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Abstract

It has been realised for a long time that supermassive black holes at the centre
of each galaxy could form a dense dark matter spike. As a result, the density of
dark matter could be enhanced in the centre of a galaxy. The particles produced
inside the spike could interact more frequently with the dark matter than usually.
Active Galactic Nuclei (AGN) are expected to emit neutrinos or photons with high
energy. If the photons or neutrinos are produced inside the spike, they have to travel
through the dense dark matter spike on their way to earth.

As a result, the flux of photons and neutrinos could get attenuated, when travers-
ing the dense dark matter spike around an AGN. The aim of this master thesis is to
calculate possible interactions between dark matter and neutrinos, as well as, pho-
tons. We focus on the case of a scalar dark matter candidate and Majorana fermion
which both can be realised in the t-channel mediator model. Further, we investigate
the elastic and inelastic scatterings in large and low energy regimes. These inter-
actions are used to examine the possible flux attenuation, depending on the dark
matter column density of the spike.

For the attenuation of the neutrino flux, we consider a scenario where the dark
matter is a spinless scalar particle with an fermionic mediator, as well as, the sce-
nario where the dark matter particle is a spin 1/2 Majorana fermion with a scalar
mediator. For the attenuation of the photon flux, we consider a scenario where
the dark matter is a spin 1/2 fermion that interacts with the photon via a scalar
mediator.

We will mainly investigate the inelastic scatterings that can attenuate the photon
and neutrino fluxes. Also, the direct production of the mediator could be possible
given the very high photon and neutrino energies. Especially, the inelastic scatter-
ings with the gauge bosons could lead to absorption effect. As an application, we
are investigating the implications on the t-channel mediator model and the Scoto-
genic model of neutrino mass generation, as well as on its Scale Invariant extensions.
We will show that the scatterings between the photons and neutrinos could lead to
absorption of over 65% for certain dark matter column densities in the t-channel
mediator model. We will further roughly estimate the black hole masses that are
needed to achieve the column densities.

The calculations are being done analytically using standard tools of quantum
field theory, and with the help of Mathematica and also Python for the numerical
calculations.
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Chapter 1

Introduction

Since ancient Greece, people have been asking themselves what the earth and the
universe are made of. Natural philosophers, such as Aristotle or Plato asked ques-
tions about the origin of life and our planet. This is precisely why the term physics
comes from the ancient Greek word physis, which can essentially be translated as
nature and describes the nature of things [1].

For the presocratic philosophers physis is used for the whole cosmos as such
and comprises the whole physical world. Interestingly, the two philosophers of that
period, Democritus and Leucippus, postulated that the world is made of small indi-
visible substances, which they called atoms. The only property of the atoms is that
they are indivisible. They interact which each other mechanically through collision
or they may accumulate. But the two philosophers never presented any empirical
evidence fpr their theory because they simply postulated it. They were not typical
scientists as we know them today.

Nevertheless, this simple theory is surprisingly similar to the modern view of
physicists. It reminds one very much of the Standard Model (SM) of particle physics.
It is the current best theory that we have about the fundamental particles of which
the world and the cosmos is built up. The particles in the SM are also not divisible,
as in the theory of Democritus and Leucippus. But they can interact via the four
fundamental forces, namely the electrical, the weak, the strong and the gravita-
tional interaction. The SM is very popular in modern physics and is measured very
precisely [2].

On the other hand, we have evidence that the Standard Model of particle physics
is not complete and not sufficient to explain the evolution of the universe. The
Standard Model of Cosmology (ΛCDM) describes the structure formation of the
universe as we currently observe it and states that we need some non-luminous
matter, called dark matter, in order to achieve the structures that we see today.
This unknown matter is not contained in the SM of particle physics and the SM is
therefore incomplete. One needs to extend the SM by dark matter. But one big
questions that remains until now. What is the particle nature of dark matter and
what are its properties?

There is ongoing research on dark matter for years and we have not unravelled
the mystery of dark matter yet. As always in physics, it is a game of trial and error.
But every negative result brings us closer to the actual dark matter scenario that is
realised in our universe. So, physicist do not give up and and continue with research
by testing dark matter scenarios. This inspires us to write and present the following
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master thesis.
The aim of the thesis is to probe dark matter scenarios with t-channel mediators

and the help of AGNs. Neutrinos and photons are emitted close to the AGN and
scatter with dark matter particles along their way to the earth. Therefore, AGNs are
powerful probes for dark matter scenarios and give current limits on the scattering
between dark matter and neutrinos or photons [3, 4]. This motivates us to calculate
the interaction between a specific choice of a dark matter model and neutrinos or
photons and test the current constrains.

In this regard, the structure of the thesis is as follows. First, we will review the
evidences for dark matter in Ch. 2 that lead to the conclusion that we need some
non-luminous matter in our universe. We will have a look at the astrophysical and
cosmological observations that point towards dark matter.

Next, in Ch. 3, we will dive into the theory of dark matter by beginning with dif-
ferent prominent dark matter candidates. This is followed by the basic assumptions
for particle dark matter. We will also present shortly the thermodynamics of the
early universe and the Boltzmann equation. In a further step we want to understand
the impact of the dark matter particles in the early universe to gain insights on the
dark matter abundance today and their interaction strength.

In Ch. 4 we change the topic and we will talk about scattering in Quantum
Field Theory. We are going to define the scattering cross section that will be of
great use in our analysis. This is followed by a motivation of why we are interested
in scatterings between dark matter particles and standard model particles in Ch.
5. We will have a look at AGNs that are of great interest for probing the particle
nature of dark matter. The dark matter spike that one expects around black holes
is also introduced.

Then, in Ch. 6 we start our phenomenological investigations by introducing a
simple toy model. This is followed by a brief introduction about two dark matter
models, namely the t-channel mediator model and the Scotogenic Model. After
that, we will compute the scattering cross sections between two different scenarios
of dark matter particles and photons or neutrinos. Further, we will use the cross
section to examine possible attenuation of the photon and neutrino fluxes, due to
their interaction with dark matter, in the vicinity of black holes.

Finally, in Ch. 7 we will summarise our investigations and give state a conclusion.
We will also give brief outlook for future work.

2



Chapter 2

Evidence for Dark Matter

The ΛCDM is the Standard Model of Cosmology, where CDM stands for cold
dark matter and Λ for the cosmological constant which takes into account the accel-
erated expansion of the universe. Cold means that the dark matter is non relativistic.
Hence, in the standard cosmological scenario we assume that there exists non lumi-
nous matter which we call Dark Matter (DM). It does not interact with light and
is therefore ”invisible” but it can interact via gravity. Dark matter was first stated
by Franz Zwicky in 1933 [5] by looking at the redshift of the distant nebula’s. Later
in the 1970s, Vera Rubin discovered one of the strongest hints for dark matter by
observing the rotation curves of the Andromeda nebula [6]. Today we know that
dark matter contributes up to 25% to the energy density in our universe and makes
up to 85% of all ordinary matter. Dark matter is an integral part of contemporary
cosmology and astrophysics and we have several evidences for its the existence.

The first evidence that we will discuss are the so called rotation curves. The
angular velocity in the outer regions of a galaxy is higher than expected. This
phenomenon can be explained by postulating more matter than we can actually see
in a galaxy. The second hint for dark matter is the mass to light ratio in the coma
cluster and was found by Franz Zwicky. The visible mass of the coma cluster is
to small for the velocities of the galaxies inside the cluster. The third evidence for
dark matter is gravitational lensing. The fourth evidence is the so called Cosmic
Microwave Background (CMB). All of them together give a clear significance that
dark matter exists in our universe. In the following sections we will briefly go through
these main evidences of dark matter and explain them.

2.1 Rotation Curves
One of the most popular hint for dark matter are definitely the rotation curves

of the galaxy NGC6503. In our solar system the planets rotate around the centre
and obey the Keplerian laws. They state that the rotation velocity vrot should be
proportional to 1 over the square root of the distance R, which can be quantified by

vrot =

√
GM(R)

R
, (2.1)

where M(r) = 4π
∫
ρ(r)r2dr is the total mass of the mass density distribution ρ(r)

and G the gravitational constant. Elliptical galaxies spiral inside a plane that can
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be approximated as a disk. Outside of the disk the mass should be constant and
therefore vrot ∝

√
1/R. By only assuming this simple relation we can state that the

velocity of the stars further outside should decrease.

Figure 2.1: Rotation curve of the dwarf spiral galaxy NGC 6503. It shows the different
contribution of gas, disk and a dark matter halo to the rotation curve. Dark Matter is
postulated in order to explain that the rotation velocity becomes constant for R > 4 kpc.
The picture was taken from [7]

But this does not happen as we can see in Fig. 2.1. In contrary, the rotation
velocity stays constant outside the visible galaxy. One possible explanation for this
phenomenon is that there is non-visible matter outside the visible galaxy that only
interacts via gravitation and the weak force. Hence, dark matter is the reason why
the velocity curve stays constant. Therefore, the density profile should scale as
ρ ∝ 1/r2. A first hint for dark matter is born at galactic scales.

Of course, there could also be other explanations to this phenomenon. For exam-
ple, this effect could be due to our ignorance about gravity and the Newtonian laws.
The theory of Modified Newtonian Dynamics (MOND) states also an explanation for
the increase of the velocity curve [8]. In [8] Milgrim modifies Newtons laws such that
for high distances F = ma2/a0 with a0 being a constant. For a stable system the
centrifugal force equals the gravitational force. Hence, GMm/r2 = m/a0 · (v2/r)2.
This results in a constant velocity for large distances given by v = (GMa0)

1/4. But
frankly, we have more than just this one piece of evidence for dark matter. We
also have the three other evidences which account for this redundancy and leave no
doubt about the existence of dark matter.

2.2 Mass to Light Ratio in the Coma Cluster
In 1933 and 1937 the Swiss physicist Franz Zwicky published two papers about

the Coma cluster where he uses the redshift to determine the velocity dispersion of
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the galaxies inside the Coma cluster [5, 9]. For a stationary cluster the viral theorem
states that 2Ekin +Upot = 0, where Ekin is the kinetic and Upot the potential energy.
If the galaxies inside the cluster are distributed uniformly, the potential energy is
given by Upot = 3GM2/5R [9]. Taking the kinetic energy simply to be Ekin =
Mv2/2, where v is the average velocity. 1 The viral theorem connects the potential
and kinetic energy. Thus, Zwicky obtained that M = 5Rv2/3G. Comparing the
theoretical mass of the Coma cluster to explain the velocity dispersion to the amount
of luminous matter in the Coma cluster Zwicky came to the result that the former
is exceeded by the latter by about a factor of 400:(

M

L

)
Coma
∼ 400

(
M�

L�

)
. (2.2)

So, Zwicky found that the velocity dispersion of the galaxies inside the cluster is
so high that the visible matter is not sufficient enough to keep the system stable
[10]. The same analysis was done for the Virgo cluster. With the same result that
there is a discrepancy in the mass [11]. Hence, Zwicky deduced that there must
be non visible matter in order to describe the mass discrepancy. He called the non
visible matter Dark Matter. Later, gas was discovered in the Coma cluster that is
only visible in the X-ray bands. But the mass of the gas is not sufficient to explain
the high velocity dispersion relation. Nevertheless, until the 1960s and 1970s dark
matter was not the only solution to the problem. Large amount of dwarf galaxies
or black holes were ideas to name only two of them [10].

2.3 Gravitational Lensing
A third type of evidence for dark matter can be obtained via gravitation. In

General Relativity (GR) the spacetime around massive objects is bend. If there is
matter in the line of sight between a distant source and the observer, the matter
can act as a lens if its mass is large enough. The light gets bend and the image is
distorted around the lens. This effect is called gravitational lensing. One can use
the gravitational lensing effect to scan galaxy clusters and can therefore examine
the mass that should be present inside a cluster, due to the gravitational potential
of the cluster. It is a perfect way of observing dark matter because the gravitational
influence of dark matter is more ”visible” or detectable than its particle nature [12].

The most striking and well known example of this method is the galaxy cluster 1E
0657-56 the ”bullet cluster” [13]. The bullet cluster is a galaxy cluster that formed
because two clusters merged [12]. During this collision the baryonic matter strongly
interacts with each other. But the dark matter should not interact because it only
couples to gravity and the weak force. Thus, we should have a strong separation
between the ordinary matter and the dark matter as shown in Fig. 2.2.

1strictly speaking Zwicky used the average of the averaged velocity. See [9] for further informa-
tion
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Figure 2.2: The “bullet cluster” 1E0657-56 (left) and the “baby bullet” MACSJ0025.4-
1222 (right) as composition. In the background galaxies are visible mostly in yellow. The
hot gas emission in the X-ray band is shown in pink. The blue feature shows the recon-
struction of the total mass distribution in the galaxy cluster measured via gravitational
lensing. We see clearly in both figures that the masses responsible for the gravitational
potential lie further outside and are separated. Whereas the visible matter is found in the
middle emitting the X-rays. This is consistent with the picture that during the merging
process the dark matter does not interact and the ordinary matter does. The dark matter
halo ”lost” its hot gas during the collision. The mass lying outside of the visible region
is larger than the total mass of all the present galaxies. Therefore it is a strong hint for
dark matter. Figure Credit: Left: [14]; Right: [15].

This separation can be reconstructed with gravitational lensing. The pink region
in Fig. 2.2 shows the X-ray emission of the galaxy cluster from the intergalactic
plasma. The blue regions shows the gravitational potential revealed by the lensing
effect. It is consistent with the location of the galaxies. The large gravitational
potential cannot be explained only by the present galaxies [12]. We therefore have
a strong hint for dark matter inside the bullet and baby bullet cluster.

So, we have seen that it turns out that the visible mass is again not enough to
explain the effect of the gravitational lensing. Thus, we have a third evidence for
dark matter in our universe that this time cannot be explained by the MOND theory
[16]. Let us now turn our interest to the last evidence.

2.4 Cosmological Evidence
We have seen so far, that there are hints for dark matter in the scale of galaxies

(rotation curves) and galaxy clusters (mass to light ratio in the Coma cluster and
gravitational lensing effects). But there exists are fourth type of DM evidence on
cosmological scales. It rose up due to the discovery of the CMB [17].

The detection of CMB through Penzias and Wilson was a real breakthrough in
cosmology. It supports the theory of an expanding universe over of a steady state
scenario of the universe. In the big bang model the universe starts to expand from a
hot and dense initial state. During the expansion it cools off and nuclei and atoms
start to form after the photons decoupled from the hot plasma. Therefore, the big
bang model predicts a background radiation as a relic from the early state [18].
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The CMB is a perfect black body spectrum with a temperature of T = 2.726 K
and small temperature fluctuation at the order of 10−5[7]. These fluctuations are the
imprint of the density contrast in the early universe. In the 1980s Peebles pointed
out that dark matter is necessary to explain how these anisotropies in the CMB lead
to the large scale structure formation that we observe today [19]. Dark matter does
not interact with the photons and can form large gravitational potentials since there
is no pressure counteracting on it. As soon as the photons decouple the baryonic
matter falls into the potential wells of the dark matter and begins to form larger
structures. The presence of DM accelerates the process of galaxy and galaxy cluster
formation.

To extract information from the CMB, the temperature fluctuations are expanded
in spherical harmonics Ylm(θ, φ) in terms of the multipole moments l which corre-
spond to the angle in the sky:

δT

T
(θ, φ) =

∞∑
l=1

l∑
m=−l

almYlm(θ, φ). (2.3)

The multipole moments l can be related to the angle via ∆Θ ∼ π/l. The variance
of the coefficients alm is called Cl. Normally, Dl = l(l + 1)Cl/2π is plotted as a
function of l which we call the angular power spectrum of the temperature. It is
shown in Fig. 2.3[7].

Figure 2.3: Angular power spectrum of the temperature Dl, where TT means temper-
ature. The blue line shows the best fit to the Plank data. From this fit one can extract
the total amount of matter in the universe and the amount of dark matter. The figure is
taken from [20].

One fits the graph with a chosen cosmological model and the associated free
parameters [21]. The best current fit of the Plank data supports the ΛCDM model
with

ΩDMh
2 = 0.120± 0.001 (2.4)

and Ωbh
2 = 0.0224 ± 0.0001, where Ω is the density parameter which measures

the energy density in our universe and h = H0/(100km/s/Mpc) is the factor that
makes the density parameter independent of the Hubble constant H0 [22]. Ωb is the
baryonic density which means in this context the energy density of ordinary matter.
Thus, the observation of the CMB indicates that dark matter makes up to 85% of
the total matter in our universe.

In summary, we can conclude that we have strong evidences for the existence
of dark matter in our universe from galactic to cosmological scales. Dark matter

7
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provides a convincing solution to all of the astrophysical problems discussed above
and perfectly fits to the angular power spectrum of the CMB. Thanks to the newest
Plank observation we know the amount of dark matter in the universe and its impact
on large scale structure formation, as well as, on the evolution of the universe. We
know that every galaxy is contained in a larger DM halo. But we still do not
know many other properties of dark matter. It is unclear whether dark matter
interacts only via gravity or also weakly with other matter. There are many different
candidates for dark matter. In this master thesis we will assume that dark matter
is a particle and that it interacts weakly and that it is massive. This dark matter
candidate is also known as Weakly Interacting Massive Particle (WIMP). In the
next section we will mention a few other dark matter candidates and dive into the
theory of dark matter.

8



Chapter 3

Theory of Dark Matter

Having summarised the most popular evidences of dark matter one open question
still exits until now. What actually is dark matter and what is it composed of? The
answer to this question is not yet found and an open question in physics. Since the
realisation that most of the matter in the universe is dark matter the searches began.
In the following section, we will name a few dark matter candidates and mention
them only briefly. This is followed by theoretical descriptions on the particle nature
of dark matter and a consideration on its relic abundance. So let us start with the
different candidates.

3.1 Dark Matter Candidates

3.1.1 Massive Compact Halo Objects
One very attractive solution to the problem of the missing mass outside the visible

galaxies is the postulation that so called ”Massice Compact Halo Object (MACHO)”
exist. A MACHO is for example a neutron star, large planets, brown dwarfs or
primordial or ordinary black holes. Hence, the missing mass in the galaxy clusters
are objects that we have not detected so far, because they are not easy detectable.
For the detection one uses the so called weak lensing effect which is a subclass of the
gravitational lensing effect. An astonishingly simple and intriguing theory. What
makes this candidate so attractive is that one does not have to introduce some new
particles to explain the phenomenons of dark matter. We do not have to extend the
Standard Model of particle physics. One just has to search for this astrophysical
objects and the problem is solved [23].

However, it is not so straight forward as it sounds. The detection of the MACHOs
via weak lensing is not easy and MACHOs as a viable dark matter candidate are
very constrained [24]. Furthermore, we have other problems in physics that we
need to tackle by extending the Standard Model. But still MACHOs are not fully
excluded yet and ongoing researches about primordial black holes will enlighten us
in the future about the role of primordial black holes as dark matter candidate [25].

3.1.2 Axions
The strong CP problem is one of the unsolved mysteries in physics. Here, C

stands for charge conjugation and P for parity. In Quantum Chromodynamics
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(QCD) there is no indication why the CP symmetry should be conserved. In fact,
one has to manually set the CP breaking term to zero which is quite unsatisfying.
The CP breaking can be measured through the electric dipole moment of the neutron
but it has never been observed so far [26]. To kill two birds with one stone, the
axion particle was postulated that tackles the strong CP problem and is a viable
dark matter candidate too [7, 26].

Axions are expected to interact very weakly with SM particles and are constrained
to be very light. They satisfy all present-day constrains what makes them a suitable
dark matter candidate [7]. The key detection is via their interaction with photons
and current searches are ongoing around the world [27, 28]. Axion are among the
most popular dark matter candidates.

3.1.3 Neutrinos
Since the detection of the neutrino oscillation [29] which was awarded with the

Nobel price in 2015, we know that neutrinos must have a small mass. They only
interact weakly and do not have an electromagnetic charge. So they can be a
perfect dark matter candidate without introducing some beyond Standard Model
(BSM) physics. However, we can make a simple consideration to disapprove them.
We know that there exit three neutrino species; electron, muon and tau neutrinos.
The mass hierarchy of the neutrinos is not known [30]. The total relic abundance
of the neutrinos can be calculated as follows [7]

Ωνh
2 =

3∑
i=1

mi

93 eV
. (3.1)

The best current constrains for the neutrino mass comes from the Karlsruhe Tritium
Neutrino Experiment (KATRIN). They use tritium β−decay spectra to determine
upper limits on the neutrino mass. Their acutual result gives a limit of [31]

mν < 0.8 eV (90% C.L.). (3.2)

This limit concerns all three mass eigenstates because the mass difference of the
neutrinos is very small. Hence, the total relic abundance is constrained to be

Ωνh
2 . 0.026, (3.3)

which is lower than the dark matter value of ΩDMh
2 = 0.120. This means that

the neutrinos are not abundant enough in our universe in order to be dark matter.
Another argument against neutrinos as dark matter candidate is that the neutrinos
would be so called hot dark matter because they decouple from the thermal bath
when they are still relativistic (see ch. 3.5 for more details). This would influence the
large scale structure formation in the universe. It would favour that large structures
were formed first and the smaller structures form via fragmentation processes [32].
But the local group seems to be younger than our own galaxy [33]. Therefore, large
structures form after small structures, due to gravitational attraction. Thus, we
have a further argument against neutrinos as dark matter.

In summary, we can say that the ordinary neutrinos that we know from the SM
can not be the dark matter because they are not abundant enough and they would
be hot dark matter.

10
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As the neutrinos are massive there must be a right handed neutrino. They can
simply be added as an extension of the standard model. These new neutrinos are
often called sterile neutrinos and they can actually be a viable dark matter candidate
[34, 35]. The mass range of sterile neutrinos can be from keV up to TeV. However,
the mixing angles and the mass of the right-handed neutrino is very constrained
[35, 36]. But still they can be a dark matter candidate in opposite of the ordinary
neutrinos. They are very attractive because they can be used to explain the small
masses of the neutrinos via the seesaw mechanism.

3.1.4 WIMPs
The current best cosmological model (the ΛCDM model) favours the dark matter

to be cold which means that the dark matter is non-relativistic at the time of
the freeze-out. So, one solution to the dark matter problem can be obtained by
extending the standard model by particles that only interact weakly and are very
massive. These weakly interacting massive particles are called WIMPs and are a
very popular dark matter candidate [37]. The dark matter abundance of the WIMPs
can be very well calculated with the freeze-out mechanism in the early universe. It
predicts perfectly well the dark matter abundance of today when the dark matter
mass is at order of the weak scale. This is called the ”WIMP miracle” [38].

Furthermore, the WIMPs are very well motivated in theory. The supersymmetric
extension of the standard model predicts that every boson has a fermionic and
every fermion a bosonic partner. In the Minimal Supersymmetric Standard Model
(MSSM) the neutralino is the most discussed dark matter candidate [39]. Another
possibility to realise WIMPs, is to simply extend the SM by another Higgs doublet.
This model is also called the inert Higgs model, where the lightest neutral particle
of the doublet can play the role of the dark matter particle. [40].

Most of the common dark matter detection techniques can be divided into three
groups [41, 42]:

1. Direct Searches
2. Indirect Searches
3. Production Searches

Direct searches focus on detecting nuclear recoil energy. If the dark matter particle
interacts with the nucleus inside the detector it deposits energy in form of recoil
energy. This energy can be detected and has to be discriminated from the back-
ground. An example for a common experiment is the Cryogenic Rare Event Search
with Superconducting Thermometers (CRESST) in Gran Sasso. Indirect searches
focus on the detection of secondary particles from dark matter annihilation pro-
cesses. For example, two dark matter particles can annihilate into two photons.
Due to the photonic absorption bands of the atmosphere one goes normally into
the outer space via satellites. The Fermi-LAT is one telescope that tries to detect
dark matter indirectly. Production searches want to produce dark matter particles
through particle collision. For example through proton-proton collision at the Large
Hadron Collider (LHC) [42]. Despite the ongoing searches, no dark matter has been
detected so far. The detection technique presented in this master thesis can be
sorted into the 2. group.

11



AGN Probes of Dark Matter Scenarios with t-channel Mediators

Figure 3.1: Ranges of the interaction cross section between DM and SM particles in
terms of the dark matter mass. Some typical dark matter candidates are shown like the
axions, the sterile neutrinos and the WIMPs as well as the SUSY particles gravitino and
neutralino. The red, pink and blue colours stand for hot, warm or cold dark matter,
respectively. The masses of the dark matter candidates vary from several eV up to TeV.
In this master thesis we will focus on WIMPs which have mass between hundred GeV and
TeV. The picture is taken from [39].

In summary, as shown in Fig. 3.1, there are several viable dark matter candidates
that would solve the dark matter problem. Their masses range from several eV up
to TeV. In this master thesis we will focus on dark matter being WIMPs that lie in
the range of GeV up to TeV. However, there has never been a detection of a WIMP
so far, despite of the ongoing searches for years. But still it is a very well motivated
and attractive candidate for dark matter.

3.2 Dark Matter Properties
As mentioned before, in this thesis we will focus on the dark matter as WIMPs.

In order to work with this candidate we have to impose four key assumptions on the
them which are the following:

1. The WIMPs must be stable in cosmological timescales. Which means
that the lifetime of the dark matter should be longer than the age of
the universe. If the WIMP is not stable we would not observe the dark
matter in our universe because it already decayed to some secondary
particles. But we do observe the effects of dark matter and therefore the
assumption that dark matter is stable is well motivated.
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2. The WIMPs interact in pairs with the SM particles. These interactions
are needed in order to detect dark matter particles via direct, indirect or
production searches. The dark matter can either scatter with, annihilate
into or be produced by standard model particles which is shown by the
following sketch:

DM

DM

SM

SM

scattering

annihilation

production

3. The WIMP interaction strength is large enough to keep the DM in ther-
mal equilibrium at high temperatures. In the early universe we have a
thermal equilibrium between standard model particles and dark matter
particles. If the dark matter particles decouple to early from the thermal
bath we overproduce them. On the other hand, if they decouple to early
they are underproduced. That is why we need the next assumption.

4. The WIMP interaction strength is small enough to ensure that the DM
particles decouple from the thermal plasma in the early universe suffi-
ciently early.

With these four assumptions we can now continue to investigate the impact of dark
matter in the early universe.

3.3 Thermodynamics and the Evolution of the
Early Universe

In this section we will briefly go through the thermodynamic of the early universe.
They are the key to understand the ”WIMP miracle” that we will discuses in the
next chapter. However, for a more detailed discussion see [43, 44]. We will follow
[43] in this section.

According to the ΛCDM model the universe seems to be isotropic and homo-
geneous at large scales. We furhter assume the universe to be flat. Therefore the
universe can be described by the Friedman-Lemaitre-Robertson-Walker (FLRW)
metric:

ds2 = dt2 − a2(t)(dr2 + dΩ2), (3.4)

where t describes the cosmic time and a(t) is the dimensionless scale factor. The
dynamics of the universe are given by the Einstein field equations

Rµν −
1

2
gµνR = 8πGTµν (3.5)
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with Rµν being the Riemannian curvature tensor, R the Rici scalar, gµν the metric,
Tµν the energy-momentum tensor and G = 6.72 · 1039 GeV−2 Newtons gravitational
constant. When we use the energy-momentum tensor of a perfect fluid together
with the FLRW metric we obtain the Friedman equation

H(t)2 =

(
ȧ

a

)2

=
8πG

3
ρtot, (3.6)

where H(t) is the Hubble parameter and ρtot the total energy density of the universe.
The three main contributions to the energy density are given by radiation, matter
(containing ordinary and dark matter) and dark energy. During different epochs of
the universe the dominating energy density changes. In the early universe radiation
is the dominant quantity, while today the dark energy density predominates. We
can also define the density parameter given by the following:

Ωi =
8πG

3H0

ρi, (3.7)

where H0 is the Hubble constant and ρi the energy density of the different species.
In the early universe radiation dominates. But the particles that contribute to the

radiation density are various. There are photons, electron, protons, etc. Thus, we
need a framework where we can work out the different contributions of the particles.
This is done via the phase space distribution function f(t,~k) for a homogeneous and
isotropic universe which is a probability distribution function.

So, we start by considering a gas of particles with mass m, phase space distribu-
tion f(~k) and g internal degrees of freedom. Thus, we obtain for the number density
ni, the energy density ρi and the pressure Pi of a species i the following equations:

ni(t) =
g

(2π)3

∫
d3k · f(t,~k)

ρi(t) =
g

(2π)3

∫
d3k · E · f(t,~k)

Pi(t) =
g

(2π)3

∫
d3k · |

~k|
3E
· f(t,~k).

(3.8)

We mostly deal with fermions and bosons. The phase space distribution function is
given by the Fermi-Dirac (fermion) and Bose-Einstein (boson) distribution

f(~k) =
1

e
E−µ
T ± 1

, (3.9)

where + is for fermions and − for bosons. Here µ is the chemical potential and
T the temperature. The energy is given by E = k2 + m2. Due to the isotropy of
the universe we can carry out the angular integration to be

∫
d3k = 4π

∫∞
0
k2dk.

Through the energy-momentum relation we can express ~k in terms of the energy
and the mass and get that EdE = kdk. In the early universe all of the particles are
relativistic up to a certain limit, when T � m. Hence, for the energy density we
obtain

ρi =


π2

30
· gi · T 4

i , Bosons

7

8
· π

2

30
· gi · T 4

i , Fermions
(3.10)
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For the total energy density we have to sum over the different species

ρtot(T ) =
∑

rel. bosons

ρi +
∑

rel. fermions

ρi

=
∑

rel. bosons

π2

30
· gi · T 4

i +
∑

rel. fermions

7

8
· π

2

30
· gi · T 4

i

=
π2

30
g∗(T )T

4,

(3.11)

where we used the effective number of relativistic degrees of freedom g∗(T ) in the
last step which is giveyn by

g∗(T ) =
∑

rel. bosons

gi ·
(
Ti
T

)4

+
∑

rel. fermions

7

8
· gi ·

(
Ti
T

)4

. (3.12)

In the SM the species contribute to g∗(T ) differently because they have different
degrees of freedom depending on the temperature. For example, the neutrinos have
6 degrees of freedom because they are 3 families with 2 components for tempera-
tures above several hundreds of GeV. The effective degree of freedom is taking into
account that particles may contribute differently to the energy density at different
temperatures.

Therefore, if we combine Eq. (3.6) with Eq. (3.11) we obtain the Hubble param-
eter for the early universe

H(T ) = 1.66 ·
√
g∗(T )

T 2

MP
, (3.13)

where MP = 1/
√
G = 1.22 ·1019 GeV is the Planck mass. With this equation we are

also able to relate the cosmic time t to the temperature T at the epoch of radiation
domination. During this time the Hubble parameter is given by H = 1/(2t). Thus,
we get the simple relation of t ∼ T−2. So, as time goes on the universe cools down.
As a consequence, the temperature of the universe T reaches after some time the
same value as the mass m and particles become non-relativistic. Non-relativistic
particles are Boltzmann suppressed by the factor ∼ e−m/T . Thus, in the case of
dark matter the number density droops as T ∼ mDM.

3.4 Boltzmann Equation
So far we have neglected the time dependence of the phase space distribution

function. The time evolution is described by the Boltzmann equation and its general
form reads

L[f ] = C[f ], (3.14)

where L is the Liouville operator which contains the time dependence of f and can
be written as df/dt. Note that we here have the total time derivative. The term on
the right hand side is the Collision operator. It gives us the information about the
creation and destruction of the particles involved in the process. In principle the
distribution functionf is a vector and the Boltzmann equation describes a system
of coupled differential equations.
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In special relativity we are dealing with four vectors. So, the phase space distri-
bution function becomes f(xµ, pµ), where xµ is the spatial four vector and pµ the
momentum four vector. We also define that |~p| ≡ p. The total derivative is with
respect to the proper time τ in the relativistic case instead of t. Carrying out the
derivatives we obtain the covariant relativistic expression for the Liouville operator
as follows:

L[f ] =
df

dτ
= pµ

∂f

∂xµ
− Γµ

ρσp
ρpσ

∂f

∂pµ
, (3.15)

where Γµ
ρσ are the Christoffel symbols. In the FLRW universe the phase-space dis-

tribution function is homogeneous and isotropic. Therefore f is independent of ~x
and ~p/|~p| and reduces to f(t, E). The Christoffel symbols contain the derivative of
the metric and can be calculated for the FLRW metric. But it is quite tedious, so
we just give the final result of the Liouville operator here. For the FLRW metric we
obtain that

L[f ] = E
∂f

∂t
−H|~p|2 ∂f

∂E
. (3.16)

Using this equation and rearrange it together with Eq. (3.14) we get the following
differential equation:

∂f

∂t
− H

E
|~p|2 = 1

E
C[f ]. (3.17)

With this expression we are now able to obtain the differential equation for any of
the quantities from above. For example, we get the number or energy density by
simply multiply Eq. (3.17) with the terms that are missing and integrating over the
whole phase space. As a concrete example we can multiply Eq. (3.17) with g/(2π)3
to obtain the differential equation of the number density ni of a certain species i as

g

(2π)3

∫
d3p

∂f

∂t
− g

(2π)3

∫
d3p

H

E
|~p|2 ∂f

∂E
=

g

(2π)3

∫
d3p

C[f ]

E
. (3.18)

The first term is just simply the time derivative of the number density dn/dt. The
second term can be partially integrated over the momentum dp|~p|2 by using that
∂/∂E = (E/p)∂/∂p. This leads to the final expression of the number density, namely

dni

dt
+ 3Hni =

gi
(2π)3

∫
d3p

C[f ]

E
. (3.19)

Note that we may also use the notation ṅ = dn/dt in this section.
We can now make sense of the Collision term by simply putting C[f ] = 0 which

means that we have no production or destruction of particles. Hence, the total
number of particles should be conserved. We see that by multiplying the left hand
side by the volume V = a3. Thus, we get

dNi

dt
=

d(ni · a3)
dt

= 0. (3.20)

We can quickly check our result by carrying out the derivative and obtain that
d(na3)/dt = ṅa3 + 3a2ȧn = a3(ṅ+ 3Hn). So, the total number of particles inside a
comoving volume a3 stays constant as long as we have no production or destruction
of particles. But the number density gets diluted by a−3 because of the expanding
universe.
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Now, we want to continue with the right hand side of Eq. (3.19) and massage
the collision term C[f ]. The collision term for a process a+ b −→ i+ j is given by

g

(2π)3

∫
d3p

C[f ]

E
=

∑
spins

∫
d3pa

(2π)32Ea

d3pb
(2π)32Eb

d3pi
(2π)32Ei

d3pj
(2π)32Ej

· (2π)4δ(4)(pa + pb − pi − pj)
·
[
|Mi+j−→a+b|2fifj(1± fa)(1± fb)
− |Ma+b−→i+j|2fafb(1± fi)(1± fj)

]
= rate of production− rate of destruction,

(3.21)

where Mi+j−→a+b is the matrix amplitude which gives the transition rate for an
initial state i+ j going into a final state a+ b. It can be obtained with the Feynman
rules.1 The collision term makes sense because the matrix element gives us the
transition amplitude of our processes. We can either have that the particles a and
b annihilate into i and j or that i and j produce our particles a and b. For WIMPs
the process of a + b ←− i + j would be the annihilation into SM particles. In the
early universe we do not have a controlled system like in an experiment. Thus,
the particles do not have fixed momenta, nor a fixed space coordinate. Therefore
they follow the distribution f . The delta distribution function guarantees the four
momentum conservation of the process. The last thing to do is to integrate over the
full Lorentz-invariant phase space.

There are two simplifications that we can make. The first one is, that CP is
conserved or respectively T because of the CPT theorem. Therefore, the squares
of the matrix element are the same for production and destruction, regardless of
the direction. Remember that CP is not conserved in the SM but the symmetry
breaking phase in the Cabibbo-Kobayashi-Maskawa (CKM) matrix is so small that
the effect is hardly noticed. So, in our case we can assume that CP is approximately
conserved. The second assumption is that the gas is sufficiently diluted such that we
can neglect quantum effects and treat the gas as classical gas. Hence, we can replace
the phase-space distribution function f with the Boltzmann distribution function
f(Ei) = exp(−(Ei − µi)/T ). This also means that f � 1 and that 1 ± f ≈ 1. So,
the collision term reduces to

g

(2π)3

∫
d3p

C[f ]

E
=

∑
spins

∫
d3pa

(2π)32Ea

d3pb
(2π)32Eb

d3pi
(2π)32Ei

d3pj
(2π)32Ej

· (2π)4δ(4)(pa + pb − pi − pj)|Ma+b−→i+j|2 ·
[
fifj − fafb

]
.

(3.22)

We now want to consider the case of dark matter particles a and b annihilating
into standard model particles i and j. Or in other words DMa+DMb −→ SMi+SMj.
This process is well described in [45]. To continue, it is important to assume that
the annihilation products i and j go into thermal equilibrium with the background
very quickly. This is mostly the case when i and j are charged particles because they
interact with the large amount of photons and it is also in most cases true for neutral
particles. Hence, the chemical potential is zero and we may write f eq

i = exp(−Ei/T ).
1Note that we will later take more care about the matrix element. It is also sometimes denoted

by T .
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Due to energy conservation we obtain that

f eq
i f

eq
j = exp(−(Ei + Ej)/T ) = exp(−(Ea + Eb)/T ) = f eq

a f
eq
b . (3.23)

We can define the unpolarised cross section

σ =
1

4Fgagb

∑
spins

∫
d3pi

(2π)32Ei

d3pj
(2π)32Ej

|Ma+b−→i+j|2(2π)4δ(4)(pa + pb − pi − pj),

(3.24)
where F is the flux and ga, gb come from the spin average over the initial spins. We
will later discuss the flux and the cross section in a more stringent manner in ch.
4.2. The invariant flux F is given by F = [(pa · pb)2 −m2

am
2
b ]

−1/2. We are also able
to define the Møller velocity by

vMøller =
F

EaEb

=
[
|~a−~b|2 − |~a×~b|2

]1/2
. (3.25)

With the unpolarised cross section and the Møller velocity we can simplify Eq.
(3.22) together with Eq.(3.23) to get

g

(2π)3

∫
d3p

C[f ]

E
= −gagb

∫
d3pa
(2π)3

d3pb
(2π)3

(fafb − f eq
a f

eq
b )(σvMøller). (3.26)

The thermally averaged cross section can be written as

〈σvMøller〉 =
gagb

∫
d3pad

3pbf
eq
a f

eq
b (σvMøller)

gagb(
∫
d3paf

eq
a )(d3pbf

eq
b )

=
gagb

∫
d3pad

3pbf
eq
a f

eq
b (σvM øller)

(2π)6neq
a n

eq
b

.

(3.27)

We further assume that the particles a and b are in kinetic equilibrium with the
standard model particles through scatterings. We can relate the equilibrium phase-
space distribution function with the Boltzman phase-space distribution function in
the following way:

fa
f eq
a

= e−
Ea−µa

T · e
Ea
T = e

µ
T =

na

neq
a
. (3.28)

With this consideration we can reduce the collision term further to

g

(2π)3

∫
d3p

C[f ]

E
= −gagb

(
e

µa+µb
T − 1

) ∫ d3pa
(2π)3

d3pb
(2π)3

f eq
a f

eq
b (σvMøller)

= −
(
e

µa+µb
T − 1

)
〈σvMøller〉neq

a n
eq
b

= −〈σvMøller〉(nanb − neq
a n

eq
b ).

(3.29)

So we obtain the final result for the evolution of the particle density [45]:

dna

dt
+ 3Hna = −〈σvMøller〉(nanb − neq

a n
eq
b ). (3.30)

It makes sense that the Boltzmann equation depends on the cross section because
if σ = 0 no interaction takes place and the total number of particles is conserved.
Let us highlight that we derived this equation by assuming that CP is conserved.
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We neglected quantum effects and treated the gas classically. Further, we assumed
that the dark matter particles are in kinetic equilibrium with the standard model
particles via scatterings.

A quantity that we have not mentioned so far is the entropy. The entropy density
is defined as s = S/V , whereby S is the total entropy. With the second law of
thermodynamics we see that the entropy density is related to the energy density,
the pressure and the temperature in the following way:

s =
S

V
=
ρ+ P

T
(3.31)

In the early universe the entropy can be explicitly expressed via the energy density
and the pressure given at that time for relativistic fermions and bosons as

s =
2π2

45
g∗s(T )T

3, (3.32)

where

g∗s(T ) =
∑

rel. bosons

gi ·
(
Ti
T

)3

+
∑

rel. fermions

7

8
· gi ·

(
Ti
T

)3

(3.33)

is the effective number of degrees of freedom for the entropy. It looks quite similar
to the total energy density ρtot in Eq. (3.11).

Finally, it is very useful and convenient to normalise the entropy density to an-
other quantity that scales out the effect of the expanding universe. This is done by
defining the yield as

Y ≡ n

s
. (3.34)

The total entropy is conserved dS/dt = 0 if σ = 0 as well as the total number of
particles. Thus, also the yield Y is conserved if we assume that σ = 0. Later, we
will make great use of the yield.

3.5 Dark Matter Thermal Freeze-out

3.5.1 Freeze-out Mechanism
We now want to calculate the dark matter abundance as a thermal relic of the

early universe. We have seen that the particle density in the early universe becomes
Boltzmann suppressed when T ∼ mDM. Hence, if the dark matter particles would
stay in equilibrium with the background there would be no dark matter left due to
the exponential suppression of the Boltzmann distribution for non-relativist parti-
cles. But we observe a significant abundance of dark matter. Hence, the WIMPs
must have decoupled from the thermal bath at a certain point which is called the
freeze-out. We now want to use the formalism from the previous section for the
freeze-out mechanism of the WIMPs.

We first start by taking the time derivative of the yield and obtain

dY

dt
=
ṅs− ṡn
s2

=
−3Hns− 〈σv〉s(nanb − neq

a n
eq
b ) + 3Hsn

s2
, (3.35)
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where we inserted ṡ = 3Hs. This yields the Boltzmann equation for the yield of a
particle a as

dYa
dt

= −s〈σv〉(YaYb − Y eq
a Y eq

b ). (3.36)

Note that we have dropped the subscript Møller for the velocity v out of convenience.
Let us define the quantity x = m/T . In the epoch of radiation domination the scale
factor a ∼ t1/2 and t ∼ T−2. Thus, the scale factor is inversely proportional to
the temperature a ∼ T−1. We further conclude that the scale factor times the
temperature is constant. Therefore it does not matter if we multiply or divide the
constant by the mass m. So, a/x is also constant. In other words 0 = d(ax−1)/dt =
ȧ/x−(a/x2)ẋ which yields that dx/dt = xH. This little exercise is useful because we
can now get an expression for the yield with respect x. Using dY/dt = dY/dx·dx/dt
we get

dYa
dx

= −s〈σv〉
xH

(YaYb − Y eq
a Y eq

b ), (3.37)

where Ya is the actual number of particles a per comoving volume and Y eq
a the

equilibrium number of a´s in the comoving volume.
We can calculate the equilibrium number density specifically for the special cases

of the ultra relativistic and non-relativistic limit and obtain the following relations:

neq ∼

{
T 3, relativistic
(mT )3/2 · e−

m
T , non-relativistic

(3.38)

The entropy is given by s = 2π2g∗s(T )T
3/45. The yield is the number density

divided by the entropy. Thus we obtain

Y eq =


0.278

geff

g∗s
, x� 3

0.145
g

g∗s
(x)3/2e−x, x� 3,

(3.39)

where geff = g for bosons and geff = 3g/4 for fermions. From this equation we see
that the equilibrium yield for ultra relativistic particles is constant. But then, when
the particles become non-relativist at x ∼ 1 the yield starts to decrease and gets
Boltzmann suppressed by e−x. We can further massage Eq. (3.37) by dividing by
Y eq
a and multiplying by x such that

x

Y eq
a

dYa
dx

= −s〈σv〉Y
eq
b

H(x)

(
Ya(x)

Y eq
a

Yb(x)

Y eq
b

− 1

)
= − Γann

H(x)

(
Ya(x)

Y eq
a

Yb(x)

Y eq
b

− 1

)
,

(3.40)

where we have used the fact that sY eq
b = neq

b and that Γ = neq
b 〈σv〉 which is the anni-

hilation rate. The important part of this equation is the fraction of the annihilation
rate over the Hubble expansion rate. It connects particle physics with cosmology
and determines when the decoupling process takes place.

Now we want to study the freeze-out of dark matter. Therefore, we consider a
stable dark matter particle χ that can annihilate with its antiparticle χ into SM
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particles. Hence, we have the annihilation channel χχ −→ SMSM. We will simply
use Y instead of Yχ and obtain that

x

Y eq
dY

dx
= − Γann

H(x)

(
Y 2(x)

Y 2
eq
− 1

)
. (3.41)

The Hubble parameter scales with H ∼ T 2 and the annihilation rate Γ = neq〈σv〉
is proportional to the number density at equilibrium. So, for large temperatures,
when T � m the annihilation rate scales with Γ ∼ T 3 and therefore Γ/H � 1. In
this case the yield is constant and the reaction can take place in both directions,
namely χχ→ SMSM. If the temperature is small compared to the mass T � m, the
annihilation rate scales with Γ ∼ T 3/2 exp(−m/T ). Thus, for small temperatures
Γ/H � 1. So, in both scenarios the annihilation rate decreases as the temperature
decreases. But roughly around Γ ∼ H the annihilation starts to become less efficient
and becomes impotent. As a consequence, the dark matter particles ”freeze-out” at
xfo and decouple from the thermal bath because their abundance gets frozen. We
call such particles thermal relics.

Figure 3.2: The freeze-out of a massive particle. The equilibrium yield is shown as a solid
line and the dashed line is the actual abundance of the particle. As the thermal averaged
annihilation cross section increases, the abundance of the massive particle decreases. The
figure is taken from [43]

The physical interpretation of this behaviour is straight forward. As the hot
universe evolves it grows in size. In the beginning the dark matter particles are in
thermal equilibrium with the standard model particles. They annihilate and get
produced in an equal amount. But as the universe cools down, while increasing, the
dark matter particle become non-relativistic at the point where T ∼ m. Then, the
number of particles decreases because the number density is Boltzmann suppressed
and therefore the annihilation is more efficient and the production of dark matter
particles stops. Then, when the Hubble expansion rate is large compared to the
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annihilation rate the particles freeze-out as we can see in Fig. 3.2. This happens
because the size of the universe is so large that the dark matter particles can not
interact with each other anymore to annihilate sufficiently. In order words, they
do not find another partner do annihilate because the universe is to large. Note,
that the relic abundance of the dark matter particles is determined by the thermal
averaged annihilation cross section because Γ = neq〈σv〉. The higher the annihilation
cross section, the lower is the relic abundance of the dark matter particles. If the
annihilation cross section is very large than the annihilation takes place a longer
period and therefore the relic abundance is lower as we can see in Fig. 3.2.

We have seen that the relic abundance of dark matter particles strongly depends
on the thermal averaged annihilation cross section 〈σv〉. The annihilation cross
section can be decomposed in partial waves

σv ∝
∑

vp = a+ bv2 + cv4 + ..., (3.42)

where p = 0 is the s-wave, p = 2 the p-wave and p = 4 the d-wave and a, b and c
are coefficients. Since we know from thermodynamics that 3kbT/2 = mv2/2, where
kb is the Boltzmann constant we realise that 〈v〉 ∼ T 1/2. Thus, σv ∝ T n with n = 0
for the s-wave and n = 1 for the p-wave. Thus, we can conclude that 〈σv〉 ∼ x−n. It
is convenient to rewrite the thermally averaged annihilation cross section such that
〈σv〉(x) = 〈σv〉(x = 1)x−n = σ0x

−n, where x = 1 is the time when T = m. In fact
it is advantageous to do the same with the Hubble parameter and the entropy. So,
we define the following parameter

λ =

[
s(x)〈σv〉(x)

H(x)

]
x=1

h 0.264

(
g∗s

g
1/2
∗

)
MP ·m · σ0. (3.43)

So we can rewrite the Boltzman equation in the following way:

dY

dx
= −λx−n−2(Y 2(x)− Y 2

eq(x)), (3.44)

where Yeq(x) h 0.145(g/g∗s) · x3/2 · e−x. It is further very practical to define the
parameter ∆ ≡ Y (x) − Yeq(x) which measures the deviation of the yield from the
equilibrium yield. The derivative of ∆ with respect to x yields

d∆

dx
= −λx−n−2(Y 2(x)− Y 2

eq(x)−
dYeq

dx

= −λx−n−2∆(∆ + 2Yeq)−
dYeq

dx
.

(3.45)

At early times between 1 < x � xfo we expect the deviation from the equilibrium
to be small and therefore also its derivative. So with |d∆/dx| � 1, |∆| � 1 and
(dYeq/dx)/Yeq = −1 + 3/(2x) ≈ −1 it follows for Eq. (3.45) that

∆ = −
dYeq
dx

2λYeq
xn+2 ≈ xn+2

2λ
(3.46)

at early times. At late times for x� xfo the deviation form the equilibrium yield is
very large such that Yeq � Y h ∆. Therefore we obtain for Eq. (3.45)

d∆

dx
= −λx−n−2∆2. (3.47)
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This differential equation needs to be integrated from the time of the freeze-out xfo
until today where x =∞. By doing so we get

Y∞ = ∆∞ =
n+ 1

λ
xn+1

fo =
3.79(n+ 1)xn+1

fo g∗
g∗sMPmσ0

. (3.48)

Hence, we notice that Ωh2 ∼ 〈σv〉−1. With the number density of dark matter
particles of today n0 = s0Y∞, where s0 = 2970 cm−3 we get

ΩDMh
2 =

2 · 10−10GeV−2

〈σv〉
. (3.49)

With a dark matter density of roughly ΩDMh
2 ∼ 0.1 one would obtain that 〈σv〉 ∼

10−9·GeV−2. Hence, we realise that the dark matter freeze-out mechanism influences
the annihilation cross section of our specific dark matter model and sets limits if we
want to obtain the correct relic abundance.

3.5.2 Three Exceptions
We have seen that the freeze-out mechanisms a powerful tool to produce the

correct relic abundance of particle species like dark matter by making assumptions
about the thermally averaged annihilation cross section. For dark matter this is of
high importance because it influences the indirect searches of dark matter. How-
ever, there are three main exceptions to the freeze-out mechanism which were first
mentioned 1991 by Griest and Seckel [46] (see also [7]).

The first exception happens when there exists particles similar to the relic particle
with roughly the same mass. The classical calculation tend to fail because we have
a richer dark sector. We call this phenomenon ”coannihilation”. Let us assume that
we have a class of particles χi with i = 1, ..., N which differ from the SM particles
by a conserved quantum number. We further assume the masses to be mi < mj for
j > i. A typical example for the conserved quantum number is the Z2 symmetry.
So, χ1 is the lightest particle and our dark matter candidate, while χ2 is the second
lightest particle and so on. We further denote the standard model particles by X
and Y . We can have three reactions that influence our relic abundance, namely

χiχj −→ XY

χiX −→ χjY

χi −→ χjXY.

(3.50)

The first and second reaction are inelastic scatterings denoted by σij and σ′
ij. The

last reaction is an annihilation denoted by Γij. The reactions χiχj −→ χkX and
χiX −→ XX are forbidden by the assumed symmetry. The Boltzmann equation
(3.30) for these three reactions of the particle i becomes

dni

dt
= −3Hni −

∑
j,X,Y

[
〈σijvij〉(ninj − neq

i n
eq
j )

− (〈σ′
ijvij〉ninX − 〈σ′

jiv〉jinjnY )

− Γij(ni − neq
i )

]
,

(3.51)
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where the first term on the right hand sides denotes the dilution of the number
density due to the expansion of the universe. The second, third and fourth terms
are due to the reactions in (3.50). The velocity is given by

vij =

√
(pi · pj)2 −m2

im
2
j

EiEj

. (3.52)

After the coupling all of the χi in the dark sector, that survived the annihilation,
decay into the lightest particle χ1. Thus, the total number of the dark sector is
given by n =

∑
i ni. Hence, we obtain

dn

dt
= −3Hn−

N∑
i,j=1

〈σijvij〉(ninj − neq
i n

eq
j ). (3.53)

We have to remark that we assumed that the χ particles are either scalars or Majo-
rana fermions such that they can annihilate with themselves and are not asymmetric
[46]. We can define the effective thermal averaged cross section by

〈σeffv〉 =
∑

i,j〈σijvij〉n
eq
i n

eq
j

(
∑

i n
eq
i )2

. (3.54)

With the effective thermal averaged cross section we can rewrite Eq. (3.53) and get

dn

dt
= −3Hn− 〈σeffv〉(n2 − n2

eq), (3.55)

where we can still Taylor expand the cross section in the following way: σeffv =
aeff + beffv

2 + .... But now we see that the dark matter density is given by

ΩDMh
2 =

2 · 10−10GeV−2

〈σeffv〉
. (3.56)

We notice that this equation is similar to Eq. (3.49) but the denominator is now the
effective averaged thermal cross section instead of the ordinary one which modifies
our relic abundance.

The second exception to the standard freeze-out scenario is due to resonances.
This is the case when the cross section has a pole. That might happen when two
dark matter particles annihilate into standard model particles via a Z boson or some
scalar mediator particle through the s-channel. So, the reaction that we consider is
the following:

DM

DM

SM

SM

R

We will denote the mediator particle simply with and subscript R. Hence, in the
matrix element we will have the expression of 1/(s − m2

R) which becomes zero if
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s = m2
R. This pole is called the resonance. We can express the Mandelstam variable

s as follows:
s = 2m2

χ + 2(E1E2 − ~p1 · ~p2), (3.57)
where E1/2 are the energies of the dark matter particles and ~p1/2 the momenta. The
WIMPs are non-relativistic and therefore we can simply us E1 ≈ mχ + mχv

2
1/2

and ~p1 = m~v1. With this assumptions we get that s = 4mχ +m2
χ|~v1 − ~v2|2. Thus

we obtain |~v1 − ~v2| = (m2
R − 4m2

χ/m
2
χ). This motivates us to make the following

consideration for the annihilation cross section close to the resonance:

σv =
α2
gs

(mR − s)2 +m2
RΓ

2
R

. (3.58)

Where mR is the mass of the mediator particle, αg is the coupling constant of
the process and ΓR the total width of the mediator particle. We can simplify this
formula with the help of the delta function. Is is known that the delta function can
be written as

lim
γ→0

γ

x2 + γ2
= πδ(x). (3.59)

So, we can use Eq. (3.59) and substitute it into Eq. (3.58) to get

σv =
α2
gs

mRΓR

πδ(m2
R − s). (3.60)

The thermally averaged cross section can be calculated in the following way:

〈σv〉 =
∫

dpp24π(σv). (3.61)

Thus, the thermally averaged cross section can be enhanced near the resonance. In
our case when 2mχ/mR ≈ 1. Consequently, in this region the relic abundance drops
significantly. As a result, one has to be more carefully when calculating the relic
abundance if one has annihilation of dark matter near a pole. For example, one can
produce the correct relic abundance with small couplings due to the increase of the
thermally averaged cross section near a pole [46].

The third exception takes places when the dark matter particle χ has a mass mχ

that is slightly below the mass threshold for annihilation. If the mass of the dark
matter particle were a bit more massive, then it would annihilate into secondary
particles φ with mass mφ. So, during the freeze-out the the reaction φφ −→ χχ
can occur because mφ > mχ. However, the number density of nφ is Boltzmann
suppressed and the number of particles φ decreases faster than nχ because nφ ∼
exp(−mφ/T ). On the other hand, we can have the annihilation of χχ −→ φφ, if
χ has sufficient kinetic energy to overcome the threshold. In other words, the dark
matter particle can annihilate into forbidden channels, if the kinetic energy is large
enough. We will now follow [47] for a more detailed discussion of this phenomenon.

The Boltzmann equation for the dark matter particle χ in our case reads
dnχ

dt
+ 3Hnχ = −〈σv〉χχn2

χ + 〈σv〉φφ(n
eq
φ )2. (3.62)

In equilibrium the right hand side of the Boltzmann equation vanishes because we
have a detailed balance of annihilation and creation. Hence, we obtain that

〈σv〉χχ = 〈σv〉φφ
(neq

φ )2

(neq
χ )2

(3.63)
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Furthermore, we notice that neq
φ /n

eq
χ ∼ exp(−(mφ −mχ)/T ). So we can reduce the

Boltzmann equation to the following:

dnχ

dt
+ 3Hnχ = −〈σv〉φφe−2(mφ−mχ)/T (n2

χ − (neq
χ )2). (3.64)

This is what we call the Boltzmann equation for the forbidden channel. As we
already have seen the dark matter relic abundance can be determined via the Boltz-
mann equation. Therefore, we can relate the dark matter abundance with the for-
bidden channel to the abundance without the forbidden channel and obtain

Ωforbidden
χ

Ωχ

∼ e
2(mφ−mχ)

Tfo = e
2(mφ−mχ)

χ
·xfo . (3.65)

Since the mass of particle φ is heavier than the mass of particle χ, the relic abundance
of χ can be larger for the case with the forbidden channel than without. As a
consequence, one can obtain the correct relic abundance with lighter dark matter
mass than one usually would expect which makes this exception very attractive for
theorists [46, 47].

3.5.3 The WIMP Miracle
From the freeze-out mechanism we know that dark matter can be a thermal relic

of the early universe. The dark matter decouples from the hot plasma roughly when
Γ ∼ H, so when the expansion rates is similar to the annihilation rate. Therefore,
the dark matter particle interaction rate with the standard model particles needs to
be large enough for x > xfo such that the particles are in thermal equilibrium. On
the other side, the interaction needs to be weak enough such that for x > xfo the dark
matter particles do not annihilate anymore into standard model particles. Together
with the assumption that the dark matter particle must be stable and interact in
pairs weakly. These are all the properties for the WIMP that we mentioned before.
Hence, we have a consistent picture. We will now derive the WIMP miracle.

The WIMPs are non-relativistic at the time of the freeze-out. That is why
they are cold dark matter. Hence, the evolution of the number density yields
n ∼ (mT )3/2 exp(−m/T ). So, n is exponentially suppressed. During the freeze-
out we are in the era of radiation domination and the Hubble parameter is given
by H ≈ 1.66

√
g∗(T )T 2/MP (see Eq. (3.13)). The annihilation rate gamma is

Γ = n〈σv〉. So, by demanding that Γ ∼ H we get

n〈σv〉 ∼ 1.66
√
g∗(T )

T 2

MP
. (3.66)

As before we use x = m/T and want to determine xfo at the time of the freeze-out.
The above equation reduces to

√
xfo = e−xfo ∼

1.66
√
g∗(T )

〈σv〉mMP
. (3.67)

This equation has to be solved numerically. But before we have to make an assump-
tion on the cross section σ. When x < 1 we only the interaction of dark matter
annihilating into standard model particles. Thus, we have the following interaction:
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DM

DM

SM

SM

Since we have assumed the WIMPs to interact weakly, the cross section should
scale with Fermi’s constant GF. Also it should scale with the Mandelstam variable
s which encodes the energy dependence. In the non-relativistic regime m < T , s
scales proportional to the dark matter mass m, namely s ∼ m2. Hence, the cross
section can be approximated by σ ∼ G2

Fm
2. Now we have everything we need to

solve Eq. (3.67). We want the dark matter to be massive around several GeV. For a
mass about m ∼ 100 GeV we obtain that (3.67) reduces to √xfo exp(−xfo) ∼ 10−14.
This yields xfo ∼ 34. For a dark matter mass of 1GeV we would get xf0 ∼ 20.

So let us determine whether we obtain the correct dark matter abundance for
WIMP relics at xfo = 20−30. The dark matter density parameter today is given by

ΩDM =
8πG

3H0

ρDM =
8πG

3H0

·mn0, (3.68)

where n0 is the particle density of today given by n0 = nfo(T0/Tfo)
3 and T0 the

dark matter particle temperature of today. We know that nfo〈σv〉 = H(Tfo) =
1.66

√
g∗(Tfo)T

2
fo/MP because Γ ∼ H. So, we obtain for the dark matter density

parameter the following:

ΩDM =
1.66m

√
g∗

ρc〈σv〉
T 2

fo
MP

T 3
0

T 3
fo
. (3.69)

With ρc being the critical density given by ρc = 3H0/(8πG). Eq. (3.69) basi-
cally shows that that the density parameter is determined by some physical factors,
namely the dark matter mass, xfo and the thermally averaged cross section 〈σv〉.

Hence, if we put everything together it reduces in the end all to

ΩDM ∼ 0.2

(
xfo

20

)(
3 · 10−26cm3/s

〈σv〉

)
. (3.70)

To sum up, we started with an weakly interacting particle with mass around m ∼
1 − 100GeV and we ended up with approximately the correct abundance of dark
matter in our current universe if the annihilation cross section is roughly about
〈σv〉 ∼ 3 · 10−26cm3/s. This is what we call the ”WIMP miracle”. It is why the
WIMPs are so famous among the dark matter candidates. We remark that the
decomposition of 〈σv〉 is justified because the WIMP freeze-out happens when the
particles are non-relativistic [38]. We can quickly check that by using that vfo =√

3/xfo ∼ 0.3.
To conclude this section, we have seen throughout this chapter that WIMPs are

well motivated in theory. With some simple considerations we can compute the
correct relic abundance with the freeze-out mechanism. But we have to be aware of
the exceptions. It is therefore not exceptional that the WIMPs are one of the most
famous dark matter candidates.
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Chapter 4

Cross Section

Until now, we have looked at the evidences and at dark matter and its properties.
In this thesis, we assume to have particle dark matter, namely WIMPs. So far, we
only studied the theory of dark matter particles. But the important way of observing
dark matter is via their interaction with standard model particles. In this section
we briefly want to cover how one can calculate the interaction between two particles
in general and give a formula for the scattering cross section. The introduction is
quite briefly and mainly follows [48].

4.1 The S-matrix
In this thesis we will look at processes that occur in the vicinity of black holes

far away from our planet. In particular at interactions between dark matter and
photons or neutrinos. The neutrinos and photons scatter with the dark matter
particles when passing through a dark matter halo. They are well separated from
the DM particles before and after the interaction. Even when the scattering is
inelastic the outgoing particles form separated particle states and do not interact
anymore among themselves. The time of interaction is very short compared to
distance that the photon or neutrino travels before and after the interaction. So,
the time duration of the interacting does not matter. Therefore, we can treat the
interactions between dark matter and photons or neutrinos as two separated initial
states or two separated wave packets at t −→ −∞. Further, the particle states
interact or the wave packets overlap during the interaction. Then, at t −→ +∞ we
have again two or even more separated final states or wave packets. We call the
initial state |ψi〉 and the final states |ψf〉.

If we could set up a detector near the reaction, then we would be able to measure
all the particles with the respective momenta. So in summary, in the beginning the
two particles are far apart and do not yet interact and we end with particles that
stopped interacting with each other. Thus, let us begin with the formalism.

One wave packet can be expressed as

|ψ〉 =
∫

d3p

(2π)32E~p

f(~p)|p〉, (4.1)

where f(~p) is the Fourier transform of the wave function and |p〉 is a one-particle
state of momentum ~p.
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We want to have the asymptotic states before and after the interaction in the
interacting theory. With them we are able to compute quantities that we can mea-
sure in our experiments. Usually, one starts with a full Lagrangian that can be
decomposed in an interacting and a non interacting part

L = L0 + Lint (4.2)

From the Lagrangian one is able to calculate the Hamiltonian H by requiring that
H = P 0, where P µ is the total four momentum operator. We assume that the
eigenvalues of PµP

µ = P 2 ≥ 0. The eigenvalues of P 2 are the masses m2 which are
sometimes denoted as M2.1

The basis states of the operator P 2 are simply denoted as follows

|p〉. (4.3)

We call them the one-particle or single-particle states. The name already tells us
that we are only looking at one particle right now. Note that in some textbooks or
lectures one uses |p, n〉, where n stands for other properties like spin or colour. For
simplicity we will just leave them aside but the following derivations work similar.

The eigenvalue of the Hamiltonian H = P 0 in the free theory is given by p0 =√
m2 + ~p2. Since the Schrödinger equation implies that H|p〉 = E|p〉 we realise that

p0 = E~p =
√
m2 + ~p2 is the energy.

But we have to recognise one important thing: the one-particle states of the free
theory are not necessary the same one-particle states of the interacting theory. A
quick example is given by the following Lagrangian

L =
1

2

(
∂µφ∂

µφ−m2φ2
)
+ Lint(φ), (4.4)

where Lint(φ) is the interaction part of the Lagrangian depending on the field φ. If
Lint = 0, P 2 has the simple eigenvalue of p2 = m2. But if Lint 6= 0 the eigenvalues
get shifted or we might get new eigenvalues in form of bound states. For the case
of a bound state we have the new eigenvalue M2 ≈ (2m)2.

From the single-particle states we can move to many-particle states. Via tensor
product we can create the Fock space of many-particle states. The many-particle
states are given by

|φα〉 = |p1, p2, p3, ...〉. (4.5)

We can separate the full Hamiltonian into a free Hamiltonian H0 and a Hamiltonian
containing the interaction part Hint such that

H = Hint +H0. (4.6)

The free Hamiltonian H0 has the eigenstates |φα〉 with the eigenvalues

H0|φα〉 = Eα|φα〉, (4.7)
1Normally one uses m2 as the eigenvalues for the masses in the free theory L0 and M2 for the

eigenvalues of the interacting theory.
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where Eα =
∑

α p
0
α. Remember that we assumed that the interaction has a short

range. Therefore, the eigenstates |ψα〉 of the full Hamiltonian H have the same
eigenvalues Eα as |φα〉. Hence, we deduce that

H|ψα〉 = Eα|ψα〉, (4.8)

where |ψα〉 are the states of the separated wavepackets that do not interact with
each other with α = p1, p2, p3, ....

Now we can define the in- and out-states for t −→ −∞ and t −→ +∞ as
eigenstates of the full Hamiltonian H:

|ψin
α 〉 and |ψout

α 〉. (4.9)

The in- and out-states are an ensemble of particles that are spatially separated.
With them we define the scattering matrix (S-matrix):

Sβα = 〈ψout
β |ψin

α 〉, (4.10)

where |ψout
β 〉 and |ψin

α 〉 are again the well separated free particle states of the in- and
out state. Hence, the S matrix describes the transition of asymptotic free particles
α at t −→ −∞ to a system of free particles β at t −→ +∞.

In the next step we want to connect the in- and out-states with our many-particle
states. Let us therefore start at early times with a state

H0|φ〉 = E|φ〉. (4.11)

If we assume that the energies are continuous there will be an eigenstate of the full
theory with the same eigenvalue

(H0 +Hint)|ψ〉 = Eψ〉. (4.12)

Hence, we can write
|ψ〉 = |φ〉+ 1

E −H0

Hint|ψ〉 (4.13)

Let us quickly check the result of Eq. (4.13). We multiply both sides by (E −H0)
and obtain

(E −H0)|ψ〉 = (E −H0)|φ〉+Hint|ψ〉 = Hint|ψ〉, (4.14)
which we can reshuffle such that E|ψ〉 = (H0 + Hint|ψ〉 = H|ψ〉. The first term is
zero because H0|φ〉 = E|φ〉 in the free theory.

But we need to be more careful because we divide by (E − H0) and E is an
eigenvalue of H0 and therefore 1/(E −H0) is singular. The solution simple solution
is to shift the singularity. The final expression is the Lippmann-Schwinger equation
given by

|ψin
α 〉 = |φα〉+

1

Eα −H0 + iε
Hint|ψin

α 〉. (4.15)

Note that one has to be more careful when deriving the Lippman-Schwinger equa-
tion. But we will not derive it in more detail. For a more rigorous derivation the
reader is recommended to read [49]. The out-state can be obtained by replacing
+iε −→ −iε. We see that for Hint = 0 the eigenstates |ψin

α 〉 = |ψout
α 〉 = |φα〉 are the

same.
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The Lippman-Schwinger equation states that the in- and out-states have to satisfy
the followingvcondition:

e−iHt

∫
dxg(x)|ψin/out

α 〉 t→ ∓∞−−−−−→ e−iH0t

∫
dxg(x)|φα〉 (4.16)

The condition can be rewritten as

|ψin/out
α 〉 = Ωin/out|φα〉, (4.17)

where
Ωin/out = lim

t→∓∞
eiHte−iH0t (4.18)

are called Møller operators. Now we can return to the scattering matrix defined in
Eq. (4.10) and define the scattering operator S with the help of Eq. (4.17) as

Sβα = 〈ψout
β |ψin

α 〉 ≡ 〈φβ|S|φα〉, (4.19)

such that
S = (Ωout)†Ωin = lim

t2→+∞
lim

t1→−∞
eiH0t2e−iH(t2−t1)e−iH0t1 . (4.20)

For later we will use the following shorthand notation

〈φβ|φα〉 ≡ δ(β − α) = (2π)32E~pαδ
(3)(~pβ − ~pα). (4.21)

To summarise, we started from the Lagrangian of the free and interacting theory.
With the Lagrangian one is able to compute the full Hamiltonian H of the theory.
One can split the Hamiltonian H into a free and interacting Hamiltonian. We
further realised that the eigenvalue Eα of the many-particle state |φα〉 for the free
Hamiltonian H0 is the same eigenvalue than for |ψα〉 for the total Hamiltonian
H. Therefore, we defined the in- and out-states |ψin/out

α 〉 that correspond to the
eigenstates |ψα〉 of H at t −→ ∓∞. This motivated us to define the S-matrix Sβα.
The Lippman-Schwinger equation helped us to connect the eigenstates |ψin/out

α 〉 and
|φα〉 through the Møller operators Ωin/out. With them we were able to rewrite the
scattering matrix Sβα in terms of the scattering operator S. In the next chapter we
will make use of this derivation to obtain a full expression for the scattering cross
section that is calculable.

4.2 Scattering Cross Section
What we really measure in experiments is the cross section of a process. The

cross section denoted by σ is measure of the probability that some process will take
place. Or in other words, the probability that two particles will react in a certain
way. For example the process of shooting a beam of α particles on a gold foil like
Rutherford did. The α particles scatter off the gold nucleus. For this process you
can determine the cross section which measures the probability that particles gets
deflected when passing through the gold foil.

In Fig. 4.1 we can see a rough sketch of a beam of particles in the initial state
α and momentum p1 that interact with a target p2 into a final state β with particle
momenta p′1, p′2 and p′3. In the following we want to obtain a useful expression for
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the cross section that we can use for our calculations. We will closely follow [48],
[50] and [51] in this chapter.

p1 p2

targetbeam

p′3

p′2

p′1

Figure 4.1: Scattering process of a beam of particles p1 on target particles p2 which are
at rest resulting in different outgoing particles p′1, p′2 and p′3. The initial state α = p1, p2
goes to the final state β = p′1, p′2, p′3

Another useful interpretation of the cross section is that the cross section is the
fraction of time that the particles collide with the nucleus. In other words, the
number of particles that scatter of in a certain time T . This leads to the follow
definition of the cross section:

σ =
number of particles scattered

time · number density in beam · velocity of particles in the beam
=

1

T
· 1
Φ
·N,

(4.22)
where we can identify the incoming flux of the particle beam

Φ = number density in beam · velocity of particles in the beam. (4.23)

We can see the definition in another way which makes the definition above very
reasonable:

N = σΦT. (4.24)
This equation states that the total number of scattered particles is the flux of parti-
cles in a time T weighted with the cross section σ. So, the cross section is indeed a
measure of the probability of a certain process to happen. We can also calculate the
cross section only for a solid angle Ω(θ, φ). This is known as the differential cross
section. It gives the probability for a certain process to happen in the solid angle Ω
and is given by

dσ

dΩ
= number of particles scattered into a certain solid angle dΩ (4.25)

Our main goal is now to express dσβα in terms of the scattering amplitude Sβα for
a scattering of two particles p1 + p2 → p′1 + p′2 + .... We start by rewriting Sβα as

Sβα = 〈φβ|S|φα〉 ≡ δ(β − α) + i(2π)4δ(4)(pβ − pα)Tβα, (4.26)

where the first term comes from the contribution where we have no scattering. The
δ-function in the second term can always be extracted because the scattering matrix
commutes with P µ which means [S, P µ] = 0. So, the total momentum is conserved
and pβ = pα with pα = p1 + p2 and pβ = p′1 + p′2 + ... .

To derive the final formula for the scattering cross section we temporarily put
our system into a large but finite volume V and normalise the particle states such
that

〈p′|p〉V =
(2π)3

V
δ(3)(~p− ~p′). (4.27)
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Let us quickly verify our normalisation:

〈p|p〉V =
(2π)3

V
δ(3)(0) =

(2π)3

V

1

(2π)3

∫
d3x ei(~p−~p)·~x

=
1

V

∫
d3x =

V

V
= 1.

(4.28)

Thus, the normalisation is well chosen.2 The particle states are dimensionless and
normalised. Hence, SV

βα is also dimensionless, which it should be as a probability
amplitude.

The probability that a system in state α before the interaction is turned on, has
changed to a system in state β after the interaction is turned off, is given by

P (α −→ β) = |SV
βα|2. (4.29)

In the next step, we want to compute the transition rate which is the transition
probability per unit time. It is given by

Rβα =
P (α→ β)

T
=
|SV

βα|2

T
= lim

T→∞

1

T

∣∣i(2π)4δ(4)(pβ − pα)T V
βα

∣∣2, (4.30)

where we have inserted Eq. (4.26) in the third step. The first term of Eq. (4.26) is
zero because we assume that α 6= β. Otherwise no scattering would have happen.
Tβα is called the T -matrix element.

We have to deal with a delta function squared which looks quite cumbersome.
But we are physicist, so we can tackle this problem in typical physicist style. As
mentioned earlier, we have put our system in a large volume. This allows us to
interpret the delta function square as follows

|δ(4)(pβ − pα)|2 =
1

(2π)4

∫
d4xei(pβ−pα)xδ(4)(pβ − pα)

=
V T

(2π)4
δ(4)(pβ − pα).

(4.31)

Since the particle is in a large box with volume V the integration
∫
d3x = V and

the time integral gives
∫
dt = T . The exponential ei(pβ−pα)x = 1 because we have

the delta function δ(4)(pβ − pα) which guarantees us that momentum is conserved
and pβ = pα. Nevertheless, this is a very sloppy way of interpreting the square of
the delta function. But since this is a master’s thesis written by a physicist and not
a mathematician, this interpretation is sufficient at this point.

If we compare T V
βα to the usual normalisation we realise that

T V
βα =

2∏
i=1

n′∏
j=1

√
Ni

(2π)32E~pi

√
Nj

(2π)32E~pj

Tβα, (4.32)

where Ni and Nj are the normalisation factors given by Ni = (2π)3/V .
2Note that we have chosen a different normalisation than in the normal canonical quantisation

were one normaly uses (2π)32E~pδ
(3)(~p− ~p′).
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If we combine Eq. (4.30) with Eq. (4.31) and Eq. (4.32) we obtain

Rβα = V (2π)4δ(4)(pβ − pα)
2∏

i=1

n′∏
j=1

Ni

(2π)32E~pi

Nj

(2π)32E~pj

|Tβα|2. (4.33)

The momentum is continuous. Hence, the transition rate can only be calculated in
a final state with momentum ~p′j in a small volume d3p′j. So, we multiply Eq. (4.33)
by

∏n′

j=1

d3p′j
Nj

and get

dRβα = V (2π)4δ(4)(pβ − pα)
2∏

i=1

n′∏
j=1

Ni

(2π)32E~pi

d3p′j
(2π)32E~pj

|Tβα|2. (4.34)

The differential cross section is the differential transition rate divided by the flux
and the number of the target particles

dσβα =
dRβα

Φ · number of target particles
. (4.35)

As mentioned above in Eq. (4.23) the flux is the number density of particle in the
beam times the relative velocity of the particles which is given by

Φ =
1

V
· |~v1 − ~v2| =

N1

(2π)3
· |~v1 − ~v2|. (4.36)

The number of particles in the target is simply given by N2V/(2π)
3. So, finally we

obtain for the differential cross section the following:

dσβα =
1

4E~p1E~p2|~v1 − ~v2|

n′∏
j=1

d3p′j
(2π)32E~pj

(2π)4δ(4)(pβ − pα)|Tβα|2. (4.37)

The factors V and T have dropped out and we can take the limit of T −→ ∞ and
V −→∞.

In the frame where the two incoming particles collide head on head and therefore
~p1 = −~p2 and ~vi = ~pi/Ei we obtain that

1

4E~p1E~p2|~v1 − ~v2|
=

1

4
√

(p1 · p2)2 −m2
1m

2
2

. (4.38)

We can also define the so called Lorentz invariant phase space

dΠLIPS ≡
n′∏
j=1

d3p′j
(2π)32E~pj

(2π)4δ(4)(pβ − pα). (4.39)

Note that normally the spin orientation J is random and not known. Therefore one
has to take the average of the initial state. If we further do not measure the spin s
of the final state we also have to sum over all final states. So we have to modify the
cross section as follows:

dσβα −→
1

(2J1 + 1)(2J2 + 1)

∑
s1,s2

dσβα. (4.40)
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Finally, formula of the cross section for a p+ k −→ p′+ k′ process can be written as

dσ =
1

4E~pE~k|~vp − ~vk|
d3p′

(2π)32E~p′

d3k′

(2π)32E~k′
(2π)4δ(4)(p+ k − p′ − k′)|T |2, (4.41)

where
|T |2 = 1

(2J1 + 1)(2J2 + 1)

∑
s1,s2

|T |2 (4.42)

is the spin averaged matrix element. Note that it is also quite common to use M
as notation for the matrix element.

Usually one follows the following path to compute the cross section:

1. Start with the Lagrangian L

2. Calculate the Feynman rules for the Lagrangian

3. Draw the Feynman diagrams of a specific process

4. Calculate the matrix element T

5. Compute the total cross section for a specific reference frame

In this master thesis the FeynArts [52] package of Mathematica was used to draw
the diagrams and FeynCalc [53, 54, 55] to compute the matrix element. Finally the
total cross section was calculated with the help of Python.

Quite often it is useful to work in Centre of Mass (CM) frame. In the following,
we want to derive the cross section of the CM frame. For the process 1 + 2→ 3 + 4
we can define the variables as follows:

p1, m1

p2, m2

p3, m3

p4, m4

With the massesm1 andm2 and four momenta p1 and p2 of the incoming particles
which scatter into the particles with masses m3 and m4 and four momenta p3 and
p4. We can define the Lorentz-invariant Mandelstam variables by

s = (p1 + p2)
2 = (p3 + p4)

2

= m2
1 +m2

2 + 2E1E2 − 2~p1 · ~p2 (4.43)
t = (p1 − p3)2 = (p2 − p4)2

= m2
1 +m2

3 − 2E1E3 + 2~p1 · ~p3 (4.44)
u = (p1 − p4)2 = (p2 − p3)2

= m2
1 +m2

4 − 2E1E4 + 2~p1 · ~p4. (4.45)

The Mandelstam variables satisfy the useful relation

s+ t+ u =
∑
i

m2
i = m2

1 +m2
2 +m2

3 +m2
4. (4.46)
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Hence, we can always replace one of the three Mandelstam variables by the other
two such that our cross section only depends on two Mandelstams. In the CM frame
the incoming momentum |~p1| = |~p1CM| = |~p2| because ~p1 = −~p2. Thus, the velocity
v1 = |~p1CM|/E1 = v2 and s = (p1+p2)

2 = (E1+E2)
2. Note that correctly we should

write E1cm but we will drop the subscript cm in the following discussion. Later one,
we will restore it. So the flux becomes

4E~p1E~p2|~v1 − ~v2| = 4E1E2(v1 + v2)

= 4E1E2(|~p1CM|/E1 + |~p1CM|/E1)

= 4|~p1CM|(E1 + E2)

= 4|~p1CM|
√
s.

(4.47)

We have to deal with the four dimensional delta function δ(4)(p1 + p2 − p3 − p4)
that ensures the energy and momentum conservation. We can decompose the delta
function:

δ(4)(p1 + p2 − p3 − p4) = δ(E1 + E2 − E3 − E4)δ
(3)(~p1 + ~p2 − ~p3 − ~p4)

= δ(
√
s− E3 − E4)δ

(3)(~p3 + ~p4),
(4.48)

where we have used that we are in the CM frame in the second step. So, the cross
section can be reduced to

dσ =
1

4|~p1CM|
√
s

d3p3
(2π)32E3

d3p4
(2π)32E4

(2π)4δ(
√
s− E3 − E4)δ

(3)(~p3 + ~p4)|T |2. (4.49)

We can now take the integral over ~p4 by using the δ-function. Therefore, we get ~p3 =
−~p4 and can write pf = |~p3cm| = |~p3| = |~p4|. So, we are left with the integration over
d3p3 = dΩdpfp2f . It is useful to change the variables from pf to x(pf ) = E3+E4−

√
s,

where E3 =
√
m2

3 + |~p3cm|2 and E4 =
√
m2

4 + |~p3cm|2 so that x(0) = m3 +m4 −
√
s.

The derivative yields
dx

dpf
=
pf
E3

+
pf
E4

=
E3 + E4

E3E4

pf . (4.50)

Inserting the change of variables into the cross section we obtain

dσ =
1

4|~p1CM|
√
s

1

16π2
dΩ

∫ ∞

m3+m4−
√
s

dx pf
E3 + E4

δ(x)|T |2

=
1

64π2|~p1CM|
√
s
dΩ pf√

s
|T |2θ(

√
s−m3 −m4),

(4.51)

where here θ(x) is the Heaviside function with θ(x) = 1 if x > 1 and 0 otherwise. If
we define |~p1cm| = pi as the initial momentum and rearrange the formula it simplifies
to (

dσ

dΩ

)
CM

=
1

64π2s

|~pf |
|~pi|
|T |2θ(

√
s−m3 −m4). (4.52)

This formula only holds in the CM frame. Note, that dΩ is the solid angle in the
CM frame. We want to gain a Lorentz-invariant expression for the cross section.
For simplicity (or we can call it laziness) we will neglect the term of the Heaviside
function in the following calculations. The Mandelstam variable t = (p1 − p3)2 =
m2

1 +m2
3 − 2E1E3 + 2|~p1||~p3| cos θ, where θ is the scattering angle in the CM frame.
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The derivative with respect to the scattering angle yields dt = 2|~p1||~p3|d(cos θ).
Therefore dΩ = d(cos θ)dφ = dtdφ/(2|~p1||~p3|). Remember that |~p1| = |~pi| and
|~p3| = |~pf |. If we assume that the matrix element |T 2| does not depend on φ we
obtain an additional factor of 2π because of the integration. So finally, for the two
body reaction the cross section formula can be simplified to [56]:

dσ

dt
=

1

64πs

1

|p1cm|2
|T |2, (4.53)

where we have restored the subscript CM for ~p1. This formula is Lorentz-invariant
and can therefore be applied in any reference frame. In the centre of mass frame we
can write for t:

t = (E1cm − E3cm)
2 − (~p1cm − ~p3cm)

2 − 4|~p1cm||~p3cm| sin2(θcm/2), (4.54)

where the particle momenta read

~picm =
√
E2

icm −m2
i . (4.55)

The limiting values are θcm = 0 which we call t0 and θcm = π which we call t1. The
centre of mass energies are given by

E1cm =
s+m2

1 −m2
2

2
√
s

, E3cm =
s+m2

3 −m4
2

2
√
s

. (4.56)

Hence for our 2→ 2 scattering we get the limiting values by

t0/t1 =

(
m2

1 −m2
3 −m2

2 +m2
4

2
√
s

)2

−(|~p1cm| ∓ |~p3cm|)2, (4.57)

So, for a two body process we can express the phase factor in terms of s which
is quite useful because it is independent of the integration variable t. We have to
evaluate the matrix element |T |2 and integrate it over t. The total cross section
then only depends on the Mandelstam variable s and we can transform into the rest
frame of the dark matter particle, where s = m2

DM + 2EmDM with E the energy of
the incoming particle that scatters off the dark matter particle which is at rest.

In summary, we have obtained a general relation for the scattering cross section
and another relation in the CM frame. We will make great use of the derivations
in ch. 6. We will now continue by motivating, why we are interested in scatterings
between dark matter particles and photons or neutrinos.
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Chapter 5

Dark Matter Spike

After reviewing the scattering theory we now want to give a motivation why
we are interested in scatterings between dark matter and elementary particles. We
have evidence for the existence of dark matter particles at galactic scales. Hence, we
will first give an overview of the most common dark matter profiles inside a galaxy.
Furthermore, we will give an overlook on Black Holes and Active Galactic Nuclei.
In almost every centre of a galaxy we assume to have supermassive black holes.
They emit photons and neutrinos through various mechanism. Thereafter, we will
examine what will happen with the common dark matter profile close to the black
hole at the centre of a galaxy. The dark matter density is expected to increase and
form a spike. Lastly, we will conclude that the enhanced dark matter density profile
can lead to flux attenuation for the neutrinos or photons in the vicinity of a black
hole due to their interaction with the dark matter.

5.1 Dark Matter Profiles
We have evidence that dark matter exists at galactic scales. One of the key

detection were the rotation curve of the galaxies. We pointed out earlier that the
dark matter density has to scale with ρDM ∼ r2 in order to obtain that vrot = const.
outside the visible galaxy. This means that the density increases towards the centre
of the galaxy. The dark matter distribution is not precisely known but it can be
inferred from numerical N -body simulations. They assume the dark matter halos
to grow via mergers in an expanding universe [57].

One of the most popular choice for the dark matter density profile is the Navarro-
Frenk-White (NFW) profile [58]:

ρDM(r) =
ρ0

r
rs
(1 + r

rs
)2
, (5.1)

where rs = 24 kpc is the scaling radius of the Milky Way and ρ0 is the normalisation
factor to reproduce the local dark matter density ρ� = 0.39 GeV · cm−3 [59]. Note
that the scaling radius and the normalisation factor differ from halo to halo. For
the Milky Way the dark matter density can be approximated as [57]:

ρDM(r) ≈ 102M�pc−3

(
ρ�

10−2M�pc−3

)(
R�

8 kpc

)(
r

1 pc

)−1

, (5.2)
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where R� is the radius of the solar circle. Another popular dark matter density
profile as alternative to the NFW profile is the Einasto profile [60]:

ρDM(r) = ρ0 exp

[
− 2

α

(
r

rs

)α]
, (5.3)

where α = 0.17 and rs = 24 kpc. The higher the value of α, the faster shallows
the density profile for small radii. And last but not least, we present the isothermal
profile [61]:

ρDM(r) =
ρ0

1 + r2

r2s

, (5.4)

where rs = 4.4 kpc. The variety of dark matter density profiles clearly illustrates
that the dark matter distribution is not completely known. Typically, the N-body
simulations ignore the effect that stars and gas may dominate the inner regions of
the galaxy [57]. For example, in the vicinity of black holes the slope of the density
profile can change dramatically and result in a much more steeper slope as we will
see later. Nevertheless, it is pretty clear that the slope should increase as we move
towards the centre of the galaxy. But the power law index of the slope is still under
debate [57].

5.2 Black Holes and Active Galatic Nuclei
In 1915 Einstein published his famous work about general relativity [62]. In 1916,

shortly after Einsteins publication Karl Schwarzschild presented the first solution
to Einsteins field equations for a non rotating point mass. The solution is called
Schwarzschild metric and it has two interesting properties: First, the metric becomes
singular at the origin because gravity is so strong that it bends the spacetime such
that the curvature goes to infinity. Second, it states the so called event horizon for
gas and even light. Light crossing the event horizon is not able to escape anymore
from the gravitational field of the black hole and moves inevitably towards the
singularity at the origin. Hence, the solution of Karl Schwarzschild predicts what
we call a black hole.

Figure 5.1: A picture of the black hole of our own Milky way (left) and of the galaxy
M87 (right). They are the first visual evidence of a black hole in our universe. The event
horizon of the black hole is clearly visible. The picture was taken from the Event Horizon
Telescope Figure Credit: Left: [63]; Right: [64]

Since the 1990s astrophysics suspect a black hole at the centre of our own galaxy
[65, 66]. But it took years to directly proof this hypothesis. In the Milky Way there
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are lot of indirect evidences through the motion of stars around the galactic centre
[67]. In 2022 the Event Horizon Telescope (EHT) published an article where they
showed a picture of the black hole in the centre of the milky way [68]. Three years
before, the EHT collaboration published the first picture ever taken from a black
hole in the centre of the galaxy M87 [69]. Hence, we have no doubt that black holes
exists in our universe. In Fig. 5.1 both picture of the EHT are shown. One clearly
see the event horizon of the black hole and large emissions of photons around it.

An active galactic nuclei (AGN) is the region in the centre of a galaxy that
has very high luminosity compared to other stellar objects. AGNs can even shine
brighter than their host galaxy. Theory indicates that there exist black holes from
106M� to 1010M� in the centre of galaxies and even in the galactic centre [70]
which is shown in Fig. 5.2. Four our studies it is important that the black hole
is supermassive because the gravitational attraction of the surrounding particles is
higher and therefore the particle density can be denser than expected, as we will see
in the next section.

Figure 5.2: The image shows the galactic centre. In the centre there is a supermassive
black hole with approximately 106M�. The galatic center and in general the AGNs are
good locations and unique laboratories in our universe to probe various dark matter mod-
els. Image was taken from [71]

A special class of AGN is the blazar. Blazars are characterised by their emission
of strong relativistic beams [72]. They are promising sources to probe dark mat-
ter models because we expect them to emit high-energetic neutrinos and photons.
For example, the blazar TXS 0506 + 056 is a candidate for high-energetic neutrino
emission which is also known for its gamma-ray emission [73, 74]. The IceCube
collaboration also states to have found neutrinos associated to the AGN NGC 1068
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at a 4.2σ significance [75]. The detection is a strong hint for TeV neutrinos. For
the same AGN the FermiLAT found evidence for high energetic photons which are
consistent with hadronic emissions[76]. Thus, we have observational evidence, that
the AGNs are sources for high-energetic photons ans neutrinos.

The high energy neutrinos can be produced via inelastic pp collisions or pγ inter-
actions [77, 78]. In the case of the hadronic pp collision the proton produces charged
pions. These charged pions then decay into muons ans muon neutrinos. The muons
also decay in a furhter process into electrons and electron neutrinos. Hence, the
process is π+ −→ µ+ + νµ −→ e+ + νe + νµ + νµ for positively charges pions and
π− −→ µ−+ νµ −→ e−+ νe+ νµ+ νµ for negatively charges pions. The other inter-
action is between protons and gamma rays. In general the AGNs are surrounded by
a geometrically thin accretion disc [79]. The accretion disc is hot an emits thermal
radiation which produces observable features [80]. Stellar protons get accelerated
close to the black hole and interact with the photons via pγ −→ nπ+. The π0 decays
into two gammas and the π+ decays as described above. The way to discriminate
between the pp and pγ emission through the amount of electron antineutrinos [81].
In the pγ process one expects to have less electron antineutrinos.

Gamma rays can be produced through four main mechanisms. If a charged
particle like an electron or proton is deflected in a magnetic field it losses energy
and emits synchroton radiation. Also, if a charged particle like an electron or proton
gets deflected by the field of an atomic nucleus it emits photon as bremsstrahlung.
The third mechanism is the pion decay. When two protons collide they can form
a π0 particle that decays into two γ’s. But the π0 can also be produce through in
intermediate ∆+ particle, namely p + γ −→ ∆+ −→ p + π0 [78]. The fourth and
last reaction is the inverse Compton scattering. If we have a low energy photons
from another process like synchotron radiation, it can increase its energy due to the
scattering with an electron. Normally, the low energetic photons are produced by
the accretion disc of the black hole and up scattered via inverse Compton scattering.
But also the π0 decay produces high energy γ’s [76].

During their way to the earth the flux of photons attenuates due to electromag-
netic processes, e.g. γγ −→ e+e−. On the other side, the neutrinos only interact
weakly with the matter and suffer less attenuation on their way. Nevertheless, if we
extend the SM there could be new sources of gamma-ray or neutrino interactions
which can affect their propagation. We have seen, that we need an extension of the
SM to explain dark matter as WIMPs. So, the interaction between the WIMPs and
the gamma-rays and photons can influence their propagation too if the interaction
strength is large enough.

In summary, we can tell that black holes are among the most interesting and
important objects in the sky because they are assumed to be the source of high
energy cosmic neutrinos and photons [82]. These high energetic particles provide
useful information’s about their environment and their surroundings. Furthermore
one can use the information’s to probe various dark matter models as we will see in
the next section.
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5.3 Dark Matter Spike
One of the most promising methods to probe dark matter models is to look at

the neutrino and photon flux of distant objects [3]. The neutrinos and photons
have to propagate through the surrounding medium and scatter with the particles
on the way to the earth. If the particle density of dark matter is high enough, the
neutrinos or photons interact more frequently with the dark matter particles. This
could reduce the expected neutrino or photon flux significantly. The flux attenuation
can then be detected here on earth. But, for this phenomenon one needs a large
dark matter density. Normally, the WIMP density is not high enough to archive
remarkable flux reductions. But, close to a black holes one expects DM to form a
dense dark matter spike due to gravitational attraction of the black hole [83]. Our
goal is now to introduce the dark matter spike.

The first person mentioning a spike was Peebles in the year 1972 [84]. He was
interested in the question whether the density profile of baryons gets enhanced near
a black hole. He conclusion was rather simple. There can not be any conclusion as
long as we do not know that black holes exists. But nowadays we have observational
proof for black holes in our universe as stated above. In [85] the idea of Peebles was
given a more robust framework. Also, for the idea of a spike of baryons close to a
black hole. They concluded that for a non-isothermal cusp the baryon density is
steeper. The results of [85] were reinterpreted in the late 90s from Gondolo and Silk
for the formation of a dark matter spike in the vicinity of a black hole [83]. They
postulated that the black holes accretes the surrounding particle dark matter into
a dense spike. Further they concluded that the dark matter annihilation must be
very strong inside the spike. Hence, the dark matter spike is a compact source for
photons, electrons, etc. and a powerful probe for the nature of dark matter [3, 4,
83, 86].

We will not fully derive the final dark matter density close to a black hole after
its formation. It involves knowledge about general relativity that we do not want to
recapitulate at this point. The reader is refereed to the paper of Gondolo and Silk
in [83]. We just want to stress that one can derive the spike density by assuming
that the black holes grows adiabatic which means that the black hole grows slowly
over time compared to the time of a typical orbital period of the surrounding mater
[87]. Then, with the help of general relativity and angular momentum conservation
one is able to obtain the final result of the dark matter spike density as follows [83]:

ρsp(r) = ρRgγ(r)
(Rsp

r

)γsp
, (5.5)

where Rsp = αγr0(MBH/(ρ0r
3
0))

1/(3−γ) defines the size of the spike with αγ '
0.293γ4/9 for γ � 1 and MBH being the black hole mass. The cuspiness of the
dark matter spike is described by the spike parameter γsp = (9 − 2γ)/(4 − γ). Be-
tween 0 ≤ γ ≤ 2 the spike parameter only varies between 2.25 and 2.5 [83]. For
0 < γ < 2 we can approximate the function gγ(r) by gγ h

(
1 − 4RS

r

)
, where RS is

the Schawrzschild radius. For γ > 1 the factor αγ must be obtained numerically.
For γ = 1 we find that αγ h 0.122 [83]. Finally, ρR = ρ0(Rsp/r0)

−γ is a normali-
sation factor chosen to match the density profile outside the spike. The value ρ0 is
determined by the uncertainty of the black hole mass [88].

The spike parameter can also be derived through scaling relations. We will quickly
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have a look at it because it gives a good understanding of the spike parameter in
combination with the black hole growth condition [7]. The black hole is assumed
to accrete masses adiabatic. Hence, the initial mass distribution reads ρ ∝ r−γ.
The final dark matter distribution is given by ρ ∝ r−γsp . With angular momentum
conservation and the conservation of mass we obtain the following relation:

ρir
2
i dri = ρfr

2
fdrf . (5.6)

This equation simply states the angular momentum conservation. With the initial
and final distribution of the dark matter profile we therefore obtain that ri scales as

ri ∝ r
(3−γsp)/(3−γ)
f . (5.7)

Besides, we also have an equation due to the conservation of mass which is given by

riMi = rfMf ≈ rfMBH. (5.8)

When can express the inital mass Mi in terms of the initial volume which is propor-
tional to r3i times the initial density ρi ∝ r−γ

i . Thus, we get:

ri ∝ r
1/(4−γ)
f . (5.9)

So, we have two different relations for the initial radius in terms of the final radius
from our two conservation laws. They must be equal and therefore we obtain by
rearranging for the spike parameter

γsp =
9− 2γ

4− γ
. (5.10)

This little exercise shows us that the spike parameter is very well motivated by the
conservation of mass and angular momentum [7].

When we allow self annihilation of the dark matter particles inside the spike, the
density saturates as

ρsat =
mDM

〈σv〉tBH
, (5.11)

where 〈σv〉 is the annihilation cross section, mDM the dark matter mass and tBH the
age of the black hole. Further, we notice that the dark matter spike profile extends
to a certain maximal radius Rsp. Afterwards, the dark matter distribution follows
the existing dark matter profile inside the galaxy [3].

If we now take the dark matter density profile outside the spike to be the NFW
profile such that γ = 1, the general density profile of dark matter reads [83]

ρ(r) =



0, r ≤ 4RS

ρsp(r)ρsat

ρsp(r) + ρsat
, 4RS ≤ r ≤ Rsp

ρ0

( r
r0

)−1(
1 +

r

r0

)−2

, r ≥ Rsp.

(5.12)

Below the radius of r ≤ 4RS the dark matter gets captured and is swallowed by the
black hole. Note that we have a combination of particle physics and astrophysical
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knowledge in the spike density. The saturation of the dark matter spike is given by
the annihilation cross section of the dark matter particles and their mass that has
to be determined by particle physicists. While the black hole mass, the initial dark
matter profile and various other properties have to be determined by astrophysicists.

Furthermore, we have some uncertainties in the density profile. We assume that
the black hole growth is adiabatic but, until now, it is not fully understood how
black holes form and grow at the centre of galaxies [87, 89]. Further, it could also
be that the black hole does not lie in the centre of the density spike [89]. Both cases
would weaken the spike profile. It was also shown that the dark matter spike can
be destroyed by hierarchical mergers. The merging between two supermassive black
holes lead to the formation of black hole binaries and lower the density of the dark
matter or even destroy it [90]. Another effect that could alter the spike profile is
stellar heating [91, 92]. In total, the spike profile might be different than the one
proposed from Gondolo and Silk. Nevertheless, we will stick to their description
because it is well motivated.

Now, we want to make a concrete example how a dark matter spike can look like.
We assume that the dark matter spike is given by Eq. (5.12). We consider a black
hole of massMBH ≈ 3 ·108M� such that RS ≈ 3 ·10−5 pc and tBH = 109 yr. Further,
we take r0 = 10 kpc and ρ0 h 7 · 103 GeV/cm3. We assume a NFW profile for the
dark matter profile inside the galaxy with γ = 1. Consequently, we get γsp = 7/3.
This situation can be realised for the blazar TXS 0506+056 [3]. The result is shown
in Fig. 5.3.
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Figure 5.3: Dark matter density profile around the black hole with MBH = 3 · 108M�
and tBH = 109 yr. The initial dark matter distribution is given by a NFW profile with
γ = 1. The spike parameter is γsp = 7/3. The profile is shown for different annihilation
cross sections normalised by the dark matter mass. The dark matter is expected to form
a dense spike according to Eq. 5.12.

We see in Fig. 5.3 that the dark matter density increases extremely by two up
to even eight orders of magnitude after roughly one parsec. This is exactly the
case when r ≤ Rsp. The dashed lines show different scenarios for the dark matter

44



AGN Probes of Dark Matter Scenarios with t-channel Mediators

annihilation cross section. The higher the annihilation cross section the less denser
is the spike. This is expected because the dark matter spike saturates proportional
to the annihilation cross section. If the annihilation cross section is large, more
dark matter particles annihilate due to the compression of the dark matter particles
inside the spike. If annihilation the cross section is low, the dark matter particles
can be compressed even more without annihilating. As a consequence the spike
density increases to lower radii. Note that the typical value of the annihilation cross
section for WIMPs is 〈σv〉 ≈ 3 · 10−26 cm3s−1. But this is only the case when we
have s−wave annihilation. There can be cases where the s−wave annihilation is
suppressed and we have p−wave annihilation. So, there can be exceptions for which
the dark matter annihilation cross section is lower than 3 ·10−26 cm3s−1. See ch. 3.5
for more details.

In summary, we have seen that in the vicinity of a black hole the dark matter
density profile can be much steeper than expected. The dark matter particles could
form a dense spike around the black hole. As a results, the density is much sharper
than the usual NFW profile of the host galaxy. In the following section we will
make use of the spike to motivate why we are interested in scattering cross sections
between dark matter particles and neutrinos or photons. Also,we want to mention
that [93] claims to have indirect evidence for dark matter spikes around stellar mass
black holes. Hence, dark matter spikes could exist in our universe. This makes the
study of dark matter spikes even more attractive.

5.4 Flux Attenuation in the vicinity of a Black
Hole

Neutrinos or photons can be produce close to the black hole. In the vicinity of a
black hole we expect the dark matter to form a dense spike. Therefore, the neutrinos
or photons have to traverse the dark matter spike when travelling to our detector
on earth. On their journey they scatter with the dark matter particles χ along their
way [82]. Hence, the neutrino or photon flux on earth gets attenuated. We will now
discuss this scenario for neutrinos but the photon case works analogously.

The attenuation of the neutrino flux can be described by a Boltzmann equation
that is called cascade equation [86, 94]:

dΦ

dτ
= −σνχΦ +

∫ ∞

Eν

dE ′
ν

dσνχ
dEν

Φ(E ′
ν), (5.13)

where Eν is the neutrino energy and σνχ the model dependent scattering cross sec-
tion of the dark matter particle χ and the neutrino. Φ is the neutrino flux and τ
the accumulated dark matter column density Σ over the dark matter mass mχ given
by τ = Σ(r)/mχ. The first term on the right hand side describes the decrease of
the neutrino flux due to their interaction with the surrounding dark matter par-
ticles. The second term corresponds to the effect that the neutrino energies get
redistributed from high to low energy [4].

If the cross section is independent of the energy, the second term vanishes and
the equation reduces to

dΦ

dτ
= −σνχΦ. (5.14)

45



AGN Probes of Dark Matter Scenarios with t-channel Mediators

This equation can easily be integrated. We obtain an exponential attenuation of the
flux given by

Φ(Eν) ∼ Φν(Eν)e
−σνχΣχ

mχ , (5.15)
where Φ(Eν) is the observed flux a the detector and Φν(Eν) is the initial flux at
the source. Note that the second term in Eq. (5.13) states the redistribution of the
neutrino energies due to their elastic scattering. If one assumes that most of the
dark matter particles get absorbed in the dark matter spike due to their interaction
with the dark matter, the second term can also be neglected. Hence, we obtain the
same result for the neutrino flux in the case of inelastic absorption. The similar
analysis can also be done for photons.

Hence, we can now define the flux attenuation coefficient µi for different species
i due to their interaction with dark matter as follows:

µi

∣∣
DM =

σDM-iΣDM

mDM
. (5.16)

The attenuation coefficient is the crucial quantity to calculate the absorption of the
particles when travelling through the dark matter spike and we will make great use of
it later in ch. 6. The definition of the coefficient makes sense because the higher the
interaction of dark matter particles with species i, the more is the attenuation effect
that we observe on earth of particle i. Also, the higher the dark matter density, the
more scatterings can occur which will also lead to an reduction of the flux. On the
other side, the heavier the dark matter particles, the fewer lie on the way between
the particle i and the detector, when the particle i traversing the dark matter spike.
As a consequence, it is less likely for the particle i to scatter with the dark matter
particle and the attenuation of the flux gets depleted.

Note that µ is highly model dependent because the scattering cross section as well
as the dark matter mass depend on the dark matter model. The mass and the cross
section must be determined by particle physics for a specific model. Furthermore,
the column density Σ depends on astrophysical parameters, e.g. the black hole mass.
The particle physicist have to rely on the observations made by the astrophysicists.
Thus, we can conclude that the attenuation coefficient combines particle physics
with astrophysics.

In the vicinity of a black hole we assume the dark matter to form a dense spike.
Hence, the typically small value of the scattering cross section between dark matter
particles and photons or neutrinos can be compensated by the large dark matter
density of the spike. This might lead to flux attenuation of 65% for neutrinos or
photons if the attenuation coefficient is around O(µ) ∼ 1. The physical interpreta-
tion is that the neutrinos or photons can interact more frequently inside the spike
because there are more dark matter particles than in the rest of the host galaxy.

Let us express the dark matter column density more explicitly for the dark matter
spike. We will closely follow [3] during the derivation. A long the line of sight the
column density is given by [3, 4]

ΣDM =

∫ r

Rem

dr′ρDM(r′), (5.17)

where Rem is the distance from the black hole to the position where the neutrino
or photons is likely to be produced. ρDM is given by Eq. (5.12). We assume that
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the impact of the absorption only takes place inside the dark matter spike and the
host galaxy. We neglect the contributions from the intergalactic medium and the
Milky Way. Including this contributions is left over for future work. So, we can
approximate [3]:

ΣDM h ΣDM
∣∣
spike + ΣDM

∣∣
host h

∫ Rsp

Rem

drρDM(r) +

∫ ∞

Rsp

drρDM(r). (5.18)

If we assume that the photon and neutrino emission region is Rem � 4RS, then
gγ(r) h 1. Furthermore, when the neutrinos or photons are emitted in regions below
the saturation density we can neglect the annihilation of the dark matter particles.
In this case the dark matter profile is given by ρDM(r) h ρsp(Rem)(r/Rem)

−γsp .
Substituting into Eq. (5.18) yields [3]

ΣDM
∣∣
spike h

∫ Rsp

Rem

drρsp(Rem)

(
r

Rem

)−γsp

h
ρsp(Rem)Rem

(γsp − 1)

[
1−

(
Rsp

Rem

)1−γsp
]

(5.19)

We are interested in the cases where the neutrinos and photons are produced inside
the spike such that Rem � Rsp and γsp > 1. Hence, we can neglect the second term
in Eq. (5.19). For an initial NFW profile γ = 1 and γsp = 7/3. Thus, the dark
matter spike density reduces to

ΣDM
∣∣
spike,γ=1

h
3M

2/3
BH r

1/3
0 α

4/3
γ ρ

1/3
0

4R
4/3
em

. (5.20)

The more general form of the dark matter spike can also be calculated. The
computation is straight forward but tedious. One just has to plug ρsp(Rem) =
ρ0(Rsp/r0)

−γ(Rsp/Rem)
γsp and Rsp = αγr0(MBH/(ρ0r

3
0))

1/(3−γ) into Eq. (5.19) to get

ΣDM
∣∣
spike =

1

γsp − 1

α
−γ+γsp
γ

R
γsp−1
em

(
r
γ(3−γsp)
0 M

−γ+γsp
BH ρ

3−γsp
0

)1/(3−γ)

. (5.21)

If the cross section is very large, the density of the spike can be set equal to the sat-
uration density which is inversely proportional to the the annihilation cross section
[3]:

ΣDM
∣∣
spike h

∫ Rsp

Rem

drρsat h ρsatRsp

[
1− Rem

Rsp

]
. (5.22)

We now want to make a concrete example and calculate the column density of
a dark matter spike. For the case of the blazar TXS 0506 + 056 the source of the
neutrinos and photons has been estimated in [95] to be emitted close the Broad
Line Region (BLR) RBLR ∼ 0.021 pc. This means that the neutrino and photons
emission lies inside the dark matter spike. As a result, they have to travel through
the dense dark matter spike when reaching the earth.
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Figure 5.4: Dark matter column density for the case of MBH ≈ 3 · 108M�, tBH = 109 yr,
γ = 1, r0 = 10 kpc and ρ0 h 7 ·103 GeV/cm3. Three different scenarios for Rem are shown
in terms of the Borad Line Region RBLR ≈ 0.023 pc. The dashed lines indicate the case
where 〈σv〉/mDM = 10−28 cm3s−1/GeV while the solid line represents 〈σv〉/mDM = 0.

In Fig. 5.3 we see the dark matter column density ΣDM of the blazar TXS
0506+056 for different values of 〈σv〉/mDM and Rem. We take the values of MBH ≈
3 · 108M�, tBH = 109 yr with γ = 1, r0 = 10 kpc and ρ0 h 7 · 103 GeV/cm3.
Now, we just have to integrate Eq. (5.12) to obtain the column density. We only
want to consider the case of 〈σv〉/mDM = 0 and 〈σv〉/mDM = 10−28 cm3s−1/GeV.
For the TXS 0506 + 056 the column density is given in Fig. 5.4 for three different
cases of Rem. The closer the emission region of the neutrinos or photons is to the
black hole, the higher is the column density. If the annihilation is sufficiently large,
the dark matter density saturates. Hence, the column density is several orders of
magnitude lower than without the annihilation. In the case of Rem = 10RBLR the
column density is the same, regardless of the dark matter annihilation. This is due
to effect that the dark matter spike for 〈σv〉/mDM = 10−28 saturates below r ∼ 10−1

pc. Thus, the annihilation does not influence the dark matter profile in this region
(see Fig. 5.3).

If we now take the value of ΣDM ∼ 1028 GeV/cm2 and require the attenuation
coefficient to be at order one, we obtain that

σDM-i

mDM
h 10−28cm2/GeV. (5.23)

This result is within the range of for high energy neutrinos that one expects to
be emitted from blazars. Furthermore, we are able to constrain the dark matter-
neutrino scattering cross section with dark matter spikes.

The best current results come from the blazar TXS 0506 + 056 and the active
galacxy NGC 1068 [3, 4]. For a non self-annihilation dark matter particle the upper
limits are σDM-ν

mDM
≤ 2.0 · 10−29 cm2/GeV and σDM-γ

mDM
≤ 4.1 · 10−29 cm2/GeV [3]. When

the annihilation cross section increases, the limits become weaker. Hence, we do not
stay in conflict with the current limits.

48



AGN Probes of Dark Matter Scenarios with t-channel Mediators

In summary, we have seen that in the vicinity of a black hole the dark matter
density can be larger than in the rest of the galaxy. The dark matter forms a
dense spike around the black hole. Further, we noticed that if particles like photons
or neutrinos are emitted inside the spike their flux gets attenuated due to their
interaction with the dark matter particles. The attenuation depends on the column
density of the dark matter spike and the scattering cross section between the photons
or neutrinos and the dark matter. One one side, the column density mainly depends
on observable astrophysical quantities. On the other side, the cross section can be
obtained by using standard tools of quantum field theory. One just has to chose a
specific model as an extension of the standard model. With that model one is able
to calculate the scattering cross section and can further estimate the impact on the
absorption. This motivates us to chose a specific dark matter model in the next
section and to calculate the rate of attenuation. The goal is to find a model with a
high enough scattering cross section in order to obtain a large attenuation.
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Chapter 6

Dark Matter Phenomenology

So far, we have reviewed the formation of a dark matter spike around a black
hole that can deplete the flux of neutrinos or photons. The photons or neutrinos are
emitted by the AGN and have to traverse the dense dark matter spike. Along their
way to the earth they interact with the dark matter inside the spike. We have seen
that the attenuation is highly model depndend, due to the cross section. We now
want to make specific choices for the dark matter model to calculate concretely the
scattering rate between neutrinos and photons. Hereby, we will use the techniques
of quantum field theory that we have developed in ch. 4.

6.1 A simple Toy Model
Let us start our investigations with a very simple toy model that only contains a

scalar dark matter particle η and a fermion χ that mediates the interaction between
the dark matter particle and the neutrino. Thus, the interaction Lagrangian reads
[96]:

Lint = −yηχνL + h.c., (6.1)
where y is the Yukawa coupling between the dark matter, the fermion and the left
handed neutrino. We assume the fermion to be a Majorana fermion. Note that
νL = PLν, where PL = (1− γ5)/2 is the chirality operator. Our goal is to show that
this simple model can lead to a significant absorption rate. Later, in a further step,
we will put this simple toy model in a more robust theoretical framework.

The interaction ην → ην between the dark matter particle η and the neutrino
result in the two Feynman diagrams shown in Fig. 6.1. We demand that mχ > mη

to avoid that the dark matter decays into the mediator, due to kinematics. Note
that we will later impose a Z2 symmetry on the non standard model particles to
avoid the decay of the dark matter. We assume the neutrino to be a standard model
neutrino that is massless. It also makes the computation easier.

The two diagrams of the elastic scattering between η and the neutrino result in
the following amplitude:

iT = ū(p′, s′)PR

[
(iy)2

i(/p+ /k +mχ)

(p+ k)2 −m2
χ + iε

+ (iy)2
i(/p− /k′ +mχ)

(p− k′)2 −m2
χ + iε

]
PLu(p, s),

(6.2)
where u(p, s) is the spinor of the neutrino with four momentum p and spin s. We
adopted the Feynman slash notation where /p = γµp

µ. In the interaction we have a
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η

ν(p, s)

η

ν(p′, s′)
p

p+ k

χ

p′

k k′
η

ν(p, s)

η

ν(p′, s′)
p

p− k′

χ

p′

k′k

Figure 6.1: Feynman diagram of the νη → νη scattering in the s and u channel. The
amplitude is given by Eq. (6.2). The time axis is the x-axis. To avoid the decay of η → νχ,
we assume that the mediator mass mχ > mη. So the decay of the dark matter particle is
not allowed by kinematics.

s−channel and a u−channel that cause some interference. We quickly recapitulate
the formula for a two body scattering cross section for a process p+ k → p′ + k′:

dσ =
1

4E~pE~k|~vp − ~vk|
d3p′

(2π)32E~p′

d3k′

(2π)32E~k′
(2π)4δ(4)(p+ k − p′ − k′)|T |2. (6.3)

To continue with the computation we have to fix the kinematics for our process.
We consider the neutrino to be emitted close to the black hole and that it has to
travel through the dark matter spike. Hence, the dark matter particle will be at
rest. So, we will calculate the cross section in the frame where η is at rest. Thus,
the scattering can be sketched as follows:

ν

ν

η

θp

p′

k′

η

Figure 6.2: Sketch of the elastic scattering of νη → νη in the rest frame of the dark
matter particle η, where θ is the scattering angle.

Here θ is the scattering angle between the incoming and the outgoing neutrino.
Note that we have neglected the subscripts ν and η for the energies to make the
formulas look more appealing. Our case is quite similar to the Compton scattering
scenario, where a photon scatters off an electron. With the scattering angle and the
conservation of energy and momentum the four momenta in the rest frame of the
dark matter particle read

p =


E
0
0
E

 , k =


mη

0
0
0

 , p′ =


E ′

E ′ sin θ
0

E ′ cos θ

 , k′ =


mη + E − E ′

−E ′ sin θ
0

E − E ′ cos θ

 ,

where E is the energy of the incoming neutrino and E ′ the energy of the scattered
neutrino. For the elastic scattering we can use the conservation laws to express the
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energy E ′ in terms of the scattering angle θ and the incoming energy E by

E ′ =
E

1 + E
mη

(1− cos θ)
. (6.4)

Now, we have to calculate the matrix element. Therefore have to compute |T |2 =
T ∗ · T and then take the spin average of that expression. In the following we will
explicitly calculate the matrix element. But, later, we will make use of Mathematica
to do the job for us. Nevertheless, it is good to do it once on our own to have insides
about what the program is actually doing. So, let us start.

We can express Eq. (6.2) as follows:

iT = i(iy)2uα(p
′, s′)Mαβuβ(p, s), (6.5)

where we have defined

Mαβ ≡ PR

[
(/p+ /k +mχ)

(p+ k)2 −m2
χ + iε

+
(/p− /k′ +mχ)

(p− k′)2 −m2
χ + iε

]
PL. (6.6)

When taking the complex amplitude we are generally dealing with terms of
(u(p′, s′)γµ1 ·...·γµnu(p, s))∗. We remember that u(p′, s′) = u†(p′, s′)γ0. Furthermore,
we know that (AB)† = B†A†, γ0(γµ)†γ0 = γµ and (γ0)† = γ0. With these relations
we get

(u(p′, s′)γµ1 · ... · γµnu(p, s))∗

= u†(p′, s′)γ0γµ1 · ... · γµnu(p, s))†

= u†(p, s)(γµn)† · ... · (γµ1)†γ0u(p′, s′)

= u†(p, s)γ0γ0(γµn)†γ0γ0 · ... · γ0γ0(γµ1)†γ0u(p′, s′)

= u(p, s)γµn · ... · γµ1u(p′, s′),

(6.7)

where we have uses that (γ0)2 = 1. We can use this expression to simplify

|T |2 = y4
[
u(p′, s′)Mu(p, s)

][
u(p, s)Mu(p′, s′)

]
= y4

[
u(p, s)u(p, s)

]
αβ
Mβγ

[
u(p′, s′)u(p′, s′)

]
γδ
Mδα.

(6.8)

The completeness relation states the standard formula for spin sums as∑
s

= u(p, s)u(p, s) = /p+m. (6.9)

For our case the photons is massless. Thus, m = mν = 0. So, by taking the spin
average of the matrix element we can apply the completeness relation for s and s′.
Further, we can make use of the trace such that the matrix element reduces to

|T 2| = 1

2
y4tr

(
/pM /p′M

)
. (6.10)

The next step is to use the properties of the Dirac matrices. The well known relations
yield {γµ, γν} = 2ηµν1 and {γµ, γ5} = 0, where ηµν is the Minkowski tensor. With
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these relations the gamma properties read

tr
(
γµ

)
= 0 (6.11)

tr
(
γµγν

)
= 4ηµν (6.12)

tr
(
# odd γµ

)
= 0 (6.13)

tr
(
γµγνγργσ

)
= 4(ηµνηρσ − ηµρηνσ + ηµσηνρ

)
(6.14)

tr
(
γµγνγργσγ5

)
= −4iεµνρσ, (6.15)

where εµνρσ is the Levi-Civita symbol which is zero for odd permutations, one for
even permutations and zero otherwise. By using these relation we can simplify the
expression for the matrix element. We encounter a lot of scalar products between
the different four momenta. The expression is long and is not a feast for the eyes,
so we will not explicitly write it here. But we can give the final expression in terms
of the Lorentz-invariant Mandelstam variables which are

s = (p+ k)2 = (p′ + k′)2

t = (p− p′)2 = (k − k′)2

u = (p− k′)2 = (k − p′)2.

They also sort of define our interaction to be called s and u channel. Together with
the Mandelstam variables and the Dirac traces the matrix element reduces to

|T |2 = y4

2

[−(s−m2
η)(u−m2

η) +m2
ηt

(s−m2
χ)

2
+
−(s−m2

η)(u−m2
η) +m2

ηt

(u−m2
χ)

2

−
(s−m2

η)
2 + (u−m2

η)
2 − t(2m2

η − t)
(s−m2

χ)(u−m2
χ)

]
.

(6.16)

The Mandelstam variables full-fill the following relation: s + t + u = 2m2
η. Using

this properties we can simplify Eq. (6.16) to

|T |2 = y4

2

[
(s− u)2(m4

η − su)
(s−m2

χ)
2(u−m2

χ)
2

]
. (6.17)

We can massage this term further by using the four momenta in the rest frame of
the dark matter particle given by s = m2

η + 2mηE and u = m2
η − 2mηE

′. Hence, we
get

|T |2 = y4

2

8m4
ηEE

′(1 + cos θ)(E + E ′)2

(s−m2
χ)

2(u−m2
χ)

2
. (6.18)

So, we have calculated the matrix element. The last thing that we have to do, is to
compute the phase space factor.

In Eq. (6.3) the velocity of the dark matter particle ~vk = 0 and the velocity of
the neutrino ~vp = c = 1 because we are working with neutral units. We also notice
that E~p = E, E~k = mη and E~p′ = E ′. Therefore, we can write Eq. (6.3) of the cross
section as

dσ =
1

4Emη

d3p′

(2π)32E ′
d3k′

(2π)32E~k′
(2π)4δ(4)(p+ k − p′ − k′)|T |2 (6.19)
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We further have to integrate out the delta function. We can decompose the four
dimensional delta function δ(4)(p+k−p′−k′) = δ(3)(~p−~p′−~k′)δ(E+mη−E ′−E~k′).
The delta function of the spatial momentum gives the relation that ~k′ = ~p−~p′. Thus,
the energy of E~k′ =

√
~k′2 +m2

η =
√

(~p− ~p′)2 +m2
η =

√
~p2 + ~p′2 − (~p · ~p′) +m2

η. We
have elastic scattering and the mass of the η particle does not change. So, m′

η = mη.
Hence, we can write the delta function of the energy as

δ(E +mη − E ′ − E~k′) = δ(E +mη − E ′ −
√
m2

η + E ′2 + E2 − 2EE ′ cos θ). (6.20)

In order to take the integral over the delta function we can decompose d3p′ =
dφd cos θdE ′E ′2 because p2dp = E2dE through the energy-momentum relation.
Thus, the cross section reduces to

dσ =
2π

4Emη

d cos θ
(2π)32E ′

dE ′E ′2

(2π)32E~p−~p′

· (2π)4δ(E +mη − E ′ −
√
m2

η + E ′2 + E2 − 2EE ′ cos θ)|T |2~k′=~p−~p′ ,

(6.21)

where the 2π comes from the integration over dφ and E~k′ = E~p−~p′ . We have to deal
with a function inside the delta distribution. Therefore, one can use the following
relation for a function g(x) and its derivative with poles xi:

δ(g(x)) =
n∑

i=1

δ(x− xi)
| dg
dx
|x=xi
|
. (6.22)

Thus, we need to find the poles of f(E ′) = E + mη − E ′ −√
m2

η + E ′2 + E2 − 2EE ′ cos θ. The root E ′
0 of f(E ′) is exactly the expression of

Eq. 6.4 that one can find with the help of the energy and momentum conservation.
This makes sense because the delta function is the object that guarantees the con-
servation of energy and momentum. So, we have the proof that we used E ′ correctly
so far. The derivative evaluated at the pole E ′

0 gives

df

dE ′

∣∣
E′

0=E′ = 1 +
E ′ − E cos θ

E~p−~p′
, (6.23)

where we used that E~p−~p′ =
√
m2

η + E ′2 + E2 − 2E ′E cos θ. Note that we basi-
cally would have an overall minus sign in the expression of the derivative. But we
neglected it because we have to take the absolute value of the derivative.

Hence, we can now simplify our cross section by the expression of the delta
function of the energy and obtain

dσ =
d cos θ
32πEmη

dE ′E ′

E~p−~p′

δ(E ′ − E ′
0)

|1 + E′−E cos θ
E~p−~p′

|
|T |2|~k′=~p−~p′ . (6.24)

With the conservation of energy we can use that E~p−~p′ = mη + E − E ′. The
integration over dE ′ just yields unity because E ′

0 = E ′. We will leave out now the
concrete evaluation of the matrix element because it is obvious that we have energy
and momentum conservation for the matrix element. Thus, the cross section reads

dσ =
d cos θ
32πEmη

E ′

mη + E − E cos θ
|T |2. (6.25)
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We can further simplify this expression by using Eq. 6.4. By rearranging the formula
we finally get

dσ

d cos θ
=

1

32πm2
η

E ′2

E2
|T |2. (6.26)

Thus, we obtained a formula for the cross section that only depends on the initial
energy E and the scattering angle θ. The dimension of the cross section is GeV−2

which is correct in natural units and can be transferred into cm2. This is a standard
formula which is known for the Compton scattering. Note, that this formula is only
true for elastic scattering. We will later use a different formula for the inelastic
scattering. Together with our expression for the matrix element in Eq. (6.18) we
obtain

dσ

d cos θ
=

y4

8πm2
η

E ′2

E2

m4
ηEE

′(1 + cos θ)(E + E ′)2

(s−m2
χ)

2(u−m2
χ)

2

=
y4m2

η

8π

E ′2

E2

EE ′(1 + cos θ)(E + E ′)2

(m2
η + 2Emη −m2

χ)
2(m2

η − 2E ′mη −m2
χ)

2
,

(6.27)

where we have written in the second term the Mandelstam variables explicitly in the
rest frame of the dark matter particle. The solution is in good agreement with [97].
For the total cross section we just have to integrate over the angle. This lengthy
computation can be done with Mathematica. But for practical purpose we have
mentioned it here to have at least one complete calculation of the cross section.

We have now an expression for the differential cross section. To obtain the total
cross section of the elastic scattering between our dark matter particle η and the
neutrino, we have to integrate over the angle θ. This can be done numerically by
using Python and the libraries of NumPy and SciPy. For a given masses and energy
one can integrate the equation.

If we now take a dark matter mass of mη = 1 GeV and vary the mediator mass
mχ between 10 GeV and 1 TeV we can calculate the total cross section σDM−ν for
the neutrino energy Eν . The result is shown in Fig. 6.3. The analysis is done by
assuming that the coupling constant y = 1. First, we see that the cross section
has three different regimes. It grows with E4

ν for Eν ≤ mη and it scales with E3
ν

for mη ≤ Eν ≤ (m2
χ − m2

η)/(2mη). For Eν ≥ (m2
χ − m2

η)/(2mη) the cross section
decreases with E−1

ν . Further, we denote that the cross section is smaller, the higher
the dark matter mass in the low energy regime. Which makes sense because the cross
section scales with m8

χ for low energies. We notice a peak in all of the three graphs.
This happens when we hit the resonance. Hence, when s = m2

η + 2mηEν = mχ.
This translates into Eν = (m2

χ − m2
η)/(2mη). The scaling behaviours are in good

agreement with [97, 98].
We can obtain an analytical expressions for the large and low scale behaviours.

The energy of the outgoing neutrino can be simplified under the conditions that
Eν � mη and Eν � mη. Further, we have to take into account that mχ > mη. For
low energies the E ′

ν → Eν and it follows for Eq. (6.27) that it reduces to

dσ

d cos θ

∣∣∣∣
E�mη

h
y4E4

νm
2
η

2πm8
χ

(1 + cos θ). (6.28)
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Figure 6.3: Total cross section of the dark matter neutrino scattering for different me-
diator masses mχ and a dark matter mass of mη = 1 GeV. The unit of the cross section
is given by cm2. The coupling constant was set to y = 1 for simplicity. We see the scaling
behaviours of σ ∼ E4

ν for Eν ≤ mη, σ ∼ E3
ν for mη ≤ Eν ≤ (m2

χ−m2
η)/(2mη) and σ ∼ E−1

ν

for Eν ≥ (m2
χ −m2

η)/(2mη) which is consistent with [97] and [98].

We can easily integrate over d cos θ from −1 to 1 and obtain

σ
∣∣
Eν�mη

h
y4E4

νm
2
η

πm8
χ

. (6.29)

For large energies the cross section is approximately given by

σ
∣∣
Eν�mη

h
y4

16πEνmη

. (6.30)

One can see that the cross section is independent of the mediator mass in the large
energy regime. Note that in more realistic scenarios we have to take lower values
for the coupling constant which would decrease the cross section.

In this simple model the energy of the cross section grows until the resonance
and then decreases. Now, we want to investigate the impact of absorption and the
attenuation of the neutrino flux, due to their interaction with the dark matter par-
ticles. We remember that we need two quantities that measure the flux attenuation.
First, the scattering cross section σ and second, the column density ΣDM of the
dark matter particles. In our simple toy model we only have scattering between the
neutrinos and the dark matter particle η. We only have elastic scattering. So, all
we need is to make an assumption for the column density. Furthermore, we assume
that the neutrinos are emitted close to the black hole and have to travel through
the dark matter spike that surrounds the black hole.

Let us check two different scenarios for the dark matter spike. The first one,
where the dark matter does not annihilate with each other. In order words, the case
of antisymmetric dark matter. For the second scenario, we assume that the dark
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matter annihilation cross section is roughly given by 〈σv〉 = 10−28 cm3s−1. We take
the dark matter column density that is shown in Fig. 5.4 and realised for the blazar
TXS 0506 + 056 [3]. So, we use Eq. (5.20) for γ = 1 and γsp = 7/3. Furthermore,
MBH ≈ 3 · 108M�, tBH = 109 yr, r0 = 10 kpc and ρ0 h 7 · 103 GeV/cm3. The only
quantity which is left to define is the point of neutrino emission Rem. We take two
different emission regions: One close to BLR, namely Rem = 0.1RBLR and the other
one Rem = RBLR. The flux of the neutrinos get reduced by (see ch. 5.4):

Φobs
ν

Φem
ν

= e−µν = e
−σDM-νΣDM

mDM . (6.31)

We are able to use this formula because for energies larger than the dark matter mass
the outgoing energy of the neutrino becomes nearly constant. Hence, we can drop
the second term in the cascade equation because the cross section is independent of
the outgoing neutrino energy E ′

ν . However, for energies lower than the dark matter
mass this approximation does not hold. Nevertheless, we stick do this formula for
simplicity and because the goal of this simple toy model is to illustrate and motivate
the calculations in the following sections. If one wants to be more precise, one needs
to solve the full cascade equation given by Eq. 5.13. This can be done in a future
work.

So, we choose the mass of our dark matter particle to be mDM = mη and vary
the dark matter mass as well as the mediator mass. The result is shown in Fig.
6.4. We can see four different values of the observed neutrino flux normalised to the
emitted neutrino flux. The neutrino energy is given in GeV. We see that for the case
of mη = 1 GeV and mχ = 10 GeV we obtain an sizable absorption around Eν ∼ 50
GeV. This is roughly the resonance energy when Eν = (m2

χ −m2
η)/(2mη). It makes

sense that we have absorption around the resonance energy because the energy
basically goes to infinity. Nevertheless, in the case of 〈σv〉 = 0 and Rem = 0.1RBLR
the flux also gets attenuated close to the resonance and we can distinguish it from
the three other cases in the above left panel. As the mediator mass increases, the
cross section decreases because the cross sections depends on the mediator mass
until the resonance peak. The cross section is not large enough such that we can
distinguish between the four different scenarios anymore. We only have absorption
precisely at the resonance peak because the peak narrows for larger mediator masses.
Furthermore, as expected, the resonance peak shifts to higher energies for higher
values of mη and mχ. In the bottom right panel of Fig. 6.4 the resonance peak
does not lead to a large value of absorption. This is due to numerical reasons
because we can not chose a small enough difference between the energy points for
our integration. Basically, if we just resolve around the peak with a small enough
energy spacing we would also have a larger absorption rate. Note that we have
uncertainties in the column density of the dark matter spike.

To sum up, we have seen that the cross section for a dark matter mass larger
than 1 GeV is too small in order to lead to a reasonable absorption of the neutrino
flux. The only exception is the resonance peak but. Thus, we have checked that it is
possible to have some kind of reduction of the neutrino flux, due to the interaction
between neutrinos and dark matter. But this model is far from being realistic.
So, the next step will be to introduce some more realistic models with a concrete
parameter space for dark matter and mediator masses.
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Figure 6.4: The figures show the neutrino flux attenuation of Eq. (6.31), due to the dark
matter neutrino interaction given by the Lagrangian of Eq. (6.1) for four different cases.
The case for the annihilation cross section 〈σv〉 = 0 and Rem = 0.1RBLR or Rem = RBLR
and the other case for 〈σv〉 = 10−28cm3s−1. All of the figures are for different combinations
of the dark matter masses mη and the mediator masses mχ. For dark matter masses above
the order of TeV the column density is very small. Hence, we see no decrease of the flux,
expect at the resonance peak. The heavier the dark matter particle, the less particles are
on the way of the neutrino to the earth because the density profile ρ(r) stays the same.
Hence, the column density Σ decreases because it is divided by mDM. In this case it is
logical that the interaction between the dark matter particle and the neutrino decreases
because we have less dark matter particles between the blazar and the earth.

6.2 The t-channel Mediator Model
We want to use the dark matter spike in the vicinity of black holes to probe

concrete dark matter models. In this thesis we will focus on the t-channel mediator
model described in [99]. It is a simple model where the SM is extended by one
colourless and electrically neutral Majorana fermion χ and a complex scalar η. The
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scalar particle mediates a Yukawa interaction between the SM fermions f and the
Majorana fermion χ. Therefore the general Lagrangian is given by

L = LSM + Lη + Lχ + Lint, (6.32)

where LSM is the Lagrangian of the Standard Model with the Higgs doublet Φ. Lη

and Lχ are the Lagrangian which contain the part of the scalar particle η and χ.
The Lagrangians read

Lχ =
1

2
χc/∂χ− 1

2
mχχ

cχ

Lη = (Dµη)
†(Dµη)−m2

ηη
†η − 1

2
λ2(η

†η)2,
(6.33)

where Dµ is the covariant derivative. Lint denotes the interaction term that we can
divide into the scalar interaction part Lsclar

int and the fermionic part of the interaction
Lfermion

int . Both of them describe the interaction of the new particles η and χ with
the SM fermions and the Higgs doublet. We further impose a Z2 symmetry under
which the new particles η and χ are odd, while the SM particles are even. This ad
hoc introduced discrete symmetry ensures the stability of our dark matter particle.
In addition, we impose that χ and η only couple to one generation of fermions for
simplicity. We will later see, why this is important. Normally, χ is to be considered
as the dark matter candidate and η as the mediator. But we will later also treat η
as DM candidate.

We do not want that the Majorana fermion interacts with the weak gauge bosons
W+, W− and Z at tree level. Hence, we only treat χ as a SU(2)L singlet. To
have an electrically neutral particle the hypercharge of χ has to be zero. Now, if we
consider χ to be the dark matter, there exists two options for the mediator particle
η. First, it can be a singlet under SU(2)L with hypercharge Y such that the particle
χ couples to a right-handed lepton fR Yukawa coupling y as follows:

Lfermion
int = −yχfRη + h.c.. (6.34)

This possibility is realised in the MSSM, when η is the selectron ẽ so that

Lfermion
int = −yχe−Rẽ

+
R + h.c.. (6.35)

The second option is that η is a doublet under SU(2)L with hypercharge Y . Then,
the Majorana fermion χ only couples to left-handed fermions fL given by

Lfermion
int = −yχfLiσ2η + h.c., (6.36)

where σ2 is the Pauli matrix. We can decompose the SU(2)L doublet η in η =
(η+, η0+ iA0) with η+ being the charged and η0+ iA0 the neutral component. Here
η0 is a scalar and A0 a pseudosclar. For the case of scalar dark matter η we take the
lightest particle of the SU(2)L doublet to be the dark matter. Hence, if fL = (ν, e−)L
the interaction term reduces to

Lfermion
int = −y(χνLη0 + iχνLA

0 − χe−Lη
+) + h.c.. (6.37)

This scenario is well known as the Inert Doublet model [100, 101]. In the MSSM this
possibility is realised if η is a sfermion multiplet with an sneutrino, selectron and χ
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being the bino. In this case η0 can also be considered as a dark matter candidate.
There also exist interactions between the scalar particle η and the Higgs doublet
Φ. But we will neglect them, since we assume them not to contribute in the dark
matter scattering. So, generally speaking we assume that the couplings |λi| � 1,
such that the Majorana fermion mass mχ, the scalar mass mη and the Yuwaka
coupling y are the relevant parameters of this model. By demanding that the dark
matter abundance matches the observed dark matter density ΩDM = 0.120± 0.001,
we can fix one remaining parameter in the model. Hence, the Yukawa coupling can
be expressed in terms of the masses y(mχ,mη). This is shown in Fig. 6.5. Thus, we
are only left with two open parameters of the model [99].

Figure 6.5: Parameter space for the Majorana fermion χ being the dark matter that
couples to leptons. Here η is the mediator. The Yukawa couplings y are shown as contour
lines requiring that dark matter density is ΩDM = 0.1198 ± 0.00151. The dark matter is
produced in the early universe via thermal freeze-out. The upper right regions lead to
overproduction of the dark matter density, while the lower left region leads to underpro-
duction. Figure is taken from [99].

6.2.1 Coannihilation in the t-channel Mediator Model
The t-channel mediator model is a perfect example for coannihilation. As we

have seen in previous sections is the main mechanism to produce the correct dark
matter abundance is the freeze-out mechanism in the early universe (see ch. 3).
One exception to the standard scenario is, when the dark matter mass is close to
the mass of another particle in the dark sector. This scenario can be achieved in
the t-channel mediator model, if for example mη/mχ . 1.2 [99].

1Note that the dark matter density in [99] is from the year 2015. There exists newer results of
the Planck collaboration [22] from 2018 where ΩDM = 0.120 ± 0.001 which is in good agreement
with the value used in [99].
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Let us simply assume that the lightest particle is the χ particle in the t-channel
mediator model and that the mass of the mediator particle mη is bigger than mχ.
Both, the χ and η particle live in the dark sector. We further assume that η is a
singlet and interacts with χ through the following vertex:

y

χ

e−R

η−

In the following discussion we will not write explicitly the electron as the right
handed one. The t-channel model has an ad hoc introduced Z2 symmetry under
which the SM model particles are even and the dark sector particles η and χ are
odd. Therefore, the remaining reactions relevant in the early universe are

χχ −→ e+Re
−
R

χ

χ

e−R

e+R

η− σv = y4

m2
χ
Cχχ

χη− −→ e−Rγ

η−

χ

γ

e−R

e−R
σv = y2e2

m2
χ
CχηR

1

ηη −→ γγ

η

η

γ

γ

+

η

η

γ

γ

η σv = e4

m2
χ
CηηR

−2

The interactions are the annihilation of χχ → e+Re
−
R, the inelastic scattering

χη− → e−Rγ and the annihilation of ηη → γγ. In the region of coannihilation we
have to use the effective thermal avveraged cross section which is given by

〈σeffv〉 = 〈σvχχ〉
(
neq
χ

neq

)2

+〈σvχη〉
(
neq
χ n

eq
η

(neq)2

)
+〈σvηη〉

(
neq
η

neq

)2

, (6.38)

where neq = neq
χ + neq

η = neq
χ (1 + R) with R ∼ exp(−(mη −mχ)/T ). Thus, we can

reduce the equation by using the cross section from the annihilation and scattering
to obtain [99, 102]

〈σeffv〉 h
y4〈Cχχ〉+ y2e2〈Cχη〉R + e4〈Cηη〉R2

m2
χ

. (6.39)

Since, we know that the dark matter abundance is inversely proportional to the
effective averaged thermal cross section we get that

Ωχh
2 ∼

m2
χ

y4〈Cχχ〉+ y2e2〈Cχη〉R + e4〈Cηη〉R2
(6.40)
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We can think about the coannihilation as buckets. We have a bucket full of dark
matter particles χ. This bucket has only one tube to the standard model, namely
over the annihilation channel into two electron pairs. If we only had this one opening,
the bucket would empty too slowly and we would have a dark matter abundance
that is to high. But in the coannihilation regime we also have a tube that goes from
the χ bucket to the bucket filled with standard model particles over the η bucket via
the inelastic scattering process of χν → eγ. With this pipeline we can deplete the
dark matter abundance sufficiently to obtain the correct dark matter abundance. In
a very extreme case where mη/mχ ≈ 1.1 the lower limit on the mass of dark matter
is mχ ≥ 50 GeV for the scenario of dark matter coupling to leptons [99].

6.3 The Scotogenic Model
A special class of the t-channel mediator model is the Scotogenic Model [103, 104].

The model extends the SM by an inner doublet η and a fermion singlet χ. The new
particles are odd under an imposed Z2 symmetry, while the SM remains even. But,
the main difference to the t-channel mediator model is that in the Scotogenic Model
we are dealing with different flavours. The dark matter particle does not couple
only to one generation of fermions but to all three of them. Hence, the Lagrangian
reads [103]

L ⊃ −1

2
Miχc

iχi − (yiαχiLαη + h.c.), (6.41)

where Lα =

(
νL
eL

)
α

denotes the SM doublet with the generations labelled by greek

letters α = e, µ, τ and yiα the coupling constant. We will only consider neutrinos in
general and do not separate between the electron, muon and tau neutrino. Furhter,
we will only consider Standard Model neutrinos without a mass and that are only
left handed. So, we may write ν instead of νL in the lepton doublet L. Furthermore,
we will work with Majorana spinors which full fill the charge conjugation condition
ψc
χ = ψχ. We can write the interaction Lagrangian for the neutrinos as

Lint = −yiαχiναη + h.c., (6.42)
which looks quite similar to the interaction that we have looked at in our toy model.
Actually, the Scotogenic Model motivated us to introduce the toy model in the first
place.

Originally, the Scotogenic Model or Minimal Scotogenic Model (if we want to be
more precise) was introduced to add mass to the neutrinos via radiative corrections.
But is was soon realised that the model could also be used to tackle the dark matter
problem [105, 106, 107].

In the Scotogenic we could assume that either the χ or the η can be the dark
matter, depending on the mass hierarchy. But, in the Scotogenic Model we have to
take into account that we have lepton number or Lepton Flavour Violation (LFV)
processes µ→ eγ given by the following diagrams [108]:

µ− e−

η−
γ

χ
τ− e−

η−
γ

χ
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These processes limit our model. In the case of χ being the dark matter andmχ <
mη we need large Yukawa couplings of O(1) to obtain the correct relic abundance
of Ωh2 ≈ 0.12. Because the only annihilation channel is χχ → lαlβ with l being a
SM lepton. The annihilation cross section for WIMPs with mass mDM scales as [39]

σann ∝
y4

mDM
(6.43)

Hence, we need large Yukawa couplings to not overproduce the DM. But this will
lead to conflicts with the LFV bounds [108]. In the case of η being the DM we do
not stay in conflict with the LFV bounds. The η particle has additionally gauge
and scalar interactions to deplete the relic abundance [108]. Thus, the dark matter
candidate in the Scotogenic Model can only be the lightest neutral component of
the η doublet.

However, this is only the case if we assume that the dark matter particle is a
thermal relic. There are various ways to get out of this situation [109]. But, we will
focus on dark matter particles as thermal relics and therefore χ is contrived as a
DM candidate in the Scotogenic Model. So, we will only treat the case where the
lightest CP even scalar η0 is the dark matter candidate in the Scotogenic Model.

We want to mention one extension of the Scotogenic Model which is called the
Scale Invariant Scotogenic Model [107, 110]. The Minimal Scotogenic Model has
some disadvantages. The origin of the Z2 symmetry is uncelar and cumbersome.
Further, we do not have fermions as DM candidate. It would be nice to solve this
issues. In the Scale Invariant Scotogenic Model we replace the Lagranigan term
Miχc

iχi by λiφχc
iχi, where φ is a complex field. Hence, the Lagrangian reads [110]

L ⊃ iχγµ∂µχ+
1

2
(∂µφ)2 + |Dµη|2 − λi

2
φχc

iχiR − yiαχiRLαη, (6.44)

where Dµ denotes the covariant derivative which couples the η particle to the gauge
bosons. If we consider χi and η with charge +1 and φ with a charge of −2 under
a global U(1) symmetry and require a vacuum expectation value for φ, then the Z2

symmetry is a remnant after symmetry breaking. Hence, we solved the problem of
the origin of the Z2 symmetry. Furthermore, we can have new annihilation channels
for the singlet fermion χi. Before we only had the usual channel of χχ→ l+l−, where
l is a SM lepton. But now we can decompose the complex field φ into the real and
imaginary part such that φ = ρ + ia, where ρ is a scalar and a a pseudoscalar. So,
we also have the channels of χχ→ ρρ, aa, ρa. With these new channels one is able
to avoid overproduction of χ as dark matter candidate because one can deplete the
abundance of χ even for small Yukawa couplings yiα. Hence, in the Scale Invariant
extension of the Scotogenic Model we can have fermionic DM as a thermal relic and
obey the limits of LFV processes.

6.4 Cross Section between Dark Matter and Neu-
trinos or Photons

As we did in the toy model before, we now want to discuss the cross section for
the t-channel mediator model and for its special case, the Scotogenic Model. We
remember that the difference between these two models lies in the coupling of the
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Majorana fermion to the leptons. In the t-channel mediator model the Majorana
fermion only couples to one flavour, while in th Scotogenic Model it couples to
all lepton flavours. Thus, in the t-channel mediator model we examine two dark
matter candidates. The η0, which is the lightest neutral particle of the η doublet
and the Majorana fermion χ. In the Scotogenic Model we only assume η0 to be
the dark matter candidate. In the Scale Invariant Scotogenic Model also χ can be
the dark matter. Note also, that we have different values of the Yukawa couplings
and different values for the masses. In the t-channel mediator model the Yukawa
couplings can be largish, while in the Scotogenic case they are at O(y) ∼ 10−2 to
avoid the LFV processes. We take the mass of the dark matter particle is in the
order of O(mDM) ∼ TeV in the Scotogenic Model and in the order of O(mDM) ∼ 100
GeV in the t-channel mediator model. Hence, the cross section are supposed to be
smaller in the Scotogenic Model compared to the t-channel mediator model. We first
want to look at the case of scalar dark matter and then have a glance at fermionic
dark matter.

All of the diagrams were generated and calculated with Mathematica and the
help of the MSSM package by relabelling the particles and indices. With the MSSM
package one can use, as scalar dark matter, the sneutrino ν̃ because it is the un-
charged component of a scalar doublet. For the fermionic dark matter one can use
the neutralino χ which is a Majorana fermion. This is motivated by the fact that
the t-channel mediator model can be realised in the MSSM. Also, the imposed Z2

symmetry in the t-channel model is the R-parity in the MSSM. After calculating
the matrix element and the phase factor, the remaining differential cross section
was integrated numerically with the help of Python. The full Feynman rules of the
MSSM can be looked up in [111].

We denote two different scenarios for scalar dark matter particles. The first
scenario where we have a dark matter mass with mη0 = 100 GeV and small mass
splittings between the mediator massmχ and the dark matter particle and a Yukawa
coupling of y = 0.7. In Fig. 6.5 we see that for small mass splittings and a dark
matter mass of 100 GeV, we lie between y = 1 and y = 0.5. This scenario can
be realised in the t-channel mediator model and we therefore call it the t-channel
mediator scenario, or shorter the t-channel scenario. In the second scenario we look
at a dark matter mass of mη0 = 1 TeV and a larger mass splitting between the
mediator mass and the dark matter mass at O(mχ − mη0) > 10 and a Yukawa
coupling of O(y) = 10−2. This scenario can be realised in the Scotogenic Model.
That is why we call this scenario simply the Scotogenic case.

For the case of χ as dark matter candidate, we mainly look at the t-channel
mediator scenario. Thus, where mχ = 100 GeV and small mass splittings between η
and χ. But, out of curiosity, we will also slightly vary the masses of the η doublet.
And we take a Yukawa coupling of y = 0.7.

So, let us start with the scalar dark matter candidate.

6.4.1 Scalar Dark Matter
In the case of scalar dark matter we can have either elastic or inelastic scattering

between the dark matter particle and neutrinos or photons. The Scotogenic Model
does include inelastic scattering as well as its scale invariant extension [110]. The
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interaction Lagrangian between η0 and neutrinos reads Lint = −yχPLνη
0. Hence,

the vertex is given by:

y

η0

ν

χ = −iyPL (6.45)

So, we get exactly the same results as in our toy model case. The relevant diagrams
for the process of νη0 → νη0 are shown in Fig. 6.1. We have an s and a u channel.
We explicitly calculated the cross section for the elastic process (see ch. 6.1). We
find that the cross section in the rest frame of η0 is given by Eq. (6.27):

dσ

d cos θ

∣∣∣∣
νη0→νη0

=
y4

8πm2
η0

E ′
ν
2

E2
ν

m4
η0EνE

′
ν(1 + cos θ)(Eν + E ′

ν)
2

(s−m2
χ)

2(u−m2
χ)

2

=
y4m2

η0

8π

E ′
ν
2

E2
ν

EνE
′
ν(1 + cos θ)(Eν + E ′

ν)
2

(m2
η + 2Eνmη −m2

χ)
2(m2

η − 2E ′
νmη −m2

χ)
2
,

Here again the energy of the incoming neutrino is Eν , the energy of the outgoing
neutrino E ′

ν and θ the scattering angle in the rest frame of the dark matter particle.
But now, we have a more sophisticated model with concrete values for the dark
matter and the Yukawa couplings. The results are shown in Fig. 6.6.
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Figure 6.6: Left panel: Elastic scattering cross section of the dark matter particle η0,
namely νη0 → νη0, in the t-channel mediator scenario. The mass of m0

η = 100 GeV
and y = 0.7. Two different cases are shown for the mediator mass mχ = 105 GeV and
mχ = 200 GeV. Right panel: The same elastic scattering cross section for the Scotogenic
scenario, where mη0 = 1 TeV and y = 10−2. The mediator masses are mχ = 10, 102, 103

TeV.

For the t-channel mediator scenario the cross section for a given energy is larger
than in the Scotogenic scenario because σ ∝ y4. Thus, the cross section of the
Scotogenic scenario is suppressed by 7 orders of magnitude compared to the t-
channel mediator scenario. Furthermore, for low energies we have already seen in
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ch. 6.1 that the cross section scales with m2
η/m

8
χ. Thus, the Scotogenic scenario is

further suppressed by 8 orders of magnitude. In total the spectrum of the Scotogenic
Model is suppressed by 15 orders of magnitude for low energies. For example, if we
fix the energy Eν = 10−1 GeV and look at the blue curves of each of the panels in
Fig. 6.6 we see that σ ∼ 10−40 cm2 in the t-channel mediator scenario and σ ∼ 10−65

cm2 for the Scotogenic scenario. The resonance energy is (m2
χ−m2

η0)/(2mη0). In the
t-channel mediator scenario we reach earlier the resonance because we have lower
dark matter and mediator masses. This further implies that we reach the domain
where σ ∼ E−1

ν for lower energies than in the Scotogenic scenario. For detailed
scaling relations in the different energy regimes and more dicussion see ch. 6.1.

In the Scale Invariant Scotogenic Model we have an additional inelastic term that
does not appear in the t-channel mediator model. Remember that the Lagrangian
term Miχc

iχi is replaced by λiφχc
iχi, with φ being a complex field. We can decom-

pose the field φ = ρ+ ia. Hence, we also have the channel where χ→ χρ/a. So, we
get in addition to the elastic scattering the inelastic νη0 → χρ/a scattering. The
diagram of this process is shown in Fig. 6.7.

η0

ν

ρ/a

χ
p

p+ k

χ

p′

k k′

Figure 6.7: Feynman diagram of the inelastic νη → χρ/a scattering in the Scale Invariant
Scotogenic Model.

The matrix element of process is given by

iT = uχ(p
′, s′)(−iλ)PR

i(/p+ /k +mχ)

(p+ k)2 −m2
χ + iε

(−iy)PLu(p, s). (6.46)

Evaluating this matrix element in terms of the Mandelstam variables yields

|T |2 = λ2y22
(s−m2

η0)(s+m2
χ −m2

ρ) + s(t−m2
χ)

(s−m2
χ)

2
. (6.47)

In this case it is easier to work in the centre of mass frame and then transform
back into the rest frame of η0. The mass of the incoming particles does not equal
the mass of the outgoing particles and we do not have the simple relation of E ′

ν =
Eν/(1 + Eν

mη
(1 − cos θ)) anymore. Hence, we use the well known formula that we

derived in ch. 4.2
dσ

dt
=

1

64πs

1

|p1cm|2
|T |2. (6.48)
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By applying this formula we obtain after some intermediate steps the following:

σ
∣∣
νη→χρ

= λ2y2
[
m2

η0t(m
2
ρ −m2

χ − s) + st(s−m2
ρ) + st2/2

32π(m2
η0 − s)2(m2

χ − s)2

]t0
t1

= λ2y2
(s−m2

η0)
2(s−m2

ρ +m2
χ)
√
m4

ρ − 2m2
ρ(m

2
χ + s) + (m2

χ − s)2

64πs(s−m2
η0)(s−m2

χ)
2

= λ2y2
2E3

ν(Eνmη0 +m2
η0 +m2

χ)

64π
( E2

νmη0

2Eν+mη0

)3/2
(2Eν +mη0)3

√
(2Eνmη0+m2

η0
−m2

χ)
2

mη0 (2Eν+mη0 )

.

(6.49)

In the last step we used that s = m2
η0 +2Eνmη0 in the rest frame of the DM particle

η0 and set mρ = 0 for simplicity. Fig. 6.8 shows the cross section of the equation
for two different masses mχ and a fixed dark matter mass mη0 .
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Figure 6.8: The figure shows the scattering cross section of the process η0ν −→ χρ
in the Scale Invariant Scotogenic Model for two cases in terms of the energy Eν of the
incoming neutrino. The blue curve shows the cross section for mχ = 10 TeV and the green
one for mχ = 102 TeV. The dark matter is the lightest scalar particle η0 of the SU(2)L
doublet with mass mη0 = 1 Tev for both cases. For simplicity we have chosen that the
two couplings to be the same, namely that λ = y = 10−2 and we have set mρ = 0.

The two plots of Fig. 6.8 show the two cases where mχ = 10 TeV and mχ = 102

TeV. Whereby, the dark matter mass mη0 = 1 TeV because the Scale Invariant
Scotogenic Model predicts new physics in the TeV scale [112]. When we look again
at Eq. (6.49) we see that for energies larger than any mass involved in the process
the cross section scales as

σ
∣∣
νη→χρ

h
λ2y2

128πmη0Eν

. (6.50)
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Hence, the cross section decreases as the energy increases. Furthermore we notice
that in the graph we have an onset for both cases. This due to the fact that this time
the χ particle is not an imaginary particle. Therefore the process is kinematically
allowed if

√
s > mχ (for mρ = 0). This translates into the condition of Eν > (m2

χ −
mη0)

2/(2m0
η). Therefore, only after the resonance peak the process of η0ν → χρ

opens. For the case of mχ = 10 TeV and mη0 = 1 TeV the energy mus be larger
than Eν > 50 TeV. Thus, for larger masses of mχ the onset shifts to larger energies,
as we can see in the plot. Furthermore, the behaviour of the cross section for large
energies is independent of the mass mχ. Note that ρ can have a mass that is smaller
than the dark matter mass because it is even under the imposed Z2 symmetry.
Hence, the dark matter can not decay into a pair of ρ’s.

The scattering of η0ν → χa should work analogously. One just have to keep in
mind that a is a pseudoscalar an that the Feynman rules are different than for ρ. It
is left over for future work.

Next, we want to consider the case of inelastic scattering for a general extension
of the SM by an SU(2)L doublet. Since η is a doublet under SU(2)L it interacts
with the gauge bosons W+,W− and Z. We will now investigate these scatterings.
They can occour in the t-channel mediator model and in the Scotogenic Model.

Let us start with the scatterings between neutrinos and the dark matter η0. We
have a glance at this scenario with different dark matter masses mη0 . The inelastic
channels are νη0 → η+e−, νη0 → χZ and νη0 → νA0. The diagrams are shown in
Fig. 6.9, 6.10 and Fig. 6.11.

η0

ν

Z

χ

A0

η0

ν

χ

Z

ν

Figure 6.9: Feynman diagram of the νη0 → Zχ scattering in the t-channel mediator
model. Note that the left diagram with η0 as mediator is forbidden by parity because we
do not have a η0η0Z vertex.

η0

ν

η+

e−

χ

η0

ν

η+

e−

W+

Figure 6.10: Feynman diagram of the νη0 −→ η+e− scattering in the t-channel mediator
model.
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η0

ν

A0

ν

χ

η0

ν

A0

ν

Z

Figure 6.11: Feynman diagram of the νη0 → νA0 scattering in the t-channel mediator
model.

Interestingly, we have diagrams, were we do not have the unknown Yukawa cou-
pling and only gauge couplings g. See for example the right diagram of Fig. 6.10 or
the right diagram of Fig. 6.11. The cross section is expected so scale with g4 instead
of y2g2 or y4 which makes them very attractive. Note that the diagrams might not
be complete. It could be that there are some diagrams missing that one has to
include for future calculations. The MSSM also includes the Goldstone bosons as
an additional diagram. But we have neglected it because it is suppressed by me and
therefore negligible.

The differential cross section of the first diagrams (Fig. 6.9) in terms of the
Mandelstam variables is given by

dσ

dt

∣∣∣∣
νη0→χZ

=
e2y2

128πt2m2
Zt

2(s−m2
η0)

2(s+ t−m2
Z −m2

η0 −m2
χ +m2

A)
2 sin2 θW cos2 θW

·[
−m6

Z(4m
2
A(m

2
η0 −m2

χ)− 4m4
η0 + 4m2

η0s+ 4m4
χ − 4m2

χs− 6m2
χt

+ 2st+ t2)− tm2
Z(m

4
A(−2m2

χ + 2s+ t) + 2m2
A(2m

4
η0 − 4m2

η0(s+ t)

+ 2m4
χ − 2m2

χ(s+ t) + 2s2 + 3st+ t2)− 4m6
η0 +m4

η0(−2m2
χ + 10s+ 7t)

+ 2m2
η0(s+ t)(2m2

χ − 4s− t)− 2m6
χ + 2m4

χ(s+ 2t)− 2m2
χ(s+ t)2

+ 2s(s+ t)2) +m4
Z(2m

4
A(m

2
η0 −m2

χ) +m2
A(−4m4

η0 + 4m2
η0s+ 4m4

χ

− 4m2
χ(s+ 2t) + 2t(2s+ t)) + 2m6

η0 + 2m4
η0(m

2
χ − 2s+ 2t)

+m2
η0(−2m4

χ + 4m2
χt+ 2s2 − 8st− 5t2)− 2m6

χ + 4m4
χs+ 8m4

χt

− 2m2
χs

2 − 8m2
χst− 6m2

χt
2 + 4s2t+ 5st2 + t3) + 2m8

Z(m
2
η0 −m2

χ)

− t2(m2
A −m2

η0)
2(m2

η0 − s− t)
]
,

(6.51)

where we have replaces the variable u. We can again integrate this equation numeri-
cally to obtain the full cross section. This is shown in Fig. 6.12. In Fig. 6.12 we can
see the t-channel mediator scenario with mη0 = 100 GeV, mχ = 105, 200 GeV and
y = 0.7 (left panel) and the Scotogenic scenario with mη0 = 1 TeV, mχ = 10, 102, 103

TeV. In bot scenarios we assumed that the mass of A0 is a bit larger than η0 such
that mη0 ≤ mA0 . In both panels the cross section scales with E−1

ν for large energies
which is consistent with unitary. The cross section can be approximated by

σ
∣∣
νη0→χZ

h
y2e2

256πEνmη0 sin
2 θW cos2 θW

, (6.52)
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Figure 6.12: Left panel: Inelastic scattering cross section between the dark matter
particle η0 and the neutrino given by the νη0 → Zχ in the t-channel mediator scenario.
The mass of mη0 = 100 GeV and y = 0.7. Two different cases are shown for the mediator
mass mχ = 105 GeV and mχ = 200 GeV. Right panel: The same inelastic scattering cross
section than in the left panel but for the Scotogenic scenario, where mη0 = 1 TeV and
y = 10−2. The mediator masses are mχ = 10, 102, 103 TeV.

where θW is the Weinberg angle with cos θW = mW/mZ and e = g sin θW . For large
mass differences between the mediator mass mχ and the dark matter mass mη0 , the
cross section approaches a resonance close to the threshold of the scattering. This
is the case because for large energies we obtain an overall factor of 1/(u−mA2)2 =
1/(s+ t−m2

Z −m2
χ −m2

η0 +mA2). For small mass differences between mη0 and mχ

this factor is proportional to 1/s because the masses cancel. But if mχ � mη0 , we
approach a resonance when s = m2

χ when t is small compared to s and m2
χ. This is

the reason why we have a resonance feature in the right but not in the left panel. We
further notice, that the cross section only depends on the mass of the dark matter
particle mη0 and not the mass of the other particles involved in the process. This
is reasonable because for large energies the cross section should scale with 1/s and
the masses should be irrelevant.

The two other processes, namely νη0 → η+e− and η0ν → νA0, should have the
same order of magnitude than νη0 → χZ. During the calculation we encountered
some problems. Due to unitarity the cross section should scale in both processes
with 1/s for large energies. The phase space factor always scales with 1/s2 in
our processes. But, we obtained a matrix amplitude that has a term which is
proportional to s2. Hence, for large energies the cross section becomes constant.
This is very odd, because it was not expected and violates the unitarity condition.
Consequently, we do not fully understand the process or there is something wrong
in the calculations. But our calculation were fine for the previous scatterings and
is also valid for the case of χ being the dark matter. For the process of η0ν → χZ
we also would have a constant term if we only include the right diagram if Fig.
6.9. By including the left diagram with A0 as mediator the constant term cancelled
out. Therefore, the constant cross section might be due to the fact that we are
missing some diagrams. However, finding those diagrams is left over for future work.
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Nevertheless, the magnitude of the cross section should be comparable to that of
the η0ν → χZ scattering. The interesting part of the diagrams with the bosons as
mediator is that we have a cross section that is proportional to the known gauge
boson coupling g4 and independent of the unknown coupling Yukawa coupling y.
Note that there could also be diagrams with the Goldstone boson that we neglected
for simplicity and because we think they are suppressed by me.

So, let us continue by only taking the diagrams into account that scale with g2y2
and y4. Thus, we drop the right diagrams of Fig. 6.20 and Fig. 6.11 which are
proportinal to g4. For the cross sections we obtain

dσ

dt

∣∣∣∣
νη0→η+e−

=
y4(m2

η0
(−m2

e +m2
η − s) + s(−m2

η + s+ t))

32π(s−m2
η0
)2(m2

χ − s)2
, (6.53)

where mη denotes the mass of the charged η particle and

dσ

dt

∣∣∣∣
νη0→νA0

=
y4(m2

A0 +m2
η − 2s− t)2((m2

A0 − s)(m2
η − s) + st)

32π(m2
χ − s)2(m2

η − s)2(−m2
A0 +m2

χ −m2
η + s+ t)2

. (6.54)

The results are shown in Fig. 6.13 and Fig. 6.14.
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Figure 6.13: Left panel: Inelastic scattering cross section of the dark matter particle η0

and the neutrino given by the νη0 → η+e− in the t-channel mediator scenario but only for
the s-channel diagram. The mass of mη0 = 100 GeV and y = 0.7. Two different cases are
shown for the mediator mass mχ = 105 GeV and mχ = 200 GeV. Right panel: The same
inelastic scattering cross section than in the left panel but for the Scotogenic scenario,
where mη0 = 1 TeV and y = 10−2. The mediator masses are mχ = 10, 102, 103 TeV. For
simplicity we set the masses of the η doublet to be equal.

In Fig. 6.13 we can see the inelastic scattering νη0 → η+e− but only in the
s-channel. We dropped the diagram, where the mediator is the W boson because
we encountered some problems. In the left panel the scenario with mη0 = 100 GeV,
mχ = 105, 200 GeV and y = 0.7 is shown which can be realised in the t-channel
mediator model. The right panel shows the Scotogenic scenario for mη0 = 1 TeV,
mχ = 10, 102, 103 TeV and y = 10−2. We chose for both panels the same mass for
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the η particles for simplicity which means that mη0 = mη. Strictly we must use that
mη0 . mη+ but it only makes a difference in the onset of the scattering. That is
why we neglected the mass difference here. For both scenarios we see that the cross
section decreases with 1/Eν if Eν � (mη0 −m2

χ)/(2mη0) as in the elastic scattering,
namely:

σνη0→η+e−
∣∣
E�mχ

h
y4

128πEνmη0
(6.55)

This should be the case because the scattering is comparable to the elastic scattering
if we set me = 0 and mη0 = mη. But we note some difference for Eν < (mη0 −
m2

χ)/(2mη0). Here the cross section scale with Eν between mη0 < Eν < (mη0 −
m2

χ)/(2mη0) and with E2
ν for Eν � mη0 . More precisely they are given by:

σνη0→η+e−
∣∣
Eν�mη0

h
y4E2

ν

16πm4
χ

(6.56)

and
σνη0→η+e−

∣∣
mη0<Eν<

m2
χ−m2

η0

2mχ

h
y4mη0Eν

32πm4
χ

, (6.57)

where we set me = 0 and mη0 = mη. In the elastic scattering the cross section scales
with E4

ν and E3
ν in those regimes. The reason for this is that we are only dealing with

the s-channel here. In the elastic scattering we also have the u-channel which leads to
different scaling behaviours. One can simply check that by only using the s-channel
for the elastic scattering and compare the two matrix elements. They are equal if
one sets me = 0 and mη0 = mη. We will not check it explicitly here because it is
straightforward and only takes a few steps of computation. Otherwise, we just have
to believe the words of the thesis writer who checked it. For small mass differences
between the dark matter particle and the mediator we do not have the intermediate
scaling regime and the cross section scales with E2

ν if Eν < (mη0 −m2
χ)/(2mη0).

In Fig. 6.14 we can see the cross section of νη0 → νA0. We once again the
usual scenarios of mη0 = 100 GeV, mχ = 105, 200 GeV (left panel) and y = 0.7 and
mχ = 1 TeV with mχ = 10, 102, 103 TeV and y = 10−2 (right panel) are shown. For
simplicity we chose mη0 = mA0 . Here the cross section is similar to the elastic cross
section despite the fact that the pseudoscalar follows different Feynman rules. But
the scattering becomes quite similar when we equal the masses of η0 and A0. For
energies with Eν � mχ we have

σ
∣∣
Eν�mχ

h
y4

16πEνmη0
(6.58)

and
σ
∣∣
Eν�mη0

h
y4E4

νmη0

πm8
χ

(6.59)

Thus, the large and low scaling behaviours are similar to the elastic scattering. Due
to that fact, we will not comment further on the plots because we would just repeat
what we have written in ch. 6.1. But we want to mention again that there are still
some diagrams missing that one has to include for the inelastic scattering. Now, we
want to turn our interest to the scattering between photons and the dark matter
particles.
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Figure 6.14: Left panel: Inelastic scattering cross section of the dark matter particle η0

and the neutrino given by the νη0 → νA0 in the t-channel mediator scenario but without
the Z boson as mediator. The mass of mη0 = 100 GeV and y = 0.7. Two different cases are
shown for the mediator mass mχ = 105 GeV and mχ = 200 GeV. Right panel: The same
inelastic scattering cross section than in the left panel but for the Scotogenic scenario,
where mη0 = 1 TeV and y = 10−2. The mediator masses are mχ = 10, 102, 103 TeV.

In the scenario of η0 being the dark matter we could also have an interaction
between the photons and the dark matter particles at tree level via the process
η0γ −→ η+W− which is shown in Fig. 6.15.

γ

η0

W−

η+

W−

γ

η0

η+

W−

η+

Figure 6.15: Feynman diagram of the η0γ −→ η+W− scattering in the t-channel medi-
ator model.

During the calculation of the cross section of the diagrams in Fig. 6.15 we also
encountered the same problem than in the processes νη0 → η+e− and η0ν → νA0.
As mentioned earlier the cross section becomes constant which violates unitarity.
We discussed this problem above, so we will not discuss it further. The problem
could be that there are still diagrams missing for the process. Solving this issue is left
over for future work. But we want to highlight that the left diagram only depends
on g4 which makes it an attractive interaction because we do not have the unknown
Yukawa coupling y. Also, we have interference terms between the two channels. It
might be that they are the reason for a constant cross section. Nevertheless, we
will not continue with the calculations and turn now our interest into the case of
fermionic dark matter.
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6.4.2 Fermionic Dark Matter
After examining the case of scalar dark matter we now want to look at the case

where the dark matter candidate is the χ particle. Here, we can also have elastic and
inelastic scattering between the neutrinos or photons. This scenario can be realised
in the Scale Invariant Scotogenic Model as well as in the t-channel mediator model.

The interaction term of the elastic scattering is the same than above with Lint =
−yχPLνη

0. Thus, we obtain the following two Feynman diagram ms for the νχ→ νχ
scattering shown in Fig. 6.16. The fermion dark matter χ is a Majorana fermion
which is its own antiparticle. Because of that we also have to take the s channel for
the scattering.

χ(k, r)

ν(p, s)

χ(k′, r′)

ν(p′, s′)
p

p+ k

η

p′

k k′
χ(k, r)

ν(p, s)

χ(k′, r′)

ν(p′, s′)
p

p− k′

η

p′

k k′

Figure 6.16: Feynman diagram of the νχ→ νχ scattering in the s and u channel. Here
the η is strictly speaking an η0.

Note that we also could have the same diagrams with the A0 instead of the η0
as mediator. But, by neglecting these terms we implicitly assume that mη0 < mA0 .
The diagrams scale with 1/m2

med and therefore the contributions from A0 can be
neglected because they are supposed to be smaller. For the matrix amplitude we
obtain the following:

iT = uν(p
′, s′)(−iy)PRvχ(k

′, r′)
i

(p+ k)2 −m2
η

vχ(k, r)(−iy)PLuν(p, s)

+ uν(p
′, s′)(−iy)PRuχ(k, r)

i

(p− k′)2 −m2
η

uχ(k
′, r′)(−iy)PLuν(p, s).

(6.60)

Note that we have to take the Feynman rules for Majorana particles which can
be found in [113]. Luckily, this feature is implemented in Mathematica, such that
one can simply evaluate the cross section. Notice, that Mathematica automatically
transposes spinor chains in order to perform the spin sums [53], e.g. vT (p, s) =
−u(p, s)C, where C is the charge conjugated operator.

This time we have to take the spin average to be 1/4 for the two fermions because
we assume that the dark matter particle is a spin 1/2 particle. Thus, after some
calculations we obtain that cross section in of the dark matter particle χ in terms
of the Mandelstam variables is given by

dσ

dt

∣∣∣∣
νχ→νχ

=
y4

128π(s−m2
χ)

2

{
(s−m2

χ)
2

2(s−m2
η0)

2
+

(m2
χ − u)2

2(u−m2
η0)

2
−

m2
χt

(s−m2
η0)(u−m2

η0)

}
(6.61)

We can replace the Mandelstam variable u with u = −s− t+2m2
χ and integrate Eq.

(6.61) numerically over dt from −(s − mχ)
2/s to 0 with Python. The results are
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shown in Fig. 6.17. Note that we used the different expression for the cross section
this time than in the case for scalar dark matter elastic scattering. The numerical
integration over dt with Python is more time efficient than the integration over the
angle θ.
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Figure 6.17: Left panel: Elastic scattering cross section of the dark matter particle χ and
the neutrino given by νχ→ νχ in the t-channel mediator model. The mass of mχ = 100
GeV and y = 0.7. Two different cases are shown for the mediator mass mη0 = 105 GeV
and mη0 = 200 GeV. Right panel: The same elastic scattering cross section than in the
left panel but for the Scotogenic scenario, where mχ = 1 TeV and y = 10−2. The mediator
masses are mη0 = 10 TeV, mη0 = 102 TeV and mη0 = 103 TeV.

In Fig. 6.17 we see twp different scenarios. In the left panel the scenario for
the dark matter mass of mχ = 100 GeV and two different mediator masses mη0 ,
namely 105 GeV and 200 GeV are shown. This mass splitting is compatible with
the Yukawa coupling of y = 0.7. We notice the low and large scale behaviours which
are given by

σνχ→νχ

∣∣
Eν�mχ

h
y4E2

ν

32πm4
η0
. (6.62)

and
σνχ→νχ

∣∣
Eν�mχ

h
y4

128πEνm2
χ

. (6.63)

So, for Eν � mχ the cross section scales with E2
ν and for Eν � (m2

η0 −m2
χ)/(2m

2
χ)

the cross sections is proportional to E−1
ν . This scaling behaviour is in good

agreement with [96]. Furthermore, we notice again the resonance peak for Eν ≈
(m2

η0 −m2
χ)/(2m

2
χ). Hence, the cross section increases with E2

ν until the resonance
peak and then after the resonance the cross section decreases with E−1

ν . We can also
see that in the large energy regime the cross section is independent of the mediator
mass which only plays a role in the low energy regime and for the resonance peak.
The resonance is due to the s channel and can be a good feature for probing the
model.

In the Scotogenic scenario, which is given in the right panel of Fig. 6.17, we use
a dark matter mass of mχ = 1 TeV and three different mediator masses mη0 , namely
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10 TeV, 102 TeV and 103 TeV. The Yukawa coupling was chosen to be y = 10−2.
Here we notice a third energy regime which is between the resonance peak and the
low energy regime, namely when mχ < Eν < (m2

η0 −m2
χ)/(2mχ). In this regime the

cross section scales with Eν and is given by

σνχ→νχ

∣∣
mχ<Eν<

m2
η0

−m2
χ

2mχ

h
y4mχEν

64πEνm4
η0
. (6.64)

In the t-channel scenario we do not have this scaling behaviour because we are
already in the regime where σ ∼ E − ν−1 after the resonance peak when Eν ∼
mχ. Thus, only for large mass splittings we have this feature in the cross section
because for low mass differences between the mediator and the dark matter mass the
resonance peak shifts to energies lower than the dark matter mass. For a large mass
difference the resonance peak is approximately given by Eν ∼ m2

η0/(2mχ) which is
larger than mχ for mη0 � mχ. After the resonance peak, the cross section scales
again with E−1

ν as in the t-channel scenario. We once again remark that the cross
section in the Scotogenic scenario is reduced by at least 8 order of magnitude because
the cross section is proportional to y4. It is further reduced because we have chosen
a higher dark matter and mediator mass than in the t-channel mediator scenario.
Notice, that in the Scale Invariant Scotogenic Model there is also a parameter space
for a dark matter mass at mχ ∼ O(100 GeV) [107] but the cross section would
still be smaller than in the t-channel mediator scenario because of the small Yukawa
coupling y. We further remark that in the Scotogenic Model the dark matter particle
χ is very much contrived and ruled out. Nevertheless, we wanted to present the
scenario for the elastic scattering because fermionic dark matter is allowed for the
scale invariant extension [112] and because we wanted to show the new energy region
where σ ∼ Eν .

Next we want to take inelastic scattering into account. If χ is our dark matter
particle, we could have inelastic scatterings between the dark matter particle and
the neutrino and the photon. We first look at the photon dark matter interaction.
Remember that in t-channel mediator model we can either choose the scalar particle
η as a singlet or doublet under SU(2)L. In the case for the photon let us treat
η as a scalar singlet. Then, the interaction between the dark matter Majorana
fermion χ, the scalar singlet η and the right-handed fermion fR can be realised in
the the MSSM, when η is the selectron ẽ. So, the interaction Lagrangian reads
Lfermion

int = −yχe−Rẽ
+
R + h.c. [99]. Thus, we have the following vertex:

y

χ

eR

ẽR = −iyPR (6.65)

Hence, we obtain the process of γχ→ eRẽR which is shown in Fig. 6.18.
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Figure 6.18: Feynman diagram for the inelastic scattering between the dark matter
particle χ and a photon γ, namely γχ −→ e−ẽ+. The diagram for the process γχ→ e+ẽ−

is analogousely with the charge flow going in the opposite direction.

We want to remark that just now we implicitly chose the η particle to be the
selectron. The inelastic scattering process can be implemented in Mathematica and
we obtain the following matrix element:

|T 2| = e2y2

6

[
(u−m2

e −m2
χ)(m

2
e + 3m2

η +m2
χ − s− t+ u)

(u−m2
η)

2

−
2(m2

e(m
2
χ + t− u) +m4

e +m2
η(4m

2
χ − 2u)− 2m2

χs−m2
χt+ tu)

(u−m2
η)(t−m2

e)

−
2(m2

e(−2m2
η +m2

χ + 3t+ u)−m4
e +m4

η −m2
η(s+ t+ u)−m4

χ

(t−m2
e)

2)

−
2(m2

χs+m2
χu+ st)

(t−m2
e)

2

]
.

(6.66)

Note that for the mass of the selectron we have usedmη because we want to highlight
that the singlet particle can but must not be the selectron. We can simplify this
expression further by setting me = 0 and use s + t + u = m2

χ +m2
η. Hence, we get

for the differential cross section in the rest frame of the dark matter particle χ the
following expression:

dσ

dt

∣∣∣∣
γχ→γχ

=
e2y2

48π(s−m2
χ)

2

[
2m4

η(m
2
χ − s) +m2

η(2s(s+ t)− 2m4
χ)

t(s+ t−m2
χ)

2

+
m6

χ −m4
χ(s+ 2t) +m2

χ(s+ t)2 − s(s+ t)2

t(s+ t−m2
χ)

2

]
.

(6.67)

The mass of the electron is small compared to the mass of the other particles involved
in the process. Thus, it is valid to set the electron mass equal to zero. Also, it makes
the calculations easier and is less time consuming for the Python program. Now, we
can again integrate the differential cross section numerically. The result is shown in
Fig. 6.19.
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Figure 6.19: The figure shows the inelastic scattering cross section γχ→ eη of fermionic
dark matter with a high energetic photon, where we assumed that me ≈ 0, y ≈ 0.5. Here
y is the Yukawa coupling between the DM, the electron and the scalar singlet particle η
which can be the selectron ẽ. The t-channel mediator model can be realised in the MSSM.
The dark matter mass mχ = 100 GeV and mη = 105, 200 GeV.

In Fig. 6.19 we see two different graphs. The solid line indicates the case where
the mediator mass mη = 105 GeV and the dashed line stands for the case where
mη = 200 GeV. For both cases the dark matter is mχ = 100 GeV. We have an an
onset which makes sense because the process is kinematically allowed when

√
s >

mη +me. This translates into Eγ ≈ (m2
η −m2

χ)/(2mχ). Hence, for larger mediator
masses the channel opens for larger energies as we can see in the figure. The Yukawa
coupling is y = 0.5 and therefore corresponds to the case where the η can be the
selectron of the MSSM. We can approximate the cross section for E � mη as follows:

σ
∣∣
γχ→eη

h
e2y2 log

(
2Eγmχ

m2
e

)
96πmχEγ

. (6.68)

Interestingly, the cross section does not depend on the mass of the η (or selectron).
But, if we look again at the two diagrams that are involved in our process in Fig.
6.18, we realise that the diagrams are proportional to 1/m2

med. The η or selectron
has masses at around hundred GeV, while the mass of the electron is 511 keV.
Thus, me � mη and therefore the cross section of the right diagram in Fig. 6.18 is
suppressed compared to the left diagram. That is why for large energies the cross
section scales only with the electron mass because the electron is the mediator in the
left diagram. We also remark that the cross section scales basically with E−1

γ because
the logarithm grows slowly as the energy increases. We do not have an increase of
the cross section because for Eγ < (m2

η − m2
χ)/(2mχ) the process is kinematically

forbidden.
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Also, we only looked at the t-channel scenario because we do not have η as a
singlet under SU(2)L in the Scotogenic scenario. But in the t-channel mediator it
is possible that η is a singlet. Note, that in this process we only have right-handed
electrons as selectrons because the fermions which couples to the η singlet must also
be a singlet (because χ is a singlet too).

Note that we could also have the elastic scattering of χγ → χγ in the t-channel
mediator model as follows:

γ

χ

y y

γ

χ

e

ẽ

e

e

But since it has terms with y2 and e2 it will be highly suppressed compared to
the inelastic scattering. Therefore we neglected this term´. But one can calculate
his diagram as future work.

Next, we want to consider the inelastic scatterings for the case where η is a scalar
doublet under SU(2)L. As doublet it can interact with the gauge bosons W+, W−

and Z. Here, we once again want to look at the scenario of the t-channel mediator
with Yukawa coupling y and small mass splitting between the scalar doublet η and
the Majorana singlet χ. The two inelastic channels that we have are χν → η0Z and
χν → ν−W+ or χν → η+W−. The diagrams of these processes are shown in Fig.
6.20 and Fig. 6.21.

χ

ν

W+

η−

η0/A0

χ

ν

η−

W+

e

Figure 6.20: Feynman diagram of the νχ −→ η−W+ scattering in the t-channel mediator
model.

χ

ν

Z

η0

A0

χ

ν

η0

Z

ν

Figure 6.21: Feynman diagram of the νχ −→ η0Z scattering in the t-channel mediator
model. Note that we can not have a s channel with η0 because the η0η0Z vertex is
forbidden by parity. See the Appendix in [101] for the Feynman rules.
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The cross section of the process νχ→ η−W+ is given by

dσ

dt

∣∣∣∣
νχ→η−W+

=
e2y2

128πt2m2
W (s−m2

η0)
2(s−m2

χ)
2 sin2 θ2W

·[
m4

W (4m2
η0(m

2
ηs+m2

χ(t− s)− st) + 2m4
η0(−m2

η +m2
χ + t)

− 2m2
ηs

2 + 2m2
χs

2 − 4m2
χst−m2

χt
2 + 2s2t+ st2)

+ 2tm2
W (m2

η(m
2
χ(2s+ t)− s(s+ t)) +m2

η0(−2m2
ηm

2
χ + 2m4

χ

−m2
χ(2s+ t) + s(2s+ t)) +m4

η0(m
2
η − s− t)

− s(2m4
χ − 2m2

χ(s+ t) + s(s+ t)))− (m2
η −m2

η0)
2t2(m2

χ − s)
]

(6.69)

Note that we have set the mass of the electron me = 0 because it is small compared
to the other masses. Furthermore, we already expressed u in terms of s, t and
the masses mχ, mη and mW where mη the mass of the charged component of the
doublet η. Furthermore, we focused on the diagram, where the η0 is the mediator
for simplicity. Including the diagram with the pseudoscalar A0 as mediator is left
over for future work. Once again, θW is the Weinberg angle with cos θW = mW/mZ

and e = gsinθW with g being the gauge coupling.
The cross section of the analogous process νχ→ η0Z reads

dσ

dt

∣∣∣∣
νχ→η0Z

=
e2y2

256πt2m2
Z(s−m2

A0)2(s−m2
χ)

2 sin2 θW cos2 θW
·[

m4
Z(2m

4
A0(−m2

η0 +m2
χ + t) + 4m2

A0(m2
η0s+m2

χ(t− s)− st)

− 2m2
η0s

2 + 2m2
χs

2 − 4m2
χst−m2

χt
2 + 2s2t+ st2)

− 2tm2
Z(m

4
A0(−m2

η0 + s+ t) +m2
A0(2m2

η0m
2
χ − 2m4

χ +m2
χ(2s+ t)

− s(2s+ t)) +m2
η0(s(s+ t)−m2

χ(2s+ t)) + s(2m4
χ − 2m2

χ(s+ t)

+ s(s+ t)))− t2(m2
A0 −m2

η0)
2(m2

χ − s)
]
,

(6.70)

where we have once again replaced u with s, t, mχ, m0
η and mZ . Note that this

cross section has an additional cos2 θW in the denominator due to the coupling of
the Z boson to the neutrino. The Z bosons couples with e/(2 sin θW cos θW ) while
the W couples with e/(

√
2 sin θW ). This is also the reason why the cross section of

the Z process is divided by 256 instead of 128. We can again integrate over dt with
Python to obtain the full cross section. This is shown in Fig. 6.22.

In Fig. 6.22 we can see both cross section for the inelastic scattering between the
dark matter particle χ and the neutrino into a final state with a Z orW boson. Two
cases are shown for mχ = 100 GeV and mη = 105 GeV (left panel) and mχ = 100
GeV and mη = 200 GeV (right panel). For simplicity we assumed that all masses
of the SU(2)L doublet are the same and given by mη. The only difference between
these two cases is that the cross section shifts to larger energies as the mass mη

increases and that the cross section is more suppressed due to the higher mass of
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Figure 6.22: Left panel: The figure shows the scattering cross section νχ −→ η0Z
and νχ −→ η−W+. Here we choose mχ = 100 GeV, mη = 105 and y = 0.7. For
simplicity the masses of the η doublet are set equal so that mη0 = mA0 = mη = 105
GeV. Right panel: The same cross section than the left panel but with mχ = 100 GeV,
mη0 = mA0 = mη = 200 GeV and y = 0.7.

mη. The cross section shifts to larger energies because the channel opens when√
s > mW/Z + mη which translates into Eν > ((mW/Z + mη)

2 − m2
χ)/(2mχ). For

large energies, where Eν � mη, we obtain the following behaviour for the cross
sections:

σ|νχ−→η−W+ h
e2y2

128πEνmχ sin
2 θW

(6.71)

σ|νχ−→η0Z h
e2y2

256πEνmχ sin
2 θW cos2 θW

(6.72)

Hence, both cross sections scale with E−1
ν for large energies and only depend

on the unknown dark matter mass mχ. We also remark that for large energies
σ|νχ−→η−W+ = (cos2 θW/2) · σ|νχ−→η0Z . This relation can be understand physically.
The diagrams in Fig. 6.20 and Fig. 6.21 are SU(2)L related. The Lorentz structure
of the particles is identical. The only difference are the masses and the charge which
are irrelevant for high energies. Hence, it makes sense that both processes have the
same scaling behaviours and the simple relation for large energies.

Note that we could also plot the cross section for larger values of mχ and mη,
namely for mχ = 1 TeV and mη = 10 TeV. But the graphs would look identical.
The only difference would be that the value for the cross section decreases and gets
shifted to larger energies because the channel opens for larger energies. It would
not give more insights as we now so far. That is why we do not treat this case here,
unlike in the elastic scattering. We obtain larger cross sections for lower dark matter
and mediator masses.

Let us also take a look at the cross section for different mass splittings in the
SU(2)L doublet. The masses ofmη− ,mη0 andmA0 are strictly speaking not identical.
So, lets keep the dark matter mass mχ fixed and vary the scalar doublet masses. We
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Figure 6.23: Left panel: Cross section of νχ −→ η−W+ with mχ = 100 GeV the dark
matter mass, mη0 = 105 GeV and y = 0.7 as function of the neutrino energy Eν . The
cross section is shown for three different mass splittings ∆mη = mη− −m0

η.Right panel:
The same cross section than the left panel but with mχ = 100 GeV and mη0 = 200 GeV.

define the mass splitting ∆mη = mη− −m0
η and ∆mA0 = mA0 −mη0 . The results of

the mass splitting are shown in Fig. 6.23 and in Fig. 6.24.
So, in Fig. 6.23 we can see the the cross section of the νχ → η−W+ process

with the dark matter mass mχ = 100 GeV and the mass of the neutral component
of the scalar doublet mη0 = 105 GeV (left panel) and mη0 = 200 GeV (right panel).
The three different colours stand for the mass splittings of ∆mη = 10 GeV (blue),
∆mη = 50 GeV (green) and ∆mη = 100 GeV (red). We can see that the mass
splitting only is relevant for energies lower than 103 GeV. But even there the cross
section does not change in one order of magnitude. For large energies above 103 GeV
the mass splitting is totally irrelevant. If we increase the mass of the η0 particle,
the mass splitting does not play a significant role anymore and gets more negligible.
Hence, we can set the masses of the η0 and the charged η− to be equal with a clear
conscience.

In Fig. 6.24 we can see the the cross section of the νχ −→ η0Z process with
the dark matter mass mχ = 100 GeV and the mass of the neutral component of
the scalar doublet mη0 = 105 GeV (left panel) and mη0 = 200 GeV (right panel).
The two three different colours stand for the mass splittings of ∆mA0 = 10 GeV
(blue) and ∆mA0 = 100 GeV (green). In both panels we see an interesting feature
which is due to the resonance peak of the s channel, namely when s = mA0 . This
feature becomes visible when the mass splitting ∆mA0 is at the order of mZ . We
know that the inelastic channel is kinematically allowed when

√
s > mη0 +mZ . This

gives a threshold energy of Eth = ((mη0 +mZ)
2 −m2

η0)/(2mη0). The cross section
hits the resonance when Eres = (m2

A0 −m2
χ)/(2mχ). By demanding that Eres > Eth

we obtain that mA0 > mη0 + mZ which we can further simplify to ∆mA0 > mZ .
Therefore, when the mass splitting ∆mA0 is larger than the mass of the Z boson we
get a resonance peak in our inelastic cross section. Such features are always nice to
have. But unfortunately, we do not expect such high mass splittings between the
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Figure 6.24: Left panel: Cross section of νχ −→ η0Z with the dark matter mass mχ =
100 GeV, the scalar particle mass mη0 = 105 GeV and y = 0.7 as function of the neutrino
energy Eν . The cross section is shown for three different mass splittings ∆mA0 = mA0 −
mη0 between the scalar η0 and the pseudoscalar A0. Right panel: The same cross section
than the left panel but with mχ = 100 GeV and mη0 = 200 GeV.

scalar η0 and the pseudoscalar A0 [100, 101].
So, as expected the mass splitting does not play a crucial role for the cross section

despite of the resonant peak. Hence, it is a good approximation to set the masses
equal.

In the end, we are only interested in the rate of absorption that comes from the
inelastic scattering between the neutrinos and the dark matter particles (see ch.
6.5). Therefore, we are only interested in the total inelastic cross section. The final
state is irrelevant for the absorption rate. Also, the final states are distinguishable
from each other and we do not expect them to interfere among themselves. Thus,
we can express the total cross section as a incoherent sum of the processes which
reads

σtot
DM−ν = σνχ→η−W+ + σνχ→η+W− + σνχ→η0Z (6.73)

Note that we could also have the channel of νχ → A0Z which we did not treat in
our analysis. Including this channel is left over for future work. So finally, we can
simply add all of the inelastic channels together. The result is shown in Fig. 6.25.

In Fig. 6.25 we can see the total inelastic cross section of the scattering between
the dark matter particle χ and the neutrino ν as a function of the neutrino energy
Eν for a dark matter mass mχ = 100 GeV (left panel) and mχ = 300 GeV (right
panel). We varied the mass of the scalar doublet mη between 105 GeV and 400 GeV
in the left and between 450 GeV and 900 GeV in the right panel. We set all masses of
the η doublet equal. The variations correspond to the cases of mη/mχ−1 = 0.5, 1, 2
in the right panel and to mη/mχ − 1 = 0.05, 1, 3 in the left panel. Note that for
some of the cases we have to chose a different value of the Yukawa coupling y (see
Fig. 6.5). For the cases where the Yukawa coupling lies between y = 1− 2 we chose
that y ≈ 1.5. We see in both panels that for large energies the total inelastic cross
section is independent of the scalar doublet mass mη and only depends on the dark
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Figure 6.25: Left panel: The total inelastic cross section of the scattering between the
neutrinos and the dark matter particle χ with mχ = 100 GeV. We set all masses of the
η doublet to be equal at mη = 105 GeV (blue curve), mη = 200 GeV (green curve) and
mη = 450 GeV (red curve). Right panel: Also, the total inelastic cross section of the
scattering between the neutrinos and χ but for mχ = 300 and mη = 450 GeV (blue curve),
mη = 600 GeV (green curve) and mη = 900 GeV (red curve). Note that in this mass
regime the value of the Yukawa coupling y ranges between y = 1 − 2 (see Fig. 6.5) and
we therefore chose y ≈ 1.5.

matter mass mχ, as expected. The cross section decreases with E−1
ν because all of

the separate cross sections decrease with E−1
ν for large energies. We can approximate

the cross section by

σtot
DM−ν

∣∣∣∣
E�mη

h 2.5 · 10−2 y2

Eνmχ

. (6.74)

The cross section in the high energy regime depends linearly on mχ and therefore
weakens when increasing mχ. The cross section on the right panel is also slightly
lager because the Yukawa coupling y is larger than in the left panel even though the
dark matter mass is larger. We also want to highlight that the cross section only
depends on two unknown variables, namely y and mχ in the high energy regime.
This is interesting to know because on excepts neutrinos from AGNs to be emitted
at the order of several TeVs [81, 82]. Thus, for neutrinos from AGNs we are left with
two unknown parameters. We further remark that the cross section scales with y2.
To achieve high values for the cross section one either needs large Yukawa couplings
or small dark matter masses which can be realised in the t-channel mediator model.

6.5 Flux Attenuation of the Neutrinos or Photons
Ultimately, we are interested in the rate of absorption and therefore in the total

cross section. For the total inelastic cross section the final state is irrelevant. The
final states are indistinguishable from each other and do not interfere. Therefore,
the total cross section is an incoherent sum of the rates. With this cross section we
can determine the absorption rate.
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Remember, that we can approximate the reduction of the neutrino or photon flux
in the vicinity of a black hole by (see ch. 5.4):

Φobs
ν

Φem
ν

= e−µν = e
−σDM-νΣDM

mDM . (6.75)

This equation results from the cascade equation which can be simplified for the case
of inelastic scattering because we do not have any final neutrino energy E ′

ν anymore.
Let us start our investigations for the absorption rate with the case of fermionic dark
matter χ and then continue with the scalar dark matter η. Note, that we switch the
order.

6.5.1 Fermionic Dark Matter
We are now in the position that we have the total inelastic cross section for the

interaction between ν and χ shown in Fig. 6.25. Furthermore we can approximate
the dark matter density as a dense dark matter spike with Eq. 5.21. So, let us take
the column density of the blazar TXS 0506 + 056 (see Fig. 5.4) and evaluate Eq.
6.75 as a function of the neutrino energies Eν . The result is shown in Fig. 6.26.
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Figure 6.26: Flux attenuation of the neutrinos in vicinity of the blazar TXS 0506 + 056
as a function of the neutrino energy Eν for. The column density given by Fig. 5.4.

In Fig. 6.26 we can see that the rate of absorption of the total inelastic scattering
between the neutrino and the dark matter particle χ. The dark matter mass was
chosen to be mχ = 100 GeV and mη = 105 GeV is the mass of the SU(2)L dou-
blet, where we set all of the masses in the doublet to be equal. The four different
colours indicate four different column densities, due to the emission region Rem of
the neutrino and the annihilation cross section of the dark matter particles. Note
that the y-axis only shows magnitude of 10−7. Hence, for the balzar TXS 0506+056
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we only have an impact on the absorption in the seventh digit. Thus, we can clearly
say that we would not expect any reduction of the neutrino flux on earth with our
t-channel mediator model for the blazar TXS 0506 + 056. The column density of
TXS 0506+056 is simply to small. Therefore, we do not have a sizeable interaction
between the dark matter particles and the neutrinos.

However, we can continue our investigations by varying the column density of
the dark matter mass ΣDM. The result is shown in Fig. 6.27.
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Figure 6.27: Left panel: The observed neutrino flux normalised to the emitted neutrino
flux as a function of the neutrino energy Eν given by Eq. (6.75). The cross section was
calculated with Eq. (6.73) for a dark matter mass of mχ = 100 GeV and a scalar doublet
mass of mη = 105 GeV. All of the masses of the scalar doublet are chosen to have the
same mass. Right panel: The same than in the left panel but with mη = 200 GeV.

In Fig. 6.27 we used Eq. (6.75) together with the cross section of Eq.
(6.73) for both panels. We show the emitted neutrino flux over the observed
neutrino for different values of the dark matter column density ΣDM, namely
ΣDM = 1036, 1037, 1038, 1039 GeV/cm2. For both panels we use mχ = 100 GeV
and chose mη = 105 GeV for the left panel and mη = 200 GeV for the right one. In
the high energy regime the mass differences of the η particles is irrelevant for the
cross section. That is why we have chosen all of the masses of the η doublet to be
equal. We can see that the absorption starts for Eν > 102 GeV because the inelastic
channel is kinematically forbidden before. In the left panel the absorption is over
90% for Eν ∼ 102−103 GeV for ΣDM = 1037 GeV/cm2, between Eν ∼ 102−104 GeV
if ΣDM = 1038 GeV/cm2 and between Eν ∼ 102 − 105 GeV if ΣDM = 1039 GeV/cm2.

If we want to have the attenuation coefficient at least at order one or greater we
demand that Φobs

ν /Φem
ν ≤ 0.35. Which is an absorption rate of at least 65%. This

is indicated in Fig. 6.27 as dashed line which separates the plot in a regime where
µ < 1 and µ ≥ 1. For the scenario of mχ = 100 GeV and mη = 105 GeV this is
realised between 100 GeV and a few TeV if ΣDM = 1037 GeV/cm2, between 100 GeV
and several 10 TeV if ΣDM = 1038 GeV/cm2, between 100 GeV and several 100 TeV
if ΣDM = 1039 GeV/cm2. For the scenario of mχ = 100 GeV and mη = 200 GeV
between 200 GeV and 3 TeV if ΣDM = 1038 GeV/cm2, between 200 GeV and 30 TeV
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Neutrino energy Eν range for an absorption rate of at least 65%

mχ [GeV] mη [GeV] ΣDM [GeV/cm2] µ Φobs/Φem Eν [TeV]

100

105

1036 ≥ 1 ≤ 0.35 0
1037 ≥ 1 ≤ 0.35 0.12− 3.5
1038 ≥ 1 ≤ 0.35 0.12− 35
1039 ≥ 1 ≤ 0.35 0.12− 350

200

1036 ≥ 1 ≤ 0.35 0
1037 > 1 ≤ 0.35 0.34− 2.5
1038 ≥ 1 ≤ 0.35 0.34− 35
1039 ≥ 1 ≤ 0.35 0.34− 350

Table 6.1: Summary of the neutrino energy range Eν for which we have at least an
absorption of 65% for the inelastic scattering with the dark matter particle χ.

and between 200 GeV and 300 TeV if ΣDM = 1039 GeV/cm2. In both scenarios the
rate of absorption is below 65% for 100 TeV if ΣDM < 1037 GeV/cm2. A concrete
summary of the energies ranges can be found in Tab. 6.1. For lower dark matter
densities than ΣDM = 1037 GeV/cm2 the rate of absorption is for both scenarios not
sufficient enough to probe the model.

One expects blazars to emit neutrinos in the regime of several hundreds of TeV.
To achieve absorption for neutrino energies of hundred TeV one has to increase the
dark matter column density up to ΣDM = 1039 GeV/cm2. This is nearly ten orders
of magnitude larger than the dark matter spike that we expected around the blazar
TXS 0506 + 056 [3]. In the case of the galaxy NGC we might have larger column
density than for TXS 0506 + 056 [4] but still the spike density is less than 1032

GeV/cm2 which is still 5 to 6 orders of magnitude lower than we need. Nevertheless,
it could still be possible that there are AGNs in the universe that have a large
enough column density to probe the t-channel mediator model but it has yet to be
found. We also want to mention that the formation of a spike is rather unclear and
that it is covered with a lot of astrophysical uncertainties. So, once again, particle
physicists have to rely on astrophysicists and both have to work together. Note
that we also did not include the inelastic scattering channel of the Scale Invariant
Scotogenic Model which can be included in a future work. Let us now look at the
dark matter-photon interaction.

We can do the same analysis for the photon and dark matter interaction. Re-
member, that in this case the η is a singlet under SU(2)L and interacts with the
right handed fermions. The total inelastic cross section is also a sum of the single
processes and given by

σtot
DM−γ = σχγ→ẽ+e− + σχγ→ẽ−e+ , (6.76)

where we once again have chosen the η singlet to be the selectron. We will also
denote the mass of the selctron with mη to highlight that the η must not be the
selectron.

As for the neutrinos, we can investigate if the column density of the TXS 0506+
056 is large enough to deplete the photon flux sufficiently. The result is shown in
Fig. 6.28.
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Figure 6.28: Flux attenuation of the photons in vicinity of the blazar TXS 0506 + 056
as a function of the photon energy Eγ . The column density given by Fig. 5.4.

In Fig. 6.28 we show the expected photon flux divided by the emitted photon flux
for different emission regions and annihilation cross sections. Due to the different
emission regions and the annihilation cross sections, the column density for the
photon changes (see Fig. 5.4). We see one again that the flux only gets attenuated
in the 5th digit which is too small for sizeable absorption effects. Nevertheless, we
can continue with the analysis by looking at different values of the column density
for fixed dark and mediator mass.

So let us vary the column density ΣDM. We once again assume that the model
is probable if the attenuation coefficient is at least at the order of one. The rate of
absorption is shown in Fig. 6.29 for different values of the column density ΣDM.

So, in Fig. 6.29 we see the rate of absorption due to the inelastic scattering
between the dark matter particle χ with the photons. The rate of absorption is
energy dependent because the cross section depends on the energy. The absorption
rate is shown for four different column densities ΣDM. The absorption begins as the
channels opens kinematically. In the left panel we have chosen mχ = 100 GeV and
mη = 105 GeV and mχ = 100 GeV with mη = 200 GeV in the right panel. We
demand that the rate of absorption is once at least 65% which is indicated with the
dashed black line. For ΣDM = 1036 GeV/cm2 we have over 65% absorption between
Eγ ∼ 5 − 103 GeV in the left panel and between Eγ ∼ 150 − 630 GeV in the right
panel. Consequently, as the column density increases by one order of magnitude,
also the energy range for the absorption increases by one order of magnitude. A
summary of the photon energy ranges is shown in Tab. 6.2. The total inelastic
cross section is independent of the mediator mass mη for large energies. Thus, only
the lower limit of the energy range for an absorption greater than 65% changes but
not the upper limit. For a dark matter column density ΣDm at the order of 39, the
absorption rate is greater than 65% for energies up to even E ∼ 103 TeV.
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Figure 6.29: Left panel: The observed gamma-ray flux normalised to the emitted gamma-
ray flux as a function of the photon energy Eγ given by Eq. (6.75) for the total inelastic
scattering between γ and χ with mχ = 100 GeV and mη = 105 GeV. Note that here η is
a singlet under SU(2)L. Right panel: The same than in the left panel but with mη = 200
GeV.

Photon energy range Eγ for an absorption rate of at least 65%

mχ [GeV] mη [GeV] ΣDM [GeV/cm2] µ Φobs/Φem Eν [TeV]

100

105

1036 ≥ 1 ≤ 0.35 0.005− 1
1037 ≥ 1 ≤ 0.35 0.005− 10
1038 ≥ 1 ≤ 0.35 0.005− 100
1039 ≥ 1 ≤ 0.35 0.005− 1000

200

1036 ≥ 1 ≤ 0.35 0.15− 0.63
1037 > 1 ≤ 0.35 0.15− 10
1038 ≥ 1 ≤ 0.35 0.15− 100
1039 ≥ 1 ≤ 0.35 0.15− 1000

Table 6.2: Summary of the photon energy range Eγ for which we have at least an
absorption of 65% for the inelastic scattering with the dark matter particle χ.

In summary, we have seen that for the dark matter interaction with neutrinos or
photons we could have an rate of absorption over 65%. Nevertheless, the column
density in both cases must be at least 8 magnitudes larger than the column density
of the balzar TXS 0506+ 056. We can try to estimate the black hole mass that one
needs in order to obtain such a large column density. If we assume that the dark
matter profile is a NFW profile with γ = 1 and a spike parameter of ysp = 7/3, we
can use Eq. 5.20 to evaluate the black hole mass. We can naively take the values
of the TXS 0506 + 056 for ρ0, r0, αγ together with Rem = RBLR ∼ 0.021 pc. By
rearranging the equation we obtain MBH ∼ 1018M� if ΣDM = 1036 GeV/cm2 and
MBH ∼ 1023M� if ΣDM = 1039 GeV/cm2. Which is larger than the currently known
supermassive black holes of about 1010 − 1011M� [114, 115]. It is questionable if a
black hole even can be that big because there exist theoretical limits on the growth
of a black hole [116]. Nonetheless, it might be possible that in our universe there
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exits so called stupendously large black holes which masses exceed M� > 1011M�
[117]. But they have never been observed and it is far from being clear, if they reach
such high masses of 1018M�.

We could also try to increase the spike parameter in order to achieve a higher
dark matter column density for lower black hole masses. If we take γ = 4/3, we
obtain γsp = 19/8. Together with Eq. (5.21), the values of TXS 0506 + 056 and
Rem = RBLR we can again evaluate the black holes mass. We obtain the range
of MBH ∼ 1018 − 1022M� which is more or less the same result from above with
γsp = 7/3. So, varying the spike parameter is not promising.

Note, that there are many more uncertainties to play with. The emission region
Rem and the normalisation factor ρ0, for example. But checking on all of these
quantities is left over for future work and will not be treated in this master thesis.
We just want to highlight that the photon or neutrino flux can be reduced due
to their interactions with the dark matter particles, at least theoretically. If dark
matter column densities of the size between 1036 − 1039 GeV/cm2 really exit, is a
question that must be answered by astrophysicist. Maybe they will observe some
large and dense astrophysical objects that could achieve such large column densities.
But currently, we do not know of any AGN with such a large dark matter column
density.

6.5.2 Scalar Dark Matter
After carefully looking at the fermionic dark matter candidate we now want to

turn our interest to the scalar dark matter candidate η0. We can also calculate the
flux attenuation of the neutrinos, due to their inelastic scattering of the η0 particle.
But, in this case we are only left with one process because we were not able to
calculate all of the processes properly. Nevertheless, we can just compute the rate
of absorption due to the inelastic scattering η0ν → χZ. If all of the other processes
are of the same magnitude we can approximate the total cross section by simply
multiplying ση0ν→χZ by a factor of 4. So, let us approximate the total cross section
by

σtot
DM−ν = ση0ν→χZ + ση0ν→η+e− + ση0ν→η−e+ + ση0ν→νA0 h 4 · ση0ν→χZ . (6.77)

We again want to highlight that this approximation only holds, when all of the
processes are of the same order of magnitude which was the case for χ as dark
matter candidate. This is what inspired this assumption and is the reason why we
are motivated to continue with the calculations, even though, we encountered some
problems with the particular processes. However, this approximation or assumption
might not be valid and is highly uncertain. On the other side, we can say that
a factor of four is not expected to make a huge difference in the absorption rate
because the cross section still has the same order of magnitude than for the single
process of ση0ν→χZ . The crucial quantity of our analysis will again be the column
density ΣDM.

At first, we can once again look at the flux attenuation of the blazar TXS 0506+
056 which is shown in Fig. 6.30. Not surprisingly, we only have an attenuation in
the 7th digit. Therefore, we have no sizeable flux attenuation. This was expected
because we do not have a sizeable attenuation in the case of fermionic dark matter
and the cross section for scalar dark matter ins not sufficiently larger.
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Figure 6.30: Flux attenuation of the neutrinos in vicinity of the blazar TXS 0506 + 056
as a function of the neutrino energy Eν for the column density given by Fig. 5.4.

But, as in the fermionic case, we can continue the analysis by varying the mag-
nitude of the dark matter column density ΣDM. The result are shown in Fig. 6.31
and in Fig. 6.32.
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Figure 6.31: Left panel: The observed neutrino flux normalised to the emitted neutrino
flux as a function of the neutrino energy Eν given by Eq. (6.75) for the total inelastic
scattering between the neutrino and χ with mη0 = 100 GeV and mχ = 105 GeV. Note
that we set the masses of the η particle to be equal for simplicity. Right panel: The same
than in the left panel but with mχ = 200 GeV.

In Fig. 6.31 we can see the expected absorption rate of the neutrinos due to
their interaction with dark matter for different values of the column density, namely
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ΣDM = 1036, 1037, 1038, 1039 GeV/cm2. The left panel shows the case where mη0 =
100 GeV and mχ = 105 GeV and the right panel the case where mχ = 200 GeV. The
dashed line indicates an absorption rate of 65% for which the attenuation coefficient
needs to be at the order of one. As we increase the column density the energy range
increases for which the absorption is more than 65%. Which makes sense, because
the attenuation coefficient deepens linearly on the column density. The cross section
is independent on the mediator mass for large energies. Also, the lower energy limit
for the absorption stays the same for ΣDM > 1036 GeV/cm2. For ΣDM = 1036 we
only have an absorption that is greater than 65%, when the mass splitting between
mη0 and mχ is mχ/mη0 < 2.

We expect that AGNs emitt high energetic neutrinos in the range of several
hundreds of TeV. To achieve an absorption in the range of Eν ∼ 102 − 103 TeV we
would need a column density at least of the order of 39. Note, that we have not
include all of the diagrams for the scattering. We simply assumed that all of the
processes are of the same order of magnitude. Hence, it could be that with the
bosons as mediator we achieve larger cross sections. This would mean that we could
have an absorption rate of 65% for lower dark matter densities.

We also want to quickly check the Scotogenic scenario, where the masses of the
dark matter particle and the mediator lie in the range of TeV and not GeV. The
result is visualised in Fig. 6.32.

10
4

10
5

10
6

10
7

10
8

10
9

Eν [GeV]

0.0

0.2

0.4

0.6

0.8

1.0

Φ
ob
s

ν
/Φ

em ν

µ< 1

µ≥ 1

mη0 = 1 TeV
mχ = 10 TeV

ΣDM = 1041 GeV/cm2

ΣDM = 1042 GeV/cm2

ΣDM = 1043 GeV/cm2

ΣDM = 1044 GeV/cm2

10
6

10
7

10
8

10
9

10
10

10
11

Eν [GeV]

0.0

0.2

0.4

0.6

0.8

1.0

Φ
ob
s

ν
/Φ

em ν

µ< 1

µ≥ 1

mη0 = 1 TeV
mχ = 100 TeV

ΣDM = 1040 GeV/cm2

ΣDM = 1041 GeV/cm2

ΣDM = 1042 GeV/cm2

ΣDM = 1043 GeV/cm2

Figure 6.32: Left panel: The observed neutrino flux normalised to the emitted neutrino
flux as a function of the neutrino energy Eν given by Eq. (6.75) for the total inelastic
scattering between the neutrino and χ with mη0 = 1 TeV and mχ = 10 TeV. Note that we
set the masses of the η particle to be equal for simplicity. Right panel: The same than in
the left panel but with mχ = 100 TeV.

As above, we see in Fig. 6.32 the possible flux attenuation of the neutrinos
as the function of the energy Eν . This time we have a larger dark matter mass
of mη0 = 1 TeV and mediator masses mχ = 10 TeV (left panel) and mχ = 102

TeV (right panel). Note that the column densities now vary between 1041 − 1044

GeV/cm2. We can clearly see that even for this high column densities, which are
12 to 15 order large than for TXS 0506 + 056, we only have an absorption over
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Neutrino energy range Eν for an absorption rate of at least 65%

mη0 [GeV] mχ [GeV] ΣDM [GeV/cm2] µ Φobs/Φem Eν [TeV]

100

105

1036 ≥ 1 ≤ 0.35 0.14− 0.57
1037 ≥ 1 ≤ 0.35 0.14− 7.5
1038 ≥ 1 ≤ 0.35 0.14− 75
1039 ≥ 1 ≤ 0.35 0.14− 750

200

1036 ≥ 1 ≤ 0.35 0
1037 > 1 ≤ 0.35 0.37− 7.5
1038 ≥ 1 ≤ 0.35 0.37− 75
1039 ≥ 1 ≤ 0.35 0.37− 750

103

1041

1041 ≥ 1 ≤ 0.35 0
1042 ≥ 1 ≤ 0.35 0
1043 ≥ 1 ≤ 0.35 50− 80
1044 ≥ 1 ≤ 0.35 50− 250

105

1041 ≥ 1 ≤ 0.35 0
1042 > 1 ≤ 0.35 0
1043 ≥ 1 ≤ 0.35 5000
1044 ≥ 1 ≤ 0.35 5000− 5500

Table 6.3: Summary of the neutrino energy range Eν for which we have at least an
absorption of 65% for the inelastic scattering with the dark matter particle η0. The t-
channel mediator scenario is shown as well as the Scotogenic scenario

65% between 50 TeV and 250 TeV (see left panel for ΣDM = 1042 GeV/cm2). If
the mass splitting between the mediator and the dark matter particle is over two
orders of magnitude, the absorption becomes very narrow. A summary of the energy
ranges can be seen in Tab. 6.3 for the t-channel mediator scenario, as well as for the
Scotogenic scenario. In the case of fermionic dark matter we have already estimated
the black hole masses for column densities between ΣDM = 1036 − 1039 GeV/cm2.
We need black hole masses between MBH ∼ 1018 − 1023M�. In our universe, we
know of no AGN with such a high mass.

To conclude this chapter, we have seen that absorption might also be possible
for the scalar dark matter candidate η0. But, as for the other candidate χ, we also
have to pay the price of a large dark matter column density. As discussed earlier,
the mass of currently known supermassive black holes are not sufficient enough to
achieve such large column densities. But, it could be that we observe even larger
black holes masses than currently known. Or, we discover other astrophysical objects
that achieve column densities of about ΣDM ≥ 1036 GeV/cm2. So, let us keep our
eyes open for future astrophysical observations.
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Chapter 7

Conclusion

For over several decades the searches for dark matter is ongoing. But the nature
of dark matter is still unknown and we have neither produced, nor detected dark
matter directly or indirectly. Despite the constant efforts of physicists to solve the
dark matter puzzle, there is still no proof of any dark matter model. Nevertheless,
researchers will continue to do their best and mankind will sooner or later have an
answer to the dark matter questions. One just hast to be patient and continue with
the research.

In this master thesis we looked at dark matter interactions between neutrinos and
photons and the possible flux attenuation in the vicinity of a black hole due to their
scatterings. We aimed to calculate the cross section of the dark matter and neutrino
interactions and investigated the flux attenuation resulting from the scatterings.

Since, this thesis is about particle dark matter we started by introducing some
basic theory of particle dark matter. We have shown that WIMPs are very well
motivated in theory. We discussed the production mechanism in the early universes
and its exceptions. These effects could lead to larger couplings between standard
model particles and the dark matter for a given dark matter mass by still giving the
correct dark matter relic abundance.

After this brief introduction we discussed the possible flux attenuation of neutri-
nos and photons in the vicinity of black holes. Close to a black hole the dark matter
profile steepens compared to the ordinary NFW profile, due to the gravitational
attraction of the black hole. The result is a dense dark matter spike. Thereby, one
assumes that the black hole growths adiabatic. Another uncertainty for the spike
formation is the location of the black hole. The black hole has to be located at
the centre of the initial dark matter cusp. As an example we calculated the dark
matter spike and the dark matter column density of the blazar TXS 0506 + 056.
We presented the newest constrains on the dark matter cross section with photons
and neutrinos. This motivated us to look at dark matter scatterings for a particular
model toy model example.

Then, we studied the possible flux attenuation of neutrino-dark matter interac-
tions given by a fairly simple toy model, where we assumed the dark matter to be a
scalar dark matter particle η and a fermionic mediator χ. We calculated the elastic
scattering between the dark matter and the neutrino in the s- and u-channel. By
assuming that the outgoing energy of the neutrino becomes irrelevant, we calculated
the flux attenuation of the neutrinos in the vicinity of TXS 0506 + 056. Due to the
s-channel we have a resonance which could lead to an attenuation of the flux of over
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65% close to the resonance for a dark matter mass of mη = 1 GeV and a mediator
mass of mχ = 10 GeV. For dark matter masses of mη > 1 GeV or larger mass split-
tings between mχ and mη, we only detected an attenuation directly at the resonance
peak.

The results motivated us to continue with a more general and sophisticated model,
namely the t-channel mediator model which has as subclass the Scotogenic Model
and its Scale Invariant extension. The Scotogenic Model is model for neutrinos that
tries to explain the neutrino masses. But it can also be used for generating dark
matter candidates. We introduced the two models briefly. The t-channel mediator
model allows for either fermionic dark matter χ, as well as, for scalar dark matter
η. For the case of scalar dark matter and η being a SU(2)L doublet we chose η0
as the dark matter candidate. But the dark matter candidate could also be the
pseudoscalar A0, if it is lighter than η0. In the Scotogenic Model χ as dark matter is
very contrived. After introducing the model we discussed the neutrino- or photon-
dark matter interaction for the two cases of fermionic and scalar dark matter.

For the scalar dark matter η0 we denoted two different scenarios. First, the
scenario where mη0 = 100 GeV and mχ = 105, 200 GeV which is motivated by the
t-channel mediator model. Second, the scenario where mη0 = 1 TeV and mχ =
10, 102, 103 TeV motivated by the Scotogenic Model. We remark, that also the Scale
Invariant Scotogenic Model can allow for fermionic dark matter. For the Majorana
dark matter particle χ we mainly looked at the scenario, where mχ = 100 GeV and
mη0 = 105, 200 GeV.

In the case of the scalar dark matter m0
η we first looked at the elastic scattering

between the dark matter and neutrinos which we already studied in the simple toy
model. Then, we continued by studying the inelastic cross section of the processes
νη0 → χZ, νη0 → η+e−/η−e+ and νη0 → νA0. The last two scatterings are
interesting because they both have diagrams involved that scale with g4 instead of
g2y2 and y4. Therefore, they are independent of the unknown Yukawa coupling
y. But we focused on the diagrams with g2y2 and y4 instead. Including the g4
diagrams is left over as a future work. Also, the process of γη0 → e−η+/e+η− which
is proportional to g4 has to be calculated and analysed in the future. We carefully
studied the cross section produced by the g2y2 and y4 diagrams and obtained cross
section for Eν � mχ,mη0 which scale as σ ∼ E−1

ν in accordance with unitarity.
In the case of χ being the dark matter candidate we also calculated the elastic

scattering mediated by the scalar η0. Then, we studied the inelastic scattering
processes between the dark matter particles and the neutrino given by νχ→ η0Z and
νχ → W−η+/W+η−. These interactions also scale with y2g2. Also, we computed
the cross section behaviour for Eν � mχ,mη0 and saw that σ ∼ E−1. Furthermore,
we varied the masses of the η doublett, namely ∆(mη −mη0) and ∆(mA0 −mη0),
where mη was the mass of the charged scalar particle, to see their impact on the
cross section. We have seen that for large cross section the mass splitting in the
doublet is negligible.

We continued with examining the inelastic scattering process between gamma-
rays and dark matter given by γχ → ẽ+e−/ẽ−e+. In this case η is a singlet under
SU(2)L. To be more concrete, we chose the η particle to be the selectron ẽ of the
MSSM as our mediator particle and calculated the cross section. Furthermore, we
have calculated the total inelastic cross section of the neutrino-dark matter interac-
tion as an incoherent sum of the three single processes.
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As a last step, we used the calculated cross section to investigate the rate of
absorption Φobs/Φem of photons and neutrinos. Due to the inelastic scattering the
cascade equation reduces to an exponential decrease because the neutrinos or pho-
tons get absorbed. Only for fermionic dark matter we investigated the possible flux
attenuation of photons. We demanded that the flux should be attenuated to 65%
of its initial value which gives an attenuation coefficient of µ ≥ 1. In the vicinity
of the blazar TXS 0506 + 056 the attenuation is for both dark cases, the scalar and
fermionic dark matter, less than 65%, regardless if the dark matter interacts with
photons or neutrinos. The column density of TXS 0506+056 is to small in order to
lead to high absorption. This motivated us to determine the neutrino and photon
energy ranges for flux reduction of at least 65%, due to their interaction with dark
matter. This was done by varying the dark matter column density ΣDM for the
total inelastic scattering cross section. For the scalar dark matter scenario and the
fermionic dark matter scenario we found energy ranges between ∼ 100 GeV up to
750 TeV (scalar dark matter) or 1000 TeV (fermionic dark matter) for a dark matter
mass ofmDM = 100 GeV and column densities between ΣDM = 1036−1039 GeV/cm2.
For a dark matter mass of mDM = 1 TeV (scalar dark matter) we only found very
tiny energy ranges for even larger column densities.

Furthermore, we estimated the black holes mass for the column densities that
given absorption of at least 65% with the values of TXS 0506 + 056 and a dark
matter spike index γsp = 7/3. We found that MBH ∼ 1018 − 1023M�. The estima-
tions showed that the black hole masses would exceed the current known black hole
masses by 7-12 orders of magnitude. Nevertheless, it was only an estimation and
not a strict analysis. We did not take into account all of the astrophysical uncer-
tainties. Working out the black hole masses more precisely for the different variable
astrophysical properties could be done in the future. Moreover, it is not entirely
impossible that such high black hole masses or let us say such high column densities
are realised in our universe.

All together, hopefully this thesis has shown that AGNs are powerful probes of
dark matter properties. They give a good opportunity to test specific dark matter
models and their interactions with standard model particles. As future work, we
leave the occasion to probe more dark matter models with AGNs and the method
presented in this thesis.
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