fig. which has reversed
propagators and vertices due to the fact that the fermion flow has ogposite direction
to the charge flow. The integration sign is shorthand for [ = [ %. Then, after
multiplication with the anapole projector, taking the trace, setting Q) F= Qs and
¢> — 0, we obtain the following scalar- and vector contribution to the anapole

moment: 20.12.2022 this is in accordance with Ryo’s result; compare the definition
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4.4 General Anapole Moment for Majorana Fermions

of Fg in the resulting paper of this thesis: here Fg was redefined. This however
gives the opposite sign compared to Kopp et al. Sandick’s notation is a little weird
though (additional factor of i7))

As = a@yy = 5 Qs [lec = lenl| Fs(u,m) (4.408)
X

e
9672m
e
Av = a@y @) = " RBa?m? [\UL\Z - |UR!2] Fv(pnv) (4.40b)

where the functions Fg/y are defined as

2

Fs(u,m) = 210g<22> — (3n* = 3u® + 1) f(pym), (4.41a)
2

Folpmy) = §1g<§2> B =36 — D) (), (4.41D)
1%

with o =my/my, n = Ms/my, ny = my/my and

1
/ dx

n? + (1 —z)p? — (1 — z)
0

1
2
{\}Karctanh (%) A>0

\/ﬁ arctan <ﬂ) A <0 (4.42)

2
(u2=n?)2-1
with A = A(u,n) = (p? +n* — 1)% — 44%n?. The mass my is understood to be the
mass of the circulating fermion, e.g. SM fermion-like for the scalar- and chargino-

like for the vector contribution respectively. Note that the limit ¢> — 0 is only
applicable if ¢ <« mfc In particular for direct detection experiments in which the

w+n*—1
A=0

typical momentum transfer from DM to nucleus is \/|¢?| ~ 50 MeV and the mediator
couples to the light fermions such as electrons, this limit is not justified [68].
For cases, in which the incoming Majorana fermion is massless, we can expand

eqs. (4.40a) and (4.40b)) around m, = 0 and obtain in leading order

(m?c + QMJ%) log (m?/MJ%-) + 3(MJ%- - m?)
96m2(m% — M?2)? ’

i
(4.43a)

As(my, Mp) = eQ; (lesl = [exl?)

(Sm? —2m3,) log(m%/m%/) +3(m¥ — m?)

Ay (myg,my) =e (\UL|2 - |UR|2> 2(m2 — m2.)2
4872 (m% — my,)

(4.43b)
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As before, for Ay the fermion mass is given by the chargino-like particle my = m,+.
Further, we can take the limit in which the fermion and boson are mass-degenerate
(MR 2021/09/13 there seems to be a factor of 7 missing):

1
lim  Ag(my, M) = —eQ ( 2 _ 2) L 4.44
Mf~1—>mf stmy, My) Qg Jec” = lerl 1927‘(2777,? (4.44a)
1
: _ 2 2
m&1mmf Ay (mg,my) =e <|UL\ |vR| > 967T2m?c' (4.44D)

Although this limit does not play a role for the studies of DM, it is relevant for
checking the supersymmetric limit of the MSSM, in which the anapole moment is
expected to vanish.

4.5 The SM Neutrino Charge Radius: Revisited

With the general results for the anapole moment of a Majorana fermion with (non-
Abelian) vector- and scalar couplings derived in the last section, we can revisit
the calculation of the neutrino charge radius of section Note that the anapole
moment of a Dirac fermion can be calculated using the previous results due to the
fact that apjac = %aMajorana [69]. For this, we set x (x*) to be the SM neutrino v;
(lepton ¢;) with i = e, 1, 7 and vanishing mass. V,, = W, is identified with the weak
gauge Boson, GT the charged Nambu-Goldstone Boson and 4 is the (background)
photon. In the BFM framework, most of the diagrams in fig. [£.2] do not contribute.
In particular, only diagrams of the type shown in fig. have to be calculated which
are inherently UV-finite. The necessary interactions are inferred from [50, [70] and
read

vy vy

- . 9 - . 9
WH ( = —ZE’)/MPR, W‘u ( = lE’YMPL

ot 0=

K3 3

(4.45)

with Goldstone vertex similarly. The left vertex shows the interaction as used in the
derivation for the anapole expression, while the right vertex is typically used in the
literature. Thus the left/right couplings read:

_ g
W+Vi€j LV, = 0, VR = —ﬁéij (4.46&)
GHolycp =0, cp=—-— b5, (4.46b)

V2my
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4.5 The SM Neutrino Charge Radius: Revisited

where g = e/sinfyy. As apparent, it is expected that the Goldstone diagrams are
phenomenologically suppressed! due to the ~ my, /mw dependency of the coupling.
The vector contribution to the anapole moment reads

i eg? ) ) ) , m2
Ay = =5 (2 — i, )? 3(miy —mi,) — (2miy — 5my,) m%v (4.47a)
2 2
eg m?
N 321 O — 4.47b
9672 [ 08 gv + (m%v ) (4.47b)
G 2 mz
TV =k +0 (4.47¢)
12v/2n2 m?, m2,

while the Goldstone (scalar) contribution reads

Al 9" m, 3( )+ (2m2y, +m2) log m, (4.48a)
S = — mW mg mW mei .
1927r(mi_ —m@,)? md, mé,
2 2 2
ege My,
e .
W
mh
eGp my, 0
3+2lo + O 4.48¢
244/272 mW gmt%v ( W) ( )
«fg

with Fermi constant Gp = The anapole moment of the (massless) SM neutrino

8mW
is the sum of these contributions,

A, = A} + AL (4.49a)

__¢Gr M| Lo M (4.49b)
12v/272 mW '

This result has been crosschecked with the semi-automatic calculation using the
MATHEMATICA packages FEYNARTS (32|, FEYNCALC [33135], PACKAGE-X [36] and
FEYNHELPERS [37] using the distributed Background SM model file for FeynArts
which is based on [60]. The result is in full agreement with the literature (e.g. [39]),
taking into account the factor of 2 due to the Dirac nature of the neutrino, the
conversion factor between charge radius and anapole moment as in eq. , and
lastly a factor of —e due to a different vertex parametrization. Then, the anapole
moment in terms of charge radius reads

W

1
Ay, =2x e (—e) x (ri)lit. (4.50)

!Note that this is model-dependent
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Chapter 4 The Anapole Moment

The relative sign between anapole moment and charge radius varies in the literature,
since the definition of the interaction vertex is ambiguous. In particular, the relative
position of 7, and 75 and thus indirectly the definition/sign of the anapole form
factor can alter.

Coincidentally, this non-standard interaction has recently been studied in the
context of the low-energy recoil excess of the XENONI1T experiment [71]. Based on
this excess, bounds for the magnetic moment, charge radius, milicharge and anapole
moment have been derived [72] under the assumption, that only one of the multipoles
is present at a time.
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Chapter 5

Connection to Direct Detection
Experiments

In this section an introduction to direct detection (DD) experiments is given and
the connection to the anapole moment is drawn.

5.1 Experiments and Constraints

There are several different approaches and environments where properties of a DM
particle can be probed. Apart from indirect searches like gamma-ray and neutrino
detection of the Large Area Telescope (LAT) |73] and IceCube [74] respectively,
earth based experiments have been build to directly probe traces of DM particles
scattering with nuclei. These type of experiments are called direct detection (DD)
experiments. Searches at colliders like the Large Hadron Collider (LHC) look for
missing energy in the spectrum, hinting at states escaping the detector.

Some current- and next-generation DD experiments include PandaX-II [75], LUX
[76-78], LUX-ZEPLIN (LZ) [79] and XENONnT [80-83], of which the latter recently
observed an excess in the low energy recoil spectrum [71], whose origin is still under
debate (see for example 72} |84} |85]).

Baker and Thamm analyzed simplified models of WIMPs on the relic surface with
n uncolored slepton-like coannihilation partners n; with magnetic dipole and anapole
couplings to the nuclei and found that for both direct- and indirect detection exper-
iments the limits on the parameter space depend strongly on whether the WIMP is
a Dirac- or Majorana fermion [69]. In contrast to the Dirac WIMP scenario, whose
parameter space is excluded for m, < 2TeV and separately for m,/m, —1 < 0.1
by XENONIT and can be tested fully with DARWIN [86] prospects, the parameter
space for the Majorana WIMP is unconstrained and only ~ 10% is expected to be
probed by DARWIN. However, these estimates strongly dependent on the coannihil-
ation process, both via the number of partners 7; and the mass splitting between the
DM particle and n;. Enhancing coannihilations either by increasing the number of
partners or by decreasing the splitting makes DD a favorable framework for probing
the parameter space particularly for small mass splittings.
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Chapter 5 Connection to Direct Detection Experiments

Current indirect detection experiments are sensitive to Dirac WIMPs only due
to velocity suppression of the Majorana annihilation cross section. The strongest
constraints are expected from CTA [87] probing masses m, < 5TeV for 0 <
my/my —1 5 0.4,

Future collider searches (like the HE-LHC with /s = 27TeV) on the other
hand are insensitive to the nature of the WIMP and can probe a significant
part of parameter space for m, ~ 1TeV and comparably large mass splittings
0.2 < my/m, —1 504 (see also [88]).

The work by Baker and Thamm focuses on scalar mediators generating the ne-
cessary electromagnetic interactions for DD experiments in the form of dipole and
anapole moments. For additional vector couplings, the anapole moment may get
sizeably enhanced via the novel calculation of Ay in this work such that the prospects
of future direct detection experiments become stronger, particularly for Majorana
WIMPs.

5.2 Basics of Direct Detection Experiments

As discussed in chapter [2] there is numerous evidence that DM exists on many
different scales; in particular on the scale of galaxies. Thus, we can expect that
DM also surrounds us and - if it interacts with visible matter in some way - should
be detectable. Since we are studying the interactions between a WIMP and the
nucleus, we need local information about the WIMP: the local DM density and
velocity distribution.

On the scale of galaxies, there are several different models describing the DM halo,
including the Navarro-Frenk-White (NFW) profile [89]

4ps
(r/rs) [L+ (r/rs)]?

plr) = (5.1)

and the Einasto profile [90]

o(r) = py exp(—j [() - 1]) (5.2)

where 75 is a scale radius (defined as being the radius, at which the the density
profile has a logarithmic slope of —2 [91]), ps = p(r = r5) and for the latter « is the
shape in the region r = r,.

There are roughly two approaches to determine the local density [92]: (a) local
measurements, where the kinematics of nearby stars are taken into account, and (b)
global measurements, where the DM density profile is extracted from measurements
of galactic rotation curves, and then extrapolated to the earth’s location in the Milky
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5.2 Basics of Direct Detection Experiments

Way. We will work with the well motivated value for the local DM density of [93]
po = 0.4 GeV/cm?. (5.3)

The DM velocity distribution is typically assumed to follow a Maxwell-Boltzmann
shape [91]

F(v) = {Nl(ﬂv§)3/2 exp(—|v|2/v8) |v| < Vese (5.4)

0 |v| > Vese

where vy ~ 220km/s is the most probable speed, e.g. the speed of objects follow-
ing circular orbits in the Galactic center, vesc &~ 550km/s is the escape velocity of
the Milky Way: WIMPs with higher velocities are not expected to appear in DD
experiments. The normalization constant reads

Vesc 2Vesc v2
N = erf — exp| ——=° . 5.5
( vo ) Vg p( v > (55)
Then, from the perspective of the earth, the velocity distribution reads

fo(v,t) = f(vons(t) + v), (5.6)

with the velocity of the earth with respect to the halo reading [94]

vobs(t) = VLSR T Vo,pec + V@(t) (57)

where ve pec ~ (11,12, 7)km/s denotes the peculiar velocity of the sun [95], visr =
(0, vrot, 0) = (0,220km/s, 0) is the Local Standard of Rest and Vg (¢) is the velocity
of the earth with respect to the sun with magnitude Vg ~ 30km/s [94]. The latter
is expected to inherit an annual modulation due to earth’s movement, which gives
corrections of ~ 3% to the rate [96] and is here not considered.

The typical set-up of a DD experiment involves the measurement of the recoil
energy of heavy nuclei caused by elastic scatterings y/N — x/N with corresponding
differential rate of scattering events [97]

dR _ o 7 5 dowy
-— = d t 5.8
dER mymy v dER Uf@(’l), )7 ( )

VUmin

d . : . . . : . .
where d‘%g is the differential cross section. The scattering rate is usually given in

terms of counts per day, per kg of target material, per keV recoil energy. The overall
expected events are then given by [98],

o0

N, =MT / dER ¢(ER)
0

dR

5.9
T (59)
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where M, T and ¢(ER) are respectively the detector mass, exposure time and de-
tector response function and depend on the experiment.

The (differential) cross section is usually classified by a combination of a spin
dependent (SD) and a spin independent contribution (SI) corresponding to the type
of effective WIMP-nucleus interaction vertex. Subsequently the differential cross
section in terms of ¢> = 2mER can be written as [97]

SD SI

N
a0 (v,¢*) = d;2 (v,q2)+d7;2(vvq2)- (5.10)

Here we will focus on elastic scattering only.

5.3 Standard S| and SD Contributions

Typical types of interaction models are the axial-vector coupling xv,x ¢y"¢q and
scalar coupling xxqq representing a SD and SI cross section respectively (see [99]
for a full list and [100] for a selection of differential cross sections).

For the scalar- and axial-vector coupling the differential cross section for elastic
scattering can be separated into a spin-independent (SI) and spin-dependent (SD)
part [101}, 102],

doyn mpy

—_ SI 2 SD 2
dEr  2p%0? (UO Fei(ER) + 00 ‘FSD(ER)) ) (5.11)

where p4 is the reduced mass of the WIMP-nucleus system, my the nucleus mass
and USI/ 5D is the cross section at zero momentum transfer. For the SI contribution,

this cross section reads

2
oS =0, M A (7. P4 (A—2) - [, (5.12)
Hp

where fP(") are the relative couplings to the proton (neutron) of the nucleus and
tp is the reduced mass of the WIMP-nucleon system. In many cases, the scalar
coupling to the neutron and proton are very similar, viz. f™ = fP is often assumed
(sometimes called isospin conservation). Then, the SI cross section reads

SI Ka 42
oy =op—5 A% (5.13)
Hp
As evident, the SI cross section scales with the square of the number of nucleons A,
such that heavier target materials like 12%131Xe are expected to have comparatively
high cross sections. The SI form factor can be taken to be the Helm form factor [96),
101}, [102]

Fsi(ER) = 375 /2[sin(qr) — qr cos(qr)]/(qr)?, (5.14)
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with ¢ = V2mnyEg, s =1 fm, r = vVR2 — 552, R = 1.2AY/2 fm with A the nuclear
mass number.
The SD cross section on the other hand can be expressed as

sp 32piGEL U +1
(on} —_—

= SHATE D 0y (5P) + an(S™)) (5.15)

with the Fermi constant G, the coupling to the proton (neutron) a, (ay), the total
nuclear spin J and (SP(™) being the average spin contributions due to the proton
(neutron). The SD form factor Fsp(ER) is given by [103]

sin(qRs)/(qRs), qRs < 2.55, qRs > 4.5

(5.16)
0.217, otherwise

Fsp(ER) = {

with Ry = A'/3.

The current experimental limits on the SI cross section o, and SD cross sections
oy, and o, with a 90% confidence level (C.L.) are obtained using DDCalc v2.2.0 |98,
104] and shown in fig. [5.1} The experiment and the respective data set used can be
inferred from the legend; the LZ data corresponds to a projection.
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Exclusion Limits on the SI Cross Section
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Figure 5.1: Experimental limits on the spin independent cross section o, (top) and
spin dependent cross sections o, (bottom left) and o, (bottom right) of WIMP-
nucleon scattering on a 90% confidence level

5.4 Magnetic Dipole Interaction

One class of studied interaction models is that of a loop induced electromagnetic
dipole interaction between a Dirac WIMP and the nucleus [103; 106]. The
magnetic dipole coupling is described by the effective Lagrangian

d
Log = 5)’(0’“’)(FW, (5.17)

where p is the magnetic dipole moment. This dimension five interaction is expected

to dominate over a dimension six anapole operator with a differential rate ~ 5 orders
of magnitudes larger and thus drives the phenomenology. The differential cross
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section reads [103, (107H109)

do? Z2F2(ER)d? E
W _QemZ°FZ(ER)d” [ Br (|, ,my (5.18a)
dERr ERr 2myv? My
J+1\ my
2 72 12
F2(ER) [ &= 1
+didaFy( R)<3J>7w27 (5.18b)

where E'r is the recoil energy, Z is the nuclear charge, d 4 the nuclear dipole moment,
my the nuclear mass and v the velocity of the incoming DM candidate. Further-
more, Fz(FER) is the nuclear charge form factor and can be taken as the Helm form
factor [68) 102]. This form factor corresponds to the previously encountered spin
independent form factor Fgr(ERr), while F5(ER) is the SD form factor Fsp(ER) [68].

5.5 Anapole Interaction

Another interaction of this type is given by the anapole moment, which is the only
allowed electromagnetic interaction for a Majorana fermion, see chapter[d Since we
are mainly interested in Majorana fermion WIMPs like the MSSM LSP neutralino,
this interaction may allow an experimental probe of this candidate and was studied
by various authors in the context of direct- and indirect detection experiments and
collider searches [68, |108], [110-115].

The effective Lagrangian for the WIMP-nucleus interaction reads [68, (110} 113|
115

Lot = giv“%xf}”Fw +eA,JV, (5.19)

where J# is the nuclear current operator. Then, neglecting the ¢> dependency of the
anapole moment A, the differential cross section of the scattering event involving
the DM candidate and the nucleus reads [68, 110, |113]

YN _ o A222F2 B |2 L Er 5.20
iEr Qlem 7(ER) [2mn — +m7x 2 (5.20a)
J+ 1\ 2Erm?
AL P (ER) (L RN (5.20b)
3J T2

Since for many target nuclei - including xenon - the dipole moment is comparably
small, it can be neglected and one can focus on the spin-independent interaction
~ FZ(Eg) only.

Due to the fact that the velocity dependency of eq. differs from the stand-
ard SI and SD cross sections as in eq. , the limits for the anapole moment
have to be obtained using fits on the event level and can not be inferred from the
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DM coupling to leptons (anapole moment)
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Figure 5.2: Experimental limit from LUX and projections from XENONI1T and
LZ on the anapole moment (red) and expected values for thermally produced DM
coupled to right-handed muons (black) via a scalar n on a 90% confidence limit,
from Garny et. al. [112]

standard SI/SD exclusion curves. For this, one needs to account for the detector
specifics like the response function and detector mass/time as in eq. and carry
out the integrals (see for example |116, Appendix B] and [117, Appendix D]). The
resulting experimental limit from LUX and projections from XENONI1T and LZ
by Garny et. al. [112] are shown in fig. together with predicted anapole mo-
ments stemming from scalar contributions with couplings such that the relic density
constraints are satisfied. As apparent, LUX excludes values A/uy 2> 107° fm for
my ~ (40 — 1000) GeV at a 90% confidence level, while current generation experi-
ments - particularly LZ projections - are expected to be even stronger and can test
theoretically predicted values of A/uy ~ (1076 — 1075) fm soon.
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Chapter 6
Numerical Analysis

In this chapter we will discuss the numerical analysis of the anapole moment in
both a model-independent fashion and in the context of the MSSM. Most figures
here where created using the PYTHON library MATPLOTLIB [118].

The anapole expression as derived in chapter [4| has units of [GeV_Q]. In order to
relate the obtained values to results found in the literature, the anapole moment is
multiplied with the inverse of the nuclear magneton py = e/(2my), with m, being
the proton mass, and the conversion GeV~! ~ 197.3 x 102 fm is applied. Then,
the anapole moment is expressed as A/uy in units of [fm)].

Note however that for the anapole moment as calculated here the limit ¢> — 0
was taken, such that the results here cannot directly be applied to direct detection
experiments. This is the case if a mass is smaller than the DM-nucleus momentum
transfer, e.g. if m < /[¢%] ~ 40 MeV [68).

6.1 Model-Independent Analysis

For the sake of convenience we repeat the final results of section [.4] where the
analytic expressions for the scalar- and vector contribution read respectively

_ _ € 2 2
As = o)) = gz @ [Jeal” —lenl®] Fstu ), (6.1a)
Ay = ags@ = ~ ey |0l ~ lor?] F(wm) (6.1b)
(c)+(d) 487r2m>2< ) ’
with the functions Fg/y defined as
F ~ 3 PN (32 — 32
s(p,m) = 5 log| -5 ) = (307 = 3p” + 1) f(p,m), (6.2a)
w
F — § /ﬁ 2 2
v(mv) = 5 log )t By —3p” = 7) f (1, nv), (6.2b)
|4
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where i =my/my, n = Mj/my, ny = my/my and

1
Y z
ot =9 n?+ (1—2)p? —2(1 —x)
0

\}Zarctanh (;ﬂ?\/n%—l) A>0

1 VIA]
\A| arctan (#2+n2—1) A<O (6.3)
ﬁ A=0

with A = A(p,n) = (u? +n? — 1)2 — 4p>n>. We may assume g > 1 or n > 1
in order to circumvent the discontinuity in the arctan(h) function. This assump-
tion is phenomenologically well motivated since the LSP DM candidate is usually
my ~ O(100) GeV and thus automatically prevents crossing of the discontinuity in
supersymmetric models. However, for more general cases, the condition

pr4nt>1 (6.4)

prevents the discontinuity being crossed.

As apparent from eqs. (6.1a)) and (6.1bf), the anapole moment is strongly depend-
ent on the functions Fg,y (i1,7). For this reason, a contour plot of these functions is
given in fig. The minimal values pimin, 7min have been chosen such that points
like (u,n) ~ (1,0) do no lead to a (numerical) singularity of the arctan(h) function.
Nevertheless it is apparent, especially in figs. and that around this point
Fsyv diverges. The characteristic circular separation in the lower left corner is due
to the discontinuity of the arctan(h) function whose radius is defined by eq. .
Note that the coloring in figs. and [6.1D] and figs. and [6.1d] differs.

The anapole functions themselves are shown in figs. to The couplings
have been set to ¢, = 0, cg = 1 for the scalar case and vy, = 0, vg = 1 for the
vector contribution. Also, in the scalar case, a colorless fermion with Q; = —1
has been assumed. As apparent from these plots, the size of the anapole moment
depends strongly on the masses involved. In particular the value of the anapole
moment is enhanced if one mass is comparable to the DM mass, while the other
is small, e.g. m1 =~ m, and my < m,. This becomes even more noticeable in
fig. where the masses of the fermion is chosen as small as my ~ 1 MeV. Then,
strong resonances are formed around the vicinity of m, ~ mg/,. The vertical green
dashed line highlights the position of the W boson, such that in this case, for DM
masses of m,, ~ (50 — 150) GeV, the anapole moment is |A|/uy ~ (1076 —107%) fm.
It is noteworthy that related studies of the scalar anapole moment Ag have been
conducted in [68, 111] with similar results.
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Figure 6.1: Contour plot of Fg(u,n) (left) and Fy (i,n) (right) for u,n > 10~* (top)
and y,n > 10! (bottom)
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Figure 6.2: Scalar (left) and vector (right) anapole functions for some chosen masses

of bosonic particles and DM candidates.
values.

As(my/my.ms/my)/px x 1076 [fm]

The dotted lines correspond to negative

Ay (my/my.my /my)/py x 107 [fm]

m, =10 GeV m, =50 GeV 150 4 m, =10 GeV m, =50 GeV
60 4 10 4
100
40 4
50 4
) e 0 0
40 80 120 160 200 40 160 200 50 100 150 200 250 300 50 100 150 200 250 300
6 =100 Gev| Ty=200 GeV =100 GeV/ 1, =200 GeV/
10 4
4 2
54
24 1
0 T T SRS s 01 T T T T 01 T T T T T L T T T T T
10 80 120 160 200 40 80 120 160 200 50 100 150 200 250 300 50 100 150 200 250 300
ms [GeV] ms [GeV] my [GeV] my [GeV]
my[GeV] my[GeV]
—_—2 —_— 50 100 —_— 200 _2 — 50 100 — 200

Figure 6.3: Scalar (left) and vector (right) anapole functions for some chosen masses
of fermions and DM candidates. The dotted lines correspond to negative values.
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in the bottom diagrams stands for the W boson. Dotted lines correspond to negative
values of the anapole moment. The m; ~ 1 MeV fermion contributes the most.
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6.2 MSSM: General Framework

The numerical part is slightly wrong: a bug in the code caused a factor of 10
enhancement in the sfermion contribution to the anapole moment For the calculation
of the anapole moment of the lightest neutralino X(f, all charged fermions and the two
charginos appear in the diagrams of the type shown in fig. f:3] and thus contribute
to its anapole moment. The scalar- and vector contribution to the anapole moment
are given as

= c i), |42 ia|2 ‘

A5 = g 2 NeQu [ = 1) Fo ) (65)
_ e - o

Aw = _487r2m§<zj: [Ivi\ ~ vzl } Fw (g mw) (6.6)

Here, the indices i(j) are labeling the SM fermions (charginos) and N! is the color
factor of the fermion, e.g. N, = 3 if f = g and N, = 1 if f = e. Further,
pi = my,/my, na = Mg [my, pj = m +/my and nw = mw/my, with the SM
W-boson mass myy. ’

The couplings used and some required SM input parameters are summarized in
appendix Note, that L/R mixing of the third generation only is included. In
order to calculate quantities in the MSSM one inevitable has to use a spectrum gen-
erator to calculate masses and mixing elements appearing in the model. Commonly
used ones include SUSPECT [119], SPHENO [120] and SOFTSUSY [26]. In this
work, mainly SOFTSUSY 4.1.10 was used since it is easily callable via command-
line input. The spectrum generator writes out in the widely used SLHA format [121]
which then can be imported into the anapole code via PYSLHA [122]. The spectrum
generator assumes certain boundary conditions at the GUT scale and calculates all
masses and couplings via renormalization group evolution under the assumption of
correct EWSB (models which do not incorporate correct EWSB are ruled out and
flagged accordingly). All parameter ranges shown here satisfy all internal 'phys-
ical’ checks of SOFTSUSY if not noted differently. Explicitly flags for tachyonic
particles, incorrect EWSB and models in which )2(1] is not the LSP, are inherited from
SOFTSUSY and used in the code here. Furthermore, all masses appearing in the
numerical analysis satisfy

pr+n?>1, (6.7)

preventing the anapole functions to cross the discontinuity of the arctan(h) function.
This is simply due to the fact, that in all models considered here ! is the LSP.

To the commonly studied and already introduced models belong SUGRA and
AMSB. While the anapole moment may obtain a sizeable value, it is important to
also include current experimental bounds. In particular the LSP neutralino serves as
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6.3 SUGRA

a DM candidate whose relic abundance can be calculated using the MICROMEGAS
code 123} |124] using SUSPECT as spectrum generator. The result can be checked
against the literate, e.g. the 9-year data from the WMAP project [9]. The combined
limit from the WMAP+eCMB+4+BAO+H| data set gives a cold DM relic density |9}
Table 17] of

Q,h? = 0.1153 £ 0.0019 (6.8)

Here, we will assume that the neutralino is the LSP and is responsible for the
measured DM relic abundance alone.

As further experimental constrain the mass of the light neutral CP even Higgs h
has been extracted. Its current averaged experimental value according to the PDG
[125] is

myp = 125.10 + 0.14, (6.9)

giving strong limits on SUSY models as we will discuss in the next sections.

We checked explicitly that the anapole moment of the lightest neutralino vanishes
in the exact SUSY limit, as it should.

As a side note, a conceptually similar work has been carried out by Cabral-Rosetti
et. al. |126], although they do not employ the BEM (or PT) framework and thus
work with a gauge dependent quantity.

6.3 SUGRA

As first SUSY model lets discuss SUGRA. Unfortunately most of the parameter
space in SUGRA has been ruled out by the discovery of the mass of the scalar Higgs
boson [127H129] under the assumption that the neutralino is the single DM particle.
Nevertheless, for large Ay, there is a small strip of allowed parameter space as can
be seen exemplarily in fig. Furthermore, the only region which satisfies all
constraints and is predicted to be detectable at the LHC is the stop co-annihilation
region occurring for some values of Ag [129].

Some masses and the mixing elements of ) and the charginos are shown in
fig. For lower m; 5 < 2.6 TeV, the lightest neutralino is Higgsino-like while

~

for my/p 2 2.6 TeV it becomes bino-like. The anapole moment in this model is
shown in fig. Note that the contribution from sfermions exhibits comparably
large numeric noise. Within the sfermion sector, the largest contribution stems from
the lightest fermions, e.g. electrons and light quarks. For lower m; /5, the neutralino
is mass degenerate with the lightest chargino, which leads to an amplification of
the chargino-W contribution, since then y = m /my =~ 1. However, at the same
time, the chargino mixing angles exhibit ¢, = ¢g, leading to a cancellation between
vy, and vg, suppressing the anapole moment (see appendix for the couplings)
simultaneously.
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Mixing Angles of Charginos inSUGRA
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Anapole moment of the lightest Neutralino in SUGRA
mo =8 TeV, mys € [2,3] TeV, Ag = 3.0 TeV, tan 8 = 10.0, sgnp =1
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6.4 AMSB

The second SUSY model discussed here is AMSB. The compelling aspect of this
particular realization of SUSY breaking is, that the neutralino is usually wino-like.
Furthermore, it is mass-degenerate with the lighter chargino X{E, such that a reson-
ance as discussed in section [6.1} for the vector anapole contribution may be expec-
ted. Similar to the previous case, the relic abundance of the neutralino as well as
the model’s predicted Higgs mass is shown in fig. [6.7b] The chosen parameter range
is motivated by the likelihood analysis of Bagnaschi et. al. [130, Table 2]. However,
our mg; is approximately 100 TeV smaller compared to their best-fit value. As
visible, mg is hardly constrained by the WMAP data, while the Higgs measurement
restricts its value to mg =~ 25 TeV. The mass of the neutralino is mainly determined
by m3 /o, whose large value drives the DM mass to be in the TeV range. The mixing
elements of ¥} and the charginos as well as some masses in this model are shown
in fig. [6.8] Similar to the SUGRA case, the anapole moment is dominated by the
sfermion contribution; in particular the light fermions contribute the most. The
chargino contributions are suppressed due to ¢, =~ ¢g.
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Weights of the lightest Neutralino in AMSB
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Anapole moment of the lightest Neutralino in AMSB
mo = 25.0 TeV, mg/, € [700,750] TeV, tan 3 = 5.0, sgnp = 1
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Chapter 7

Summary and Outlook

Summary

Dark matter is one of the biggest unsolved mysteries of particle physics and cos-
mology and plays a major role in the understanding of both the history of our
Universe and the world surrounding us. Much effort is put into gaining knowledge
about its nature and properties both experimentally and theoretically. While there
is strong evidence towards the existence of this additional source of matter, so far
no conclusive signal for it was found.

In this work the anapole moment of a generic Majorana fermion has been cal-
culated in a model-independent fashion allowing a wide range of applications. For
this, the important issue related to the charge radius of the neutrino has been re-
capitulated to highlight the non-trivial steps involved in the calculation of the vector
contribution.

Finally, the anapole moment was studied numerically, both in a naive model-
independent fashion and in the context of the MSSM, in which the lightest neutralino
can serve as a DM candidate. The results have to be considered in the light of DD
experiments and collider searches, where future experiments are expected to be
sensitive enough to probe this loop induced coupling over a wide range in parameter
space. Although the model-independent analysis allows comparatively high values
for the anapole moment, it has to be noted, that the respective couplings ¢y, g and
v,/ g have been set to zero/unity; in general they are strongly model dependent. This
dependency can be directly seen in the MSSM, where the parameters and masses
have common origin and are not independent. There, the scenarios of SUGRA and
AMSB have been considered under the experimental and observational constraints
from the Higgs mass and the relic density (assuming the LSP is the single DM
particle). It was found that for both SUGRA and AMSB, the anapole moment of
the LSP neutralino is not expected to have a sizeable value. While for SUGRA
most of the parameter space considered here is excluded already, the relic density
constraints on AMSB are comparably lenient.
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Outlook

The results and frameworks developed in this work can be used and extended in
many different ways.

The model-independent expressions for the anapole moment obtained here are not
only applicable to DM searches, but also serve as a basis to calculate the anapole
moment of generic Dirac- and Majorana fermions in both the SM, MSSM and all
BSM extensions.

For example, there are applications in neutrino phenomenology. The anapole and
dipole moment can lead to signals in low energy neutrino-electron scattering [131]
and neutrino-nucleus scattering [72]. Furthermore these higher order electromag-
netic moments can have an effect on the solar neutrino flux due to solar flares and
can lead to a depletion of the electron neutrino flux as measured on earth |132].

In the light of DM searches, the results here could be used to calculate up-to-date
experimental limits on the anapole moment for both scalar and vector contributions.
For direct detection experiments where the DM candidate interacts with the nucleus,
one has to account for the fact, that the spin independent cross section appearing
in the interaction via the anapole moment exhibits a different velocity dependency
compared to the conventionally used one, such that the analysis has to be carried
out on the level of expected events instead of cross section.

Higher electromagnetic moments can also induce interactions between sub-GeV
DM and electrons in the detector material, and can help to probe whether DM is a
Majorana- or Dirac fermion [133].

There are also expected consequences for the imprints of DM on cosmological
scales. If the candidate couples via the anapole moment to the visible sector, the
couplings of the scalar- and vector contributions can be related to the relic density
via the thermal production mechanism and is not a free parameter anymore [69,
110, 112]. Furthermore, the non-standard electromagnetic moments can distort the
CMB spectrum due to DM annihilating into fermion pairs during the recombination
epoch [134]. This is particularly important for sub-GeV DM, since direct detection
experiments where DM scatters with a nucleus are not sensitive in this regime [101].

In particularly dense regions of DM, e.g. in the Galactic Center or dwarf spheroidal
galaxies, the same annihilation mechanism can influence the flux of gamma-rays,
cosmic-rays and neutrinos due to the production of high energetic leptons and mono-
energetic photons [69, [112]. Indirect detection experiments may observe signals of
this type depending on whether the DM is a Majorana- or Dirac fermion. For heavy
dark matter, only the latter case is expected to be detectable this way, since the
Majorana annihilation cross section is velocity suppressed [69].

The analysis in the MSSM could be extended such that more experimental con-
straints, like limits on the branching ratio Br(b — sv), are included. Also, the
anapole moment of the LSP neutralino in particular can be investigated further:
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1. In more general terms within the MSSM without relying on the SUGRA or
AMSB scenario, like the phenomenological MSSM (pMSSM) [135].

2. Giving up the assumption that the LSP neutralino makes up all of the DM
would relax the rather strong constraints from WMAP and PLANCK. That
is, the DM can (partly) be realized in a separate process or model.

3. Scanning over a wider range of the SUGRA/AMSB parameter space, in par-
ticular the stop co-annihilation region of SUGRA may be of interest [129].

73






Appendix A

Classical Multipole Expansion and Toroid
Moment

In this section the classical multipole expansion in electrodynamics is discussed and
subsequently related to the anapole moment of relativistic fermions.

In classical electrodynamics the properties of spatially distributed sources can be
described by their moments. Following the review by Dubovik and Tugushev [136],
suppose that the charge density of the system is described by

plrit) = [ % plé, )00~ v) (A1)
Expanding the delta distribution formally
3) — (-1
0D —r)=>" G &g Vi Vi d(r), (A.2)
= =
results in ,
0o _1 .
o) =3 A0, ooy o), (A3)
=0
where
A= [ plet) 6o (A1)

are the moments with A(®) being the charge and Agl) being the charge dipole moment

etc. In many cases it is convenient to express these moments in terms of irreducible
tensors of the rotation group SO(3), e.g. in terms of spherical harmonics Yy,,.

Similarly the spatial components of the current density j(r,t) can be described
using a multipole expansion with coefficients

o _ (=n-! .
BlJZk T (¢—1) /d3£ Ji& &k - (A.5)
/—1
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Appendix A Classical Multipole Expansion and Toroid Moment

Note, that the current density is related to the charge density due the the conserva-
tion law

such that a relationship between Al(é)k and Bl(f)k is expected. According to the

Helmholtz theorem, the current can be separated into a longitudinal 7 and a trans-
versal part j | as
J=J+7JL (A7)
with
Jy=Vo, jL=Vxf (A.8)

where f satisfies the gauge condition V - f = 0 and ¢ is a scalar function. Then

eq. (A.6]) reduces to
Vg =—p (A.9)

showing that the multipole expansion of the longitudinal charge current is char-
acterized by the multipole expansion of the charge density only. The transversal
current on the other hand has two degrees of freedom remaining, whose expansions
are independent of the charge moments. They can be expressed via the scalar- and
pseudoscalar functions 1 and y respectively as

jJ_(r) = Mw(ra 07 90) +V x MX(T,Ga 90)7 (A]'O)

describing toroidal currents flowing parallel on a sphere (first term) and poloidal
currents flowing along the meridian on a torus (second term) respectively. The
vector M is defined as

M= —-rxV=iL. (A.11)

Then one can rewrite the current as
§=V6+V x (rg) +V x (V x (1), (A12)

reducing the problem to the multipole expansion of three scalar functions ¢, 1 and
x satisfying the gauge constraints.

The interaction energy of a non-relativistic system of point charges with an ex-
ternal electric field is described by

W= /d3r (pp — 7 - A) (A.13a)
= Weh 4 e (A.13D)
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with charge- and current density
plr,t) =3 e@5® (@ — @ (1)) = 3 el exp(—§<a) : v) 5B (1), (A.14a)

3.ty = > @ET (r — g (1)) = 37 @ exp (£ V)5 O (r) (A14b)
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with £(a)(t) being the position of the charged particle a. After replacing the expo-
nential with its Taylor series, the interaction energy becomes

<@
w=-> z_% h(s(“’ V)" (E““) ~E(0) + 221;;&“) : B(O)) (A.15)

with magnetic dipole moment p = %E X £ . Then, one can decompose the terms at
any order according to their symmetry property.
Alternatively, the expansion of the energy corresponding to the charge density
only reads
1
WCh =qp+d-Vo+ Qijvivj'qb + ETgQ)A(b + Qijkvivj‘vkgf) + .. "r:O‘ (A.lﬁ)
with the total charge ¢ = fd3€ p, charge dipole moment d = fd3§ &p, charge

quadrupole moment
1

Qij = 5 /d3§ (&&5 — éf%z’j)Pv (A.17)

octupole moment

1

Qijr = 5

/d3§ (&6 — %(gi(sjk + &0ik + Erdij)lp (A.18)

and r((f) = d3¢ €2p being the mean-square radius of the charge density. The energy
contribution due to the current reads

. 1
Wcur:—d-A—M-(V-A)—i-Qij(viAj+vin)_ réz)V-A

[N

. 1 [ —
— QijxViViAi — MyVi(V - A)j — —(1“22) -V)(V-A)

10
—T-(Vx(VxA)—..|_, (A.19)
with the system’s magnetic dipole moment
1
M = 3 /d3f £x7, (A.20)
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Appendix A Classical Multipole Expansion and Toroid Moment

Figure A.1: Toroid dipole moment T' generated by a current j along the surface of
a torus, from [137]

magnetic quadrupole moment

P = g [ @ e+ ), (A.21)

(2
Q" = 10

€
10
with mean-square radius of the dipole density rElQ) = d3¢ €€2p. Finally, the toroid
dipole moment (TDM) is given by

1

T=—
10

/ B¢ (€€ - 5) — 26%) (A.22)

This toroid moment can classically be generating using a solenoid folded into a torus,
see fig.

There is no classical analog to the anapole moment as being part of a multipole
expansion. Instead, it is related to the toroid dipole moment 7. The axial part of
the electromagnetic interaction vertex of chapter EI, eq. (4.2) can be rewritten as
[13§]

Fu(Q) ~ iﬁuupaPVqA7075T(q2) + UuquD(Amz) (A'23)
2
_un—(Q'P)QM 2y _ 2
2= Am? [D(q ) — D(Am )] (A.24)

with P, := pl, 4+ pu, Am = m; —my and D(Am?), D(¢*) and T(¢®) the charge
dipole moment, charge dipole and toroid dipole form factor respectively for which a
one-to-one correspondence to their counterparts in the multipole expansion exists.
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Then, the anapole form factor can be identified as

m? —m>
Al®) =T(@) + 5,5 [D@®) = D(am?)], (A.25)

coinciding with the toroid moment for m; = my on the mass-shell. For a Majorana
field, the toroid moment in the rest frame is proportional to the spin direction (there
is no other vector quantity characterizing the system) and can be defined as

T, = eT(0)a(0)yn5u(0), T = eT(0)¢l o (4.26)

with the Pauli spinor ¢ and T as in eq. (A.22)) and 7°(0) its magnitude. The inter-

action Hamiltonian reads
Hine = T (¢*)Pyv50 0, F* (A.27)
and in the non-relativistic limit in the rest frame

Hint = =T - Jext (A'28>
= -T(0)p'oy - (Vx B - E) (A.29)

which is invariant under time reversal 7, but not under parity P and charge con-
jugation C separately [139)].
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Appendix B
Treatment of ;

Since the anapole moment itself is characterized by the Lorentz structure 7,75 in
the vertex, the discussed projection technique inevitability will lead to traces over a
number of regular y-matrices accompanied by ~5. In dimensional regularization, the
appearance of 75 in D # 4 dimensions leads to inconsistencies [140] and one needs
to pay special attention. In particular, a 5 in D = 4 — 2¢ dimensions satisfying
both the anticommutativity property,

{75a7,u} =0, (B'l)

and the cyclicity of the trace,

tr(ﬂ)/,uf)/uﬂ)/prO"YS) = 4i6uyp07 (B2)

cannot exist and calculations assuming both of these conditions simultaneously may
be plagued with inconsistencies.

Many different approaches have been investigated and different schemes have
been developed to solve this problem [141-H146]. However, up to today, there is
no "one size fits all" solution, and one has to decide on a case-by-case basis which
scheme is appropriate [35, and references within]. Some commonly used schemes
include: Naive Dimensional Regularization (NDR), Dimensional Reduction (DRed)
[145], Breitenlohner-Maison-t"Hooft-Veltman scheme (BMHV) [41} 42] and the Larin
scheme [43]. Following Buras and Weisz [147], we will describe some of them here
briefly.

The arguably easiest treatment is the NDR, in which it is assumed, that a 5 exists
satisfying both conditions above. In particular, one introduces the D-dimensional
metric tensor with

Guv = Guuy,  Gup gpy = Guv, g,uu =D, (B.3)

and y-matrices satisfying the Clifford algebra

{7;u Y} = 29, - (B.4)
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Appendix B Treatment of s

The ~5 appearing in calculations satisfies

{’Y/u’}%} =0. (B5)

In many cases, this does lead to correct results, while in other cases, things
like the axial anomaly cannot be reproduced [147]. In particular expressions like
tr(v, Y0 7pY0Y5) can not be evaluated.

Regularization by DRed is a interesting scheme, since it does not only manage to
offer a treatment for the 75 issue, but also preserves global SUSY [145]. Here, the
~y-matrices are not extended to D dimensions but kept 4-dimensional instead. These
4-dimensional Dirac matrices are written as 4 and satisfy

{Vs A} = 2Gp0- (B.6)
The 4-dimensional metric tensor satisfies
Guv = Gy Gup 9’y = G 9 =4 (B.7)
and its contraction with the D-dimensional metric tensor g, follows the rule
Gup 9"y = Guv- (B.8)

While this scheme involves some field theoretical subtleties |[148] and has some al-
gebraic inconsistencies, it still has lead to correct results [147].

The BMHV scheme leads to an algebraic consistent treatment of the diagrams.
Here, the metric tensors comes in three separate copies g, g and g, living in D-, 4-
and —2¢- dimensions respectively. The D- and 4 dimensional metric tensor satisfy
eq. (B.3) and eq. respectively. The —2¢ dimensional metric satisfies

guu = gu,ua f],up fo = guw gﬁ = —2e. (B.Q)

However, contrary to before, the contraction between metric tensors of different
dimensions is given by

gup gly) = g;wa g,up gpy = guw gupgpy = 0. (B'l())

Also, the D-dimensional Dirac matrices v, are split into pieces v, = 7, + 4, living
in 4- and —2e- dimensions respectively. The 7, and 7, satisfy Clifford algebras as
introduced previously in the context of NDR and DRed, while for 4, the relation

Y W} = 20 (B.11)

holds. Furthermore,
{3} = 0. (B.12)
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In this scheme, 75 is introduced satisfying

=1, {v%}=0, [v5%]=0. (B.13)

This scheme, although algebraic consistent, leads to rather cumbersome calculations,
and more importantly, some results may suffer from non-conservation of currents.
Finally, in Larin’s scheme, before evaluating any traces, the substitution

1
VY5 — _gf;wpo%f)/p'}/o (B'14)

is made. All indices are D dimensional.
In the context here, terms involving four Dirac matrices and a ~5 can always be
reduced to be of the form

PYPa"PT 2 tr(Vu v p1os)s (B.15)
which vanishes in both BMHV and Larin’s scheme, since

anti sym.

Plopl o tr(unvasns) - = 0, (B.16)

due to the antisymmetry of the trace in any pair of Lorentz indices, here v < pu.
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Appendix C

Feynman Rules

C.1 Majorana Fermion Interactions

Following the treatment of Majorana fermions in [66, 67], we summarize the Feyn-
man rules for interactions involving Majorana fermions. Without loss of generality
the interaction Lagrangian between Majorana fermions y,, Dirac fermions 1, and
bosonic fields ®. can be written as

1 . . L .
LD igzchaFiqu)c + k;chaFiwb(D: + kzzcwbPiXa(bc + h;bcwarid}b@a (Cl)

where g',., k%, . and h!, are couplings and the Dirac matrices I'; are as introduced
in section Fermion chains are assigned a fermion flow, diagrammatically repres-
ented by red arrows, which resolves the usual sign ambiguities arising in Majorana
rules. The resulting vertices and propagators are shown in eqs. to . This
fermion flow is set globally for a given amplitude and fixes the relative signs between
diagrams. The Feynman rules for interaction vertices in eq. are formulated
using the shorthand notation for the interactions in eq. , in which e.g.

XFQ/) = kflbc?arid}b@za (02)
suppressing the bosonic field. In this notation, one defines the reversed vertex
I":=crfc, (C.3)

which replaces the ordinary vertex whenever the fermion flow - represented by the
red arrow - is opposite to the charge flow of a Dirac fermion. The reversed propagator
is defined similarly as
1
T -1

S'(p) = CSy (p)C = ﬂ = Sy(=p). (C.4)
The application of the Feynman rules works as in the normal case, apart from setting
this (arbitrary) fermion flow for each fermion chain. Thus one starts at an external
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leg or - for loops - at any propagator and applies the rules in opposite to the fermion
flow.

X X
®------ ( =il ®------ < =il (C.5)
X X
X X
®------ < =il ®------ < =il’ (C.6)
Y G
(G (0
P < S < _ir ()
X X
(G (0
P - ( — T H------ < =l (C.8)
(G (G
= iSp(0), e = iSy(-p), T .=iSy(p)  (C)
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C.2 Background Field Vertices

Although only indirectly relevant in this work, for the sake of completeness the rules
for the external states are shown in eq. (C.10)).

- . — . = u(p, s)
- s e S = u(pys)
. . T = ulps)
. e . = T(ps) (C.10)

C.2 Background Field Vertices

In the calculation of the anapole moment the background field versions of the triple
gauge vertex I'"\\f\ and the gauge-gauge-Goldstone vertex I'\\yo appear. Their
Feynman rules are shown in eq. (C.11)) with explicit values in the BFM Feynman
gauge (e.g. with £g = 1) given in egs. (C.12)) and (C.13).

ky WS ky WS
/ Mme
Ay~ = i, A e =ilhwg  (C.11)
k1 k\ kq ‘\V\\

Explicitly, the triple gauge vertex reads

Do (K1, ko, ks) = —ie [gup(ks — k2)y + g (k2 — k1 + ks)p + gou(k1 — ks — k2)]
(C.12)

and the gauge-gauge-Goldstone vertex reads
iThoq (b1, ke, k3) = 0. (C.13)

The other vertices do not differ from the conventional rules [60].
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C.3 Supersymmetric Vertices

The Feynman rules used for the calculation of the anapole moment in the MSSM
are based on the notation and conventions of [25]. Furthermore, since we are only
interested in the lightest neutralino in this work, the abbreviation y = >~((1) is used.
The interaction Lagrangian can be split into two "prototypes', in which the exact
couplings and fields depend on the exact scenario at hand. The sfermion-fermion-
neutralino interaction can be written as

Lip, =X (cLPr+crPg) ff* +h.c, (C.14)
whereas the W-neutralino-chargino Lagrangian reads
Lyt = WX giT9 xif +hee, (C.15)

with o
Ll = [UEPL + v%PR} . (C.16)

The corresponding Feynman rules, taking into account the special treatment intro-
duced in appendix are summarized in fig.
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C.4 Vertices in the MSSM

pi , . f
et
Ay ~ = —ieQ(pi + py)"
v\\
pi >
f
f:”*” ( :i(CLPL—f—CRPR)
X
X
Wi ( =iglc (mi) ¢!
H k H
X
X
W, f —igl*c (1) ¢!
H k H
X

Figure C.1: Feynman rules based off the MSSM. The fields x are Neutralino-like
Majorana fermions, X; chargino like charged Dirac fermion, f is a Dirac fermion
like lepton or quark and f its spin-0 superpartner. The red arrow corresponds to
the fermion flow in order to treat the Majorana vertices consistently, see text for
details. 01.02.2022: wrong momentum arrow of py of the scalar-photon interaction

C.4 Vertices in the MSSM

In this section all vertices of the MSSM are listed which are needed for the calculation
of the anapole moment of Y. They are based on [25].
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Appendix C Feynman Rules

Chargino - Higgs - Neutralino

The Lagrangian describing the interaction between charginos, charged Higgs and
neutralino is given by

L£>—gH X [QLPL + Q%Pr] x; +h.c. (C.17)
with
Qf, = cos 3 [N14 i1t ﬂVﬂ(le + tanGWNH)} = —ci' /g, (C.18a)
, . 1 ;
Q% =sin |:N13UZ'1 — EUiQ(NlQ + tanGWNH)} = —c}?/g (Cl8b)
and corresponding vertices
X
H™ --»- ( i [ P+ ¢f' PR, (C.19a)
X
X
HT —-»- ( =i [ Pr+ g PL] . (C.19b)
X

The couplings are written in the generic way of appendix [C.3]and take the form

cHl = _gcosf3 [NM cos or + \}5 sin (N7 + tanHWNH)] , (C.20a)
A — _epgeos [—Nﬁ sin ¢ + %cos ®r(N7y + tan QWNTI)} , (C.20b)
cHl — _gsin g [ng cos ¢r, — \}5 sin ¢, (N2 + tanHWNH)} , (C.20c¢)
2H = —gsinf [ Nizsin¢p, — \}icos ¢ (N1 + tan HWNH)] . (C.20d)

for real chargino mixing matrices as in section [3.4.4]
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C.4 Vertices in the MSSM

Chargino - NGB - Neutralino

Since the charged Nambu-Goldstone boson (NGB) and the charged Higgs are re-
lated via eq. , the couplings between the chargino and charged NGB can be
inferred from the chargino - charged Higgs vertex (explicit rules can be found in
[149, Appendix A.7]) via (cos 3,sin 3) — (sin 3, — cos 3). Thus the couplings read:

¢ = _gsin B {NM cos ¢r + \ﬁ sin pr(N7y + tan GWNH)} ) (C.21a)
2C = —epgsin B {—Nﬂ singpr + \2 cos or(N7y + tan QWNfl)] , (C.21b)
cR =gcosf [ng cos @r, — ésin¢L(N12 + tanHWNH)} , (C.21c)
CR =gcosf [ Nizsin¢p, — \;ﬁcos ¢r(Ni2 + tan HWNH)] . (C.21d)

Chargino - W - Neutralino

Here the relevant part of the Lagrangian is

L2 gW, X 7u(CLPL + CRPr) x{ +h.c. (C.22)
with couplings
, . 1 . ,
CL = Ni2Vj1 — ENMVQ = /9, (C.23a)
A . 1, ,
C;% = N{yUi1 + ENBUQ = ’U}g/g (C23b)
and vertices
X
W= ( = i, [vi,Pp + v Pr] (C.24a)
X
X
Wt ( = —ivy, [V Pr + vf PR . (C.24b)
Xi
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Appendix C Feynman Rules

The expression for the second vertex has the left- and right projectors interchanged
due to the fact that the reversed vertex as in [66} |67] was used. Explicitly the
couplings are

’U}l =g [le cos pg — ;§N14 sin gbR] , (C.25a)
v% = €Rrg [ng singp — %NM cos (bR] , (C.25b)
vh =g [NfQ cos ¢, + \}51\71*3 sin ngL} , (C.25¢)
vh =g [—Nﬁ sin g, + éNfg) cos qu] . (C.25d)

with real chargino mixing matrices as in section [3.4.4]

Sfermion - Fermion - Neutralino

The interaction including charged sfermions and fermions is described by the Feyn-
man rules

X

fs - ( = (G{;*PR + Gg;R*PL) : (C.26a)
fi
fi

fs =" ( =i (G{;PL + G{fPR) . (C.26D)
X

The explicit couplings for the squark - quark' interactions are deduced from the
Lagrangian

L =7 (G Py + G PR)ilu; + (GSE Pr, + G?SRPR)JLdi} +hec. (C.27)

'The quark states are mass eigenstates here
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C.4 Vertices in the MSSM

with
U Uk T TU # * Uk U
Gy =G LWj,sUjiL - N sinﬁmuiNM j+37SUjiR, (C.284a)
u Uk U 9 Uk TU
Gig' = GWiLs UG — mmuiNMWﬁS Uit (C.28Db)
g

dr, _ d dxyrd
Gis =G LWj’SUﬂL a V2myy cos B

d dryyydx d 9 dxyrd
GisR =G RWj+3,sUjiR - mmdiN13Wj,sUjiL7 (C.QSd)

where G5, s = 1,...,6, are six component squarks as in section 4,1 =1,2,3
being a generation index and G- and G- as in

GIt = —v/2g | T, Nty + tan 0w (Qs — T )N7 | | (C.29)
GIR = V2gtan Oy Q¢ Nyy, (C.29D)

ma, NigWits U, (C.28¢)

where Q5 and T. ?f ; are the EM charge and third component of the weak isospin of the
fermion f respectively. The mixing between sfermions is described by the matrices
W7. Here we will adopt the assumption that only L/R mixing is allowed, such that
they simplify to (no summation implied)

I/VfZ = Wi]jr3’l-+3 =cosff, (C.30a)

Wiy =Wl =—sing;. (C.30D)

The matrices U9 and U%% are unitary matrices diagonalizing the mass matrix of
the quark ¢ via a biunitary transformation, e.g.

(UULTmuUUR)ij = mui&-j, (UdLdeUdR)ij = mdiéij. (031)
We will take the approximation in which
v =y =1. (C.32)

This means that the interactions are "diagonal", e.g. only interactions between a
squark - quark pair of the same flavor is allowed. Before writing down the couplings
for quarks explicitly, lets discuss the slepton interactions first. The Lagrangian for
charged leptons read

L=%X [GZLPL + foPR] ése; +h.c. (C.33)

with
GzesL =G Wié;s - \/iﬂl[f/COSﬁmeiNfS ié+3’5 (C.34a)
O = W = W ()
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Type | e u d
Q [ -1[+5]-3
i 1 1 1
Ty, | =3 1+5] -3

Table C.1: Charge and Weak Isospin of SM fermions (excluding v)

Mass [GeV] e-Type u-Type d-Type
Ist Generation | 0.51 x 107> | 2.16 x 1073 | 4.67 x 1073
2nd Generation | 105.65 x 1073 1.27 93 x 103
3rd Generation 1.78 4.18 172.76

Table C.2: Masses of the SM fermions (excluding v/)

and G°, G°® and W€ as before. Contrary to the quark case, for leptons the mass-
and gauge eigenstates are identical already, e.g.

(Me)ij = Me,;0ij, (C.35)

such that no generation-mixing matrices appear.

Due to the simplification we made in the quark sector, both leptons and quarks
exhibit a very similar structure of the couplings. Summing over the sfermion index
s, while suppressing the fermion index ¢, e.g. f; — f, we can express the interaction
Lagrangian for sfermion - fermion - neutralino as

L :ZX [(GfL cosf + Hir sinﬁ};)PL + (GfR sinf 5 + Hit COSHJE)PR} fle
f
+ZX [(—GfL sinfy + s cos ) Pr, + (G’fR cosfy — Hi sint)PR} f;rf
f
+h.c. (C.36)

with GfL and GfR as above and

. N ; —
Hi = 9y /b o (C.37a)
V2mw Nig/cos B, f=d,e

Hir = giee (C.37b)

The charge and weak isospin of the fermions are listed in table while the SM
fermion masses of the PDG [125] are listed in table
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