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Abstract
So far, the rotation of the stars around their own axis was not considered in the formula
for the dark matter capture rate. We modify the previously used capture formalism for the
non-relativistic case by taking into account the rotation of stars. We want to find out how
this aﬀects the dark matter capture rate in the sun and in an O-B-star. Furthermore, we
want to predict how this change in the capture rate influences the cross section limits from
IceCube, where the influence on the sun is important, and the stellar evolution of so-called
Dark Stars, where the influence on O-B-stars near the galactic center plays an important role.
Considering dark matter masses from 100 GeV to 10 TeV, we determine the change in the
capture rate for the rotating case. We find out that the capture rate in case of the sun is not
significantly influenced by considering rotation. This also means that the cross section limits
of IceCube remain unchanged. The eﬀect on the O-B-star is very small, ⇡ 1%. This leads to
very small changes in the stellar evolution which is hardly detectable.
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1. Introduction
Investigating the anisotropies in the Cosmic Microwave Background (CMB), gravitational
lensing eﬀects or rotation curves of galaxies it becomes clear that there must be another
source of gravitational interactions, apart from visible matter. A promising way to explain
the unexpected result is that our universe is filled with invisible matter, so-called dark matter
(DM). DM interacts via gravitation. Apart from that, we know e.g. that DM has to have a
long lifetime in cosmological timescales, it had to be non-relativistic at the structure formation
time and it interacts at most weakly via other forces. One of the main questions is, what is
the nature of the DM, or whether there is even more than one kind of DM particles acting in
the universe. There is a numerous number of models that include a DM candidate. A promising DM candidate is the weakly interacting massive particle (WIMP) since the cross section
between DM and Standard Model (SM) particles essentially determines the freeze-out time,
which in turn essentially determines the relic DM abundance. By choosing a cross section
that is comparable to the weak cross section, the predicted DM abundance is in the region of
the measured one. The measurements indicate that visible matter makes up roughly 5 % and
DM about 25% of the total energy amount in our universe. The remaining 70% are made of
dark energy.
Since the coupling between WIMPs and nuclei is non-zero, there is a chance to detect them
in direct detection experiments. In principle, this means that DM particles could interact
with nuclei in a detector and transfer energy to them. This recoil energy can be measured if it
exceeds the energy threshold of the detector, but we will not look into this detection method
in this work.
Another method to detect DM is indirect detection. Here, products of DM annihilation,
e.g. neutrinos, can be detected in detectors on the earth.
But also Dark Stars (DSs) can act as instrument for DM detection. DSs look like ordinary
stars, but they are powered, at least for a while, by the annihilation of the contained DM.
To accumulate DM particles in the core of the star, an important process is the capture of
DM particles traversing the star. This capture process is well studied and the eﬀect of DM
annihilation on stars has already been elaborated. But up to now, the rotation of the stars
around their own axis was not considered. The goal of this work was to rewrite the capture
formalism by considering the rotation of stars and to give an outlook about how a change
in the capture rate influences previous analyses in particle and astrophysics. Therefore, we
arranged this work as follows.
In chapter 2, we briefly motivate DM, especially WIMPs, introduce DSs and describe Ice-
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CHAPTER 1. INTRODUCTION
Cube. In the beginning of chapter 3, we present the previously used DM capture formalism.
After that, we derive two approaches for the DM capture rate where the stellar rotation is
considered. In chapter 4, we show the results for the modified DM capture rate formalism.
In the following chapter, we draw conclusions and in chapter 6, we give an overview of what
the next steps can be in order to improve this work. In the end of the chapters 2 and 3, we
added a short summary with the essential information of the particular chapter in order to
help the reader keep the perspective. Finally, we complete this work with the appendices.
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2. Basics
2.1. General information about dark matter
In this section, we briefly give the most important information about DM which includes the
evidence of its existence, the short introduction of an appropriate DM candidate and in the
end DM detection.

2.1.1. Evidence for dark matter
In 1932, the Dutch astronomer Jan Hendrik Oort studied the vertical motion of stars near
the galactic disk to determine the acceleration of matter [1]. Using the star density and the
velocity dispersion of the stars, he obtained information about the gravitational potential of
the Milky Way. The result was by no means in line with the expectations: The inferred
potential turned out to be not strong enough to hold the stars bound to the disk. But with
the galaxy appearing stable, there must either be matter near the galactic plane which was
not observed, or - as Oort conjectured - gravitational attraction behaves diﬀerently. This was
one of the first hints for the possible presence of DM.
In 1933, the Swiss astronomer Fritz Zwicky studied the redshift of various galaxy clusters
and found that there was a large scatter of the apparent velocity dispersion (⇡ 2000 km
s ) in
eight galaxies within the Coma Cluster [2]. He tried to determine the mass of large clusters
of galaxies using the virial theorem [3] and came to the conclusion that the dynamic mass
should be at least a hundred times larger than that of the luminous matter. This led Zwicky
to conlude that most of the matter has to consist of non-luminous matter.
Zwicky’s prediction of the fraction between the dynamic and luminous matter turned out
to be overestimated. However, his conclusion that there must be more DM than luminous
matter has been confirmed by others. Today, it is known that the composition of matter in
galaxy clusters like the Coma Cluster is as follows: 85 % DM, 14 % hot intracluster medium
(ICM) and 1 % stars [4]. It has been found that not only galaxy clusters but also individual
galaxies are dominated by DM, even dwarf galaxies.
During the years, several hints for DM occured. In the following, we list and briefly explain
the most important ones.
CMB anisotropies
In the early universe, baryonic matter was exposed to two counteracting forces, gravitation
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and radiative pressure. These counteracting forces generated oscillations, the so-called Baryonic Acoustic Oscillations (BAO). In overdense regions, baryonic matter was thus compressed
by gravity and forced apart by the photon pressure. DM, on the contrary, only interacts gravitationally and therefore remained, unaﬀected by the photon pressure, in the center of the
density accumulations. After decoupling, the photons no longer interacted with the baryons
and propagated away, leaving behind a baryonic shell. These photons we nowadays see as the
CMB.

Figure 2.1.: CMB power spectrum of temperature fluctuations in the cosmic microwave background. The fluctuations appear at diﬀerent angular scales in the sky. The green
curve represents the Standard Model of cosmology, ⇤CDM. The red dots with
the error bars represent the Planck data. The figure was taken from [5].

In figure 2.1 the CMB power spectrum is shown. The power spectrum characterizes the
size of the density fluctuations as a function of angular scale.
The first peak corresponds to size of the density fluctuations which fully compressed once
before the decoupling of the photons. So the position of the first peak gives the horizon at
that time. With this information one can conclude that the universe has a flat or nearly flat
geometry, because the expected size of the horizon at the time of recombination fits well with
the angluar size of the first peak.
From the first three peaks we can also calculate the density of baryonic matter and the total
matter in the universe. The total matter density defines the amplitude of the peaks in the
CMB power spectrum and the baryonic matter defines the ration between the odd and even
peaks, which correspond to full compression and decompression at the time of recombination,
respectively . To explain the CMB power spectrum most of the matter in the universe has
to be dark, non-baryonic matter. According to Planck [6] and WMAP [7], there is five times
more DM than baryonic matter in the universe.
Bullet Cluster
The Bullet Cluster consists of two galaxy clusters that collided some time ago. The stars
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which were contained in the two clusters were hardly aﬀected during the collision. They
moved almost unhindered through the center of the collision, so that they are still located in
the respective clusters as before the collision. Only the movement was a little slowed down
by gravitational interactions.
The situation is diﬀerent by investigating the ICM, which can be well observed by the
emitted X-rays. The gas, which makes up the majority of baryonic matter, interacts electromagnetically. As a result, the movement of the ICM was very much slowed down at the
collision region of the two galaxy clusters. Examining the emitted X-rays of the gas, one
realizes that most of the baryonic matter is lagged behind the location of the gravitational
matter.
If one compares this result to the result of gravitational lensing, whereby the distortion
of objects in the background of the clusters were examined, large discrepancies were found.
From the latter, it can be seen that most of the matter is still in the respective cluster as
before the collision. How the two clusters look now, after the collision, is illustrated in figure
2.2. As one can see, the gravitational matter does not coincide with the baryonic matter.

Figure 2.2.: Image of the bullet cluster taken by the Chandra X-ray observatory. The picture
shows a collision of two galaxy clusters. The baryonic matter is illustrated in
pink, whereas the gravitational matter is blue. The latter consists mostly of DM,
but also of stars and gas. The picture is taken from [5].

One way to interpret this observation is the following: The galaxy clusters consist not only
of stars and the ICM but also of DM which propagates unhindered, similar to the stars,
through the collision and does not, in contrast to the ICM, slow down [5].
Rotation curves of galaxies
If we measure the velocity of stars at diﬀerent distances to the center of the galaxy, we obtain
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the rotation curve of the galaxy. With it we can learn something about the mass distribution
in the galaxy. In theory, the velocity of stars far away from the center should behave as
1
vc ⇠ r 2 . This result is obtained by equating the Newtonian gravitational and centripetal
forces. But theory and observations contradict each other. According to the results of the
velocity measurements, the velocity of the stars far away from the galactic center behaves
like vc ⇡ constant. From this we can conclude that mass still grows with the distance, even
though the amount of luminous matter decreases with the distance to the galactic center.
This is shown in figure 2.3.

Figure 2.3.: Rotational velocity of seven galaxies for various distances between galactic center
and star as shown in [8]

This missing observed mass can be explained by the presence of DM [8].

2.1.2. The WIMP as dark matter candidate
The nature of DM is still unknown, but in order to explain the evidences in the previous
subsection, a DM candidate has to fulfill several requirements.
• It interacts at most weakly via other forces than gravitation. Otherwise one could detect
it easier.
• It has to be stable in cosmological timescales. The lifetime has to be at least the age of
the universe.
• It reproduces the observed DM density of ⌦ h2 ⇠ 0.1.
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A DM candidate which fulfills these conditions is the weakly interacting massive particle
(WIMP). As the name indicates, it interacts only weakly and besides, it is stable in cosmological timescales. One way to generate the DM abundance is the so-called freeze-out mechanism.
Here, the DM and Standard Model (SM) particles were in thermal equilibrium in the very
early and hot universe. At that time, the DM particles converted into the lighter SM particles
and vice versa via interactions like DM + DM $ SM + SM. As the universe expanded, and
therefore cooled down, the SM particles no longer had suﬃcient energy to produce the heavier
DM particles. In addition, the density of the DM particles decreased and at some point, it
was too low to interact frequently so that their comoving number density remained constant.
One sais that the particles "froze-out".
One can write the expression for the today’s DM abundance in terms of the thermally
averaged annihilation cross section times the relative velocity of the interacting particles
< v >ann . It then takes the form [9]
3

10 26 cm
s
⌦ h ⇠
< v >ann
2

where h denotes the Hubble constant in units of 100
for the DM candidate, i.e.
<

v >ann ⇠ 10

km
M pc s .

26

cm3
,
s

(2.1)
Assuming weak scale interactions
(2.2)

one obtains the correct DM abundance ⌦ h2 ⇠ 0.1 [10]. This coincidence is called "WIMP
miracle".
Depending on their freeze-out time or rather their freeze-out temperature, one furthermore
distinguishes between three types of DM candidates. If the temperature at the freeze-out time
was smaller than the mass of the DM particle, one is speaking of cold DM. These particles are
non-relativistic. Hot DM describes DM particles whose mass was lower than the temperature
at the freeze-out time. These particles are relativistic. The properties of warm DM candidate
are in between the ones of hot and cold DM. From observations we have learnt that cold DM
would lead to the observed large scale structures via the bottom-up scenario [11]. Bottom-up
scenario means that small structures form first before they accumulate to larger ones. So e.g.
galaxies form first and merge then to clusters of galaxies. In simulations, hot DM leads to a
top-down scenario which does not result in the large scale structures observed today.
Since cold DM fits the observations best and the WIMP fulfills the requirements mentioned above, we assume in the following that DM is described by WIMPs moving with
non-relativistic velocities.

2.1.3. Dark matter detection
Although the existence of DM is able to explain big physical puzzles, like the rotation curves
of galaxies, many properties of DM are not known so far, e.g. the mass. Several experiments
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want to determine these properties.
The basic idea of direct detection experiments is the following. DM particles enter the
detector and scatter oﬀ the detector material elastically. In this collision, the DM particle transfers energy to the target particle. The recoil energy of the target particle will be
measured if it exceeds the threshold of the detector. Since other particles like electrons and
neutrons could also produce such a signal, it is an additional challenge to filter out the background. Experiments that use this kind of detection method are e.g. PandaX-II [12], LUX
[13], CRESST II [14], XENON1T [15], and PICO [16].
While the detector material in direct detection experiments is supposed to interact directly
with the DM particles, the material in indirect detection experiments does not react with
the DM particles themselves but with particles produced by annihilation or decay of DM
particles. Examples for indirect detection experiments are IceCube [17, 18], ANTARES [19],
Baikal NT200 [20], and SuperK [21, 22]. which are looking for neutrinos produced by the
annihilation or decay of DM particles.
Current observations are well consistent with the expected background and do not show
evidence for DM annihilations or decays. However the experiments have set limits on the
cross section. The best limits for the SD interaction for DM masses of 100 GeV and 10
TeV come from IceCube, namely O (10 41 cm2 ). The best limits for the SI interaction come
from XENON1T. The limit for m = 100 GeV is O (10 46 cm2 ) and for m = 10 TeV it is
O (10 45 cm2 ). IceCube is also described in more detail in section 2.3.
There are other possibilities to confirm the presence of DM apart from the evidences mentioned in 2.1.1, namely by using astrophysics. If there is for example DM accumulated in the
center of the star, it influences the stellar evolution. Capture of DM in stars is important
for the DM accumulation. The capture formalism for DM was already developed about 30
years ago [23]. Up to now, one always assumed for the calculations that stars are non-rotating
objects. This was one of the main motivations for this thesis, namely to see how the rotation
of stars can aﬀect the DM capture and therefore how it changes the previous assumption of
the stellar evolution.

2.2. Dark Stars
As mentioned before, one field where DM capture could play an important role is star formation and evolution.
The star formation process works as follows. Molecular clouds fragment and collapse due to
local instabilities in these clouds. The product of this collapse is a protostar, with an opaque
and pressure supported core, in hydrostatic equilibrium, which is still consuming mass from
the surrounding molecular cloud. Stars in hydrostatic equilibrium compensate the energy loss
due to radiation by contraction which follows the virial theorem. For gravitational systems,
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the virial theorem is
< V >=

2 <T >

(2.3)

where < T > is the average total kinetic energy and < V > is the average total potential
energy. A consequence of the contraction is the continuous rise of the temperature in the
core. If the temperature reaches a certain value, the Zero Age Main Sequence (ZAMS) stage
of the star starts. In this stage, hydrogen fusion sets in which powers the star. For a more
detailed explanation of the theory of stellar evolution see [24].
But the presence of DM inside the star can aﬀect this formation process (and also the
further evolution). An example for stars whose formation process and evolution is influenced
by DM are the so-called Dark Stars (DSs) [25].
DSs are stellar objects like ordinary stars, but at some time they are powered by an exotic
process besides nuclear fusion: heating due to annihilation of accumulated DM particles in the
core of the DS. The annihilation products which are trapped inside the star, such as photons
and electrons, scatter oﬀ nuclei in the star and energy is injected into the system. So, the
star is heated as a consequence of DM annihilation.
One has to be careful with the expression "heating" since it can be misleading here. A
star is a gravitating object and does though not meet the exact definition of thermodynamic
equilibrium. That is the reason that stars have a negative heat capacity. In reverse, that means
that if energy is injected into the star’s system, its temperature decreases. This temperature
decrease in turn leads to a suppression of the hydrogen burning. Since the age of a star is
characterized by its stage of nuclear fusion, the suppression of the nuclear burning slows down
or even stops the aging process for that time, depending on the strength of the temperature
decrease. In the meantime, the star can accrete more mass from its environment and can
grow even bigger.
Besides the usage of the term ’Dark Star’ as a designation for stars that are temporarily
powered by DM annihilation, it can also be used as designation for the new stellar phase that
accumulated DM can enforce, namely the fueling of the star by DM annihilation. In which
way the term ’Dark Star’ is used becomes clear from the context.
Before we investigate the evolution of stars which can be influenced by DM annihilation,
we briefly list and explain the criteria that have to be fulfilled for DS heating.

2.2.1. Criteria for Dark Star heating
Not every star which contains DM in its core is dominated at some time by DM heating. For
this, the following criteria must be fulfilled [26]:
High DM density inside the star
The energy generated by annhilation is higher when the DM density in the core is high, since
the produced energy Q / ⇢2 . There we can see that the released energy by the annihila-
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tion process scales with the square of the DM density inside the star, ⇢ . The reason for the
quadratic dependence is that two DM particles always have to go together for an annihilation.
So the annihilation becomes very important in regions with a high DM density.
Especially in the first stars, annihilation could have been a powerful energy source, because
of the high DM density inside. There are four reasons for the high values:
1) The DM densities were higher by (1 + z)3 with the redshift z.
2) The first stars formed in the center of DM halos where the DM density was very high
compared e.g. to the one in the solar vicinity today.
3) Due to the quasi-static contraction of the protostar, the DM profile was compressed further
[27].
These first three reasons refer to the formation of the DS where DM adiabatically contracted
contemporaneously to the contraction of the star.
4) Eﬃcient DM capture can increase the DM density in the star as well.
The fourth reason is another possibility to increase the DM density even after the formation
process.
DM annihilation products trapped inside the star
If the annihilation products would not be trapped inside the star, the energy produced by
annihilation would be carried out of the star. The heating rate is fQ Q per unit volume
where fQ describes the fraction of annihilation energy which is deposited into the gas. The
annihilation products and their energy depend on the WIMP model. If one assumes the
W + W - decay channel for the DM annihilation, one gets fQ ⇠ 23 .
If these criteria are fulfilled, the star can be powered at some time by DM annihilation.
Since the conditions for DM heating have been clarified, we can now investigate the evolution
of the star and the diﬀerent contributions to the luminosity of the star.

2.2.2. Dark Star formation and life
To fulfill the criteria from the previous section, it is necessary to fill the star with DM. There
are two possibilities how DM can get inside the star.
The first possibility is important during the star formation. When a star forms it follows
the process described in the beginning of this section. The present DM in the molecular cloud
contracts simultaneously to the baryonic matter. When the contraction is advanced enough,
so that the DM density in the star is suﬃciently high, DM annihilation of the contracted DM
can become eﬃcient. This means that the DM annihilation powers the star. Due to this, the
contraction of the star is stopped for a while. After a certain time, the DM fuel runs out,
contraction continues and nuclear burning sets in.
At that time, the second possibility to fill the core of the star with DM can become important, because the number density of the nuclei in the star is suﬃciently high. Then DM
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capture can become eﬃcient. Here, some of the DM particles which are travelling through
the star scatter oﬀ the nuclei in the star. If the DM particles lose enough energy so that their
velocity after the collision is smaller than the escape velocity at the scattering point, they
become gravitationally bound to the star. Considering multiple scattering, they can even lose
more energy and accumulate at the center of the star. When the DM density in the core is
again suﬃciently high, DM annihilation can again become eﬃcient and can again power the
star. Depending on the released energy by the DM annihilation and the number of trapped
annihilation products, this powering can slow down or even stop nuclear burning.
So, one can see that besides gravitation and nuclear burning, also the annihilation of adiabatically contracted and captured DM can contribute the luminosity of the star temporarily.
In the following, we describe the particular luminosity contributions.
If the star is in thermal equilibrium, the amount of energy generated in the star is balanced
by the transport of that energy towards the surface in order to be radiated away. So,
L? = Ltot

(2.4)

must be fulfilled. L? is the luminosity radiated away from the surface of the star. Here, one
4
assumes black body radiation which leads to a flux of B Tef
f where
B

=

2⇡ 5 kb4
15h3 c2

(2.5)

is the Stefan-Boltzmann constant and Tef f is the surface temperature of the star. If one
integrates this flux over the surface of the sphere at which the radiation of the star is radiated
away which has the radius R? , the so-called photospheric radius, one obtains
L? = 4⇡R?2

4
B Tef f .

(2.6)

Ltot in equation 2.4 is the total luminosity of the DS
Ltot = L + Lgrav + Lnuc + LC ,

(2.7)

which consists of the luminosity contributions for the contracted DM L , gravitation Lgrav ,
nuclear fusion Lnuc , and captured DM LC .
The various contributions are explained in the following.
Annihilation of adiabatically contracted DM
The first contribution to the luminosity comes from the annihilation of adiabatically contracted DM which is important during the protostellar phase. This contribution takes the
form
L = 2m fQ A .
(2.8)
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It depends on twice the DM mass m , since there are always two DM particles annihilating,
the fraction of annihilation energy that is transfered to particles which are trapped inside the
star fQ , and the annihilation rate A . The annihilation rate can be expressed by
A

=

Z

d3 r n (r)2 < v >ann

(2.9)

where n (r) is the number density of the DM particles in the star at distance r and < v >ann
is the annihilation cross section. Putting equations 2.8 and 2.9 together, and changing n (r) to
the DM mass density inside the star ⇢ (r), the final expression for the luminosity contribution
coming from annihilation of contracted DM can be written as
Z
2
L =
fQ
d3 r ⇢ (r)2 < v >ann .
(2.10)
m
Gravitational contraction
After the DM fuel runs out, the star continues contraction in order to maintain the photon
pressure. At this time, the DS phase is over and gravitation briefly powers the star.
To obtain the formula for the gravitational contribution, one needs the potential energy of
the star per shell
G M (r)
dEgrav =
dm
(2.11)
r
where M (r) is the enclosed mass at radius r and dm is the mass inside a shell. This can be
written as dm = 4⇡r2 ⇢(r)dr where ⇢(r) is the nucleon denisty at radius r. Now we can use
the virial theorem
1
Egrav = Erad .
(2.12)
2
The virial theorem states that the kinetic energy in the star is minus half of the potential
energy. If the star shrinks, the gravitational potential rises but the kinetic energy in the
star will only compensate for half of this rise in the form of heating. The other half will be
radiated away. This process is important during the inital contraction of the molecular cloud
to a protostar.
The contribution to the total luminosity coming from gravitational contraction is
Lgrav =

1d
Egrav .
2 dt

(2.13)

Nuclear fusion
When the star contracts, the temperature in the star increases. If the core reaches a temperature of ⇠ 107 K, nuclear fusion begins [28]. An example for a fusion process is the
proton-proton-cycle in which hydrogen is converted to helium. It dominates for lower temperatures.
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The contribution to Ltot coming from nuclear burning can be written as
Lnuc =

XZ
i

R

dr 4⇡r2 ⇢(r) ✏i (r)

(2.14)

0

where R is the radius of the star, and ✏i (r) is the energy generation at the distance r of the
fusion process i. One has to sum over all the fusion processes i to obtain the total nuclear
luminosity Lnuc .
The energy generation rate of the proton-proton-cycle for example is
✏pp (r) / ⇢(r) X(r)2 T (r)4

(2.15)

where X(r) is the mass fraction of hydrogen, and T (r) is the temperature, both at distance
r.
Annihilation of captured DM
After the annihilation of adiabatically contracted DM, the DS can be refueled via captured
DM.
When the star has contracted, it is denser and DM capture becomes more eﬃcient. The
captured DM thermalizes and can be described by a Boltzmann distribution ⇢C inside of
the star [28]. One has to be careful to not mix up the Boltzmann distribution with the
Maxwell-Boltzmann distribution. The Maxwell-Boltzmann distribution describes the velocities of particles in idealized gases which are in thermal equilibrium, whereas the density profile
of a gas in thermal equillibrium bound in a gravitational field can be described with the Boltzmann distribution. Both, ⇢ from above and ⇢C , describe the DM density inside of the star,
but at diﬀerent stellar stages. ⇢ is the DM density in the star during the protostellar phase
where the DM particles accumulate in the center of the star due to adiabatical contraction of
DM. This DM fuel already runs out before nuclear fusion has started. ⇢C is the DM density
inside the star which is contributed by captured DM.
The contribution LC first takes the same form as equation 2.8 since the luminosity also
comes from DM annihilations. Assuming that DM capture and annihilation are quickly in
equilibrium, we can use
1
C
(2.16)
A =
2
where C is the DM capture rate. This relation for the equilibrium between the DM capture
rate and annihilation is derived in appendix C. Using equations 2.8 and 2.16, and renaming
the luminosity contribution to LC in order to visualize the diﬀerence between the two stages
of DM annihilation, we can write
LC = fQ m C.
(2.17)
Equation 2.17 shows that DM capture can contribute to the total luminosity of the star.
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2.2.3. Dark matter fueled stars as solution for the paradox of youth
The region near the galactic center contains ⇠ 200 young, massive stars [29] which is very
surprising. Their age was determined by spectroscopy and it turned out that these stars were
formed during a time, when the black hole in the galactic center has already existed. But with
a black hole in the center of the galaxy, the formation of stars in the immediate vicinity of
the center is unlikely due to the strong tidal forces of the black hole. These forces occur since
the gravitational force is not the same over the entire object. While the part of a molecular
cloud or a new forming star close to the black hole feels a strong gravitational pull, the part
further away feels a less strong gravitational pull. As a consequence of that, the object is
pulled apart. The fact that there are still stars which were apparently formed in this hostile
environment is called the "paradox of youth" [29].
One explanation for the paradox of youth could be e.g. star migration [30]. In this scenario,
stars were produced in a less hostile environment and migrated towards the galactic center
via a gravitational drag triggered by gravitational interactions with the surrounding matter,
called "dynamical friction". This leads to a loss in kinetic energy and momentum.
Another explanation is based on the idea that we described in the previous subsection.
Here, they would be stars which are temporarily powered by DM annihilation of captured
DM. If the nuclear fusion was suﬃciently slowed down, or stopped for a certain time, the star
in reality was formed earlier than expected, maybe even in a time before this region was such
a hostile environment.
These young stars close to the center of the galaxy to which the paradox of youth applies
are classified by their mass, radius and temperature to be O-B-stars [31]. We explain the
meaning of the prefix "O-B" in appendix A in more detail. O-B-stars can reach very high
rotation velocities [32], which are close to the break-up velocity of the star. Since the rotation
velocity can be very high in this case, considering the rotation of these stars could have a
strong influence on the DM capture rate. This was one motivation for this work.

2.2.4. Detectability of Dark Stars
A possible way to detect DSs is determining the luminosity and surface temperature. As one
can see in figure 2.4, the main sequence shifts to lower temperatures and higher luminosities
for DSs. The deviation from the ordinary main sequence becomes larger, the higher the local
DM halo density is since then, DM capture and therefore also DM annihilation is more eﬃcient.
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Figure 2.4.: Main sequence for stars with diﬀerent ambient DM densities. Ambient DM density given in units of M
= 38 GeV
. The figure was taken from [33].
pc3
cm3

One can also see in figure 2.4 that the eﬀect is larger for smaller masses of the star. So OB-stars seem to be a bad object to study the influence of DM capture on the stellar evolution,
but it is still interesting to check if the rotation might increase the capture strongly such that
the influence of DM on the stellar evolution becomes larger than expected due to previous
analyses.

2.3. IceCube
As mentioned in the introduction, besides direct detection experiments and astrophysical effects, indirect detection is a promising way to confirm the existence of DM. Most indirect
detection approaches are based on the trapping of DM particles in deep gravitational wells of
heavy stellar objects and the annihilation of DM to Standard Model (SM) particles. Whereas
charged particles and photons are mostly trapped inside the star and aﬀect its evolution, neutrinos can escape and can be seen by detectors on earth. After a certain time, an equilibrium
between capture and annihilation in the star sets in which leads to a constant flux of neutrinos
moving towards the earth. These neutrinos are directional and have a diﬀerent energy spectrum than the atmospheric neutrino background. The region in the sun where the majority of
these annihilations take place is the center, which is very small. So this can be compared to a
search for a pointlike neutrino source. The expected signal is lying in between a few GeV and
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⇠ 1 TeV. Higher energetic neutrinos have an interaction length that is significantly smaller
than the radius of the sun, so they are mostly trapped inside the sun [17]. One experiment
examining this process is IceCube [17, 34]

2.3.1. The detector
IceCube is a neutrino detector with a size of one cubic kilometer [17], located in the ice [35]
at the geographic South Pole, Antarctica. It is installed between the depths 1450 m and 2450
m. Construction was started in 2005 and it is running since May 2011 [17].
The neutrinos are reconstructed by optical detection of Cherenkov radiation. The Cherenkov
radiation is caused by secondary particles produced by neutrino interactions in the ice or the
nearby bedrock. These photons are detected by photomultiplier tubes (PMT) [36] placed in
Digital Optical Modules (DOM) [37].
The IceCube installation consists of 78 strings ordered in a hexagonal grid with about 125m
between each string. Each of these strings provides 60 DOMs spaced by 17m along the string.
There, energies of ⇠ 100 GeV can be detected [17].
DeepCore completes the set-up. It consists of 8 additional strings with a reduced DOM
spacing of 7 m and higher quantum eﬃciency multiplier tubes. They are optimized to detect
neutrinos at lower energies down to ⇠ 10 GeV [17]. DeepCore is located near the central
string of IceCube and mostly below a layer of dust at depths between 1860 m and 2100 m [17,
34]. The DeepCore strings are completed by 10 more DOMs above the dust layer, functioning
as veto cap [34]. In addition to the PMT, a DOM also contains an electronics board. With
that, the signals are digitized and get a time stamp. After transmission of the information
to the surface, the signals of all PMTs are evaluated. The time stamps shed light onto the
direction and by investigating the PMT counts, the energy can be estimated [38]. In figure
2.5, the whole IceCube array is shown.

Anja Brenner

16

CHAPTER 2. BASICS

Figure 2.5.: Array of the IceCube observatory, picture taken from [38]

2.3.2. Methods to identify neutrinos
The reason why IceCube was built deep inside the ice is shielding the background. However,
due to its size, a background of atmospheric cosmic-ray muons is still detected at a rate of
3000 per second [38]. So it is important to find reliable methods to identify neutrinos. In [38],
two methods are presented.
The first method focuses on so-called track events where muon neutrinos interact mainly
outside the detector producing long muon tracks traversing the IceCube array. An advantage
of this method is an angular resolution of  0.4 that allows to point back the long tracks to
the source. Another advantage is that one can detect neutrinos that interacted outside of the
detector. However, a disadvantage is the huge background of cosmic-ray muons. An idea that
solves this problem is using the earth as filter in order to remove background. Thereby, one
distinguishes between up- and downgoing events. Downgoing events are events triggered by
neutrinos coming directly from the sky above, whereas upgoing events are triggered by neutrinos that travelled through the earth before entering the detector from underneath. By only
taking upgoing events into account, one can exclude that one has a background of cosmic-ray
muons since they are filtered out by the earth. So, limits from this method do not come only
from the fact that only one single flavor can be viewed. As a result of using the earth as a
filter, only half of the sky can be observed.
The second method is used for cascade events to identify e.g. high-energy neutrinos interacting inside the detector, the so-called high-energy starting events (HESE). For HESE,
the IceCube volume is divided into an outer veto shield and an inner fiducial volume. In
this case, only events inside the detector can be detected, but the detector serves as total
absorption calorimeter that measures neutrino energy cascades with a 10 - 15 % resolution
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[39]. Additional advantages are that the observation covers the whole sky, and that both,
muon tracks and secondary showers of charged current (CC) interactions of electron and tau
neutrinos and neutral current (NC) interactions of neutrinos of all flavors can be detected.
A disadvantage is that the direction reconstruction is still in development. The resolution is
10 ⇠ 15 [39]. This is the reason for not using the earth as a filter, because the directional
resolution is too bad to distinguish between up- and downgoing events.
In figure 2.6 we can see the Cherenkov pattern of an electron/tau neutrino track with ⇡ 1
PeV and a muon neutrino track with 2.6 PeV.
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Figure 2.6.: Left picture: Result of a shower in IceCube triggered by an electron or tau neutrino. The measured energy was ⇡ 1 PeV.
Right picture: Result for an upgoing muon track. The measured energy was 2.6
PeV.
The white dots represent sensors without signal. The color of the other dots indicate the arrival time. Red means early arrival and purple means late arrival,
following the rainbow colors. The size of the points makes it possible to deduce
the amount of photons.
The picture was taken from [38].

2.3.3. Status of detection
So far, there was no significant excess of events that exceeded the background for neutrinos
coming from the annihilation of DM particles inside the sun. But it allows to set limits on
an exotic flux component coming from the sun. This can be translated to a limit on the
WIMP-proton scattering cross section by assuming a local DM halo density of 0.3 GeV
, a
cm3
Maxwell-Boltzmann distribution as velocity distribution for the halo DM particles, the Standard Solar Model and a given annhilation channel.
For the spin-dependent (SD) scattering cross section IceCube provides constraints competitive with those from direct detection experiments in the region above ⇠ 80 GeV [17] as it can
be seen in figure 2.7.
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In figure 2.7, and also in figure 2.8, they use three diﬀerent channels, two ’hard’ channels
where the DM particles decay into W + W and ⌧ + ⌧ , and one ’soft’ channel bb̄. The W
bosons and ⌧ ’s promptly decay and the energy of the produced neutrinos peaks close to the
DM mass. These are the decay channels, the neutrinos obtain the most energy. In this case,
many neutrinos exceed the energy threshold of IceCube and one obtains better limits. The
opposite is the case for the ’soft’ channel bb̄. In this decay, the neutrinos obtain relatively
little energy, only a small amount of neutrinos exceed the IceCube threshold and one obtains
the worst limit.

Figure 2.7.: Limits on the spin-dependent scattering cross section, SDp , obtained from PICO60 C3 F8 (thick blue) [16], PICO-60 CF3 I (thick red) [40], PICO-2L (thick purple)
[41], PICASSO (green band) [42], SIMPLE (orange) [43], PandaX-II (cyan) [44],
IceCube (dashed and dotted pink) [17], and SuperK (dashed and dotted black)
[21, 22]. The limits from IceCube and SuperK assume the annihilation channels
⌧ + ⌧ (dashed) and bb̄ (dotted). The figure was taken from [16].

For the spin-independent (SI) scattering cross section, the results of IceCube and direct
detection experiments complement one another, as shown in figure 2.8. Since the IceCube
results underlie uncertainties from the nuclear scattering process and astrophysics, they only
seem to be significantly stronger with respect to the other limits. However, they have improved
by a factor of ⇠ 2 to 4 [17] compared to other neutrino telescope limits [34, 45].
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Figure 2.8.: Limits on the spin-independent scattering cross section, SI p , for three diﬀerent
channels (bb̄, W + W , ⌧ + ⌧ ), compared to results of other neutrino detectors
and direct detection experiments [46, 47, 48, 49, 50]. Systematic uncertainties
included in IceCube limits. The figure was taken from [17].

Although the SI limits from IceCube are much weaker than those obtained from direct
detection experiments, they are nevertheless interesting, because they have other particle and
astrophysical uncertainties than the SD limits.

2.4. Summary of the chapter ’Basics’
DM presents a solution for several inconsistencies on diﬀerent scales, e.g. in the CMB
anisotropies or in the rotation curves of galaxies. In addition to direct detection experiments, which are not discussed in this work, there is also indirect detection and observation
of astrophysical eﬀects due to DM capture and annihilation in stars. In the latter case we
could see the eﬀect that some stars look younger than they actually are. While star processes
such as nuclear fusion cause the star to age, the supply of energy through DM annihilation
products can cause a slowdown in the aging process. Another indication for DM annihilations
would be a neutrino flux coming from the sun with a certain energy spectrum. It is one of
IceCube’s tasks to detect this flux. Even if the flux is not detected, IceCube can set stronger
constraints on the WIMP-proton scattering cross section. All this is based on DM annihilations which is in turn connected with DM capture. In order to make realistic predictions, it is
essential to have a description of the DM capture rate as exact as possible. So far, the rotation of the star was not considered. To see if the consideration of the rotation has significant
influence on the DM capture rate was the main goal of this thesis. In the next chapter, we
present the formula for the capture rate how it was used so far. Furthermore, we explain how
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the rotation comes in, and which form the modified formula takes then.
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3. Dark matter capture
As seen in chapter 2, DM capture can have a strong influence on the formation and evolution
of stars and particle physics, and as mentioned before, the rotation of stars was neglected
so far. In this chapter, we step by step reformulate the expression for the DM capture rate
by considering the rotation of stars to see whether this has a significant impact on the DM
capture rate. In the following sections, we use many diﬀerent variables and indices. For an
overview of them, see appendix B.

3.1. The dark matter capture rate for a non-rotating star
The formalism for the DM capture rate in celestial bodies was presented in a paper by Gould
in 1987. In the following, we derive the formula for the capture rate of DM particles in nonrotating stars analogous to [23].
At the beginning, we consider a spherical shell with radius r and thickness dr which is located in a spherically symmetric gravitational field. The escape velocity at the shell is uesc (r).
⌦uesc (w) is defined as rate per unit time that a DM particle with an initial velocity w scatters
down to a velocity less than uesc (r) while travelling through the shell.
In the next step, we imagine a surface with radius R, where R is so large that the gravitational field at R is negligible. In order to get an expression for the flux of DM particles
through the surface, we need the velocity distribution which is infinitely far away from the
star where the gravitational field is negligible, f (u) du. He used u = | ~u |, because of the
assumption that the velocity distribution is isotropic. If the velocity distribution is isotropic,
we can write
1
f (u) du ! f (u) du d cos ✓
(3.1)
2
where ✓ is the angle relative to the radial direction, and the velocity of the DM particles
perpendicular to the surface is u cos ✓. Using this, we can write the DM flux traversing the
surface as
1
F = f (u) u cos ✓ du d cos ✓
(3.2)
2
After changing the integrand in 3.2 from d cos ✓ to d cos 2 ✓, the expression for the flux finally
writes as
1
⇡
F = f (u) u du d cos 2 ✓
0  ✓ < .
(3.3)
4
2
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The interval ⇡2  ✓  ⇡ is not considered since the DM particles moving under this angle
do not fly through the surface.
Now, we change the variable d cos 2 ✓ to the angular momentum per unit mass
d cos 2 ✓ =

J = R u sin ✓

d J2
,
R 2 u2

(3.4)

which becomes important later. After summing over all the area elements, we get the expression for the rate of incoming DM particles in a d J 2 interval
R = 4 ⇡ R2

1
d J2
f (u) u du 2 2 .
4
R u

(3.5)

If the velocity of the DM particle at infinity is u, it will be accelerated by the gravitational
field from the star, and will have the velocity
w2 (r) = u2 + uesc 2 (r)

(3.6)

at the distance r. Here, the escape velocity is the velocity needed to escape from the gravitational potential of the star. For an arbitary enclosed mass profile M (r) in the star it is
defined as
s
Z 1
GM (r0 )m
2
uesc (r) =
dr0
(3.7)
m
r02
r
To capture a DM particle, the initial velocity w(r) must be decreased by scattering to a
velocity smaller than uesc (r). The probability that this happens is
p(w ! w0 < uesc ) = ⌦uesc (w)

dl
w

(3.8)

where ⌦uesc (w) indicates the rate per unit time that a DM particle with an initial velocity w
scatters down to a velocity less than uesc (r) while travelling through the shell, as mentioned
above, and dl
w describes the diﬀerential time required for the DM particles to travers the shell.
d
To determine ⌦uesc (w), we first investigate the diﬀerential cross section dQ
of the scattering
between the incoming DM particle and the nucleon inside the star. If the target is at rest
before the scattering, the kinematic limits for the energy transfer Q are given by

(3.9)

Qminimal = 0
Qmax =
with
±

=

1
m
2

+w

2

4 mi m
.
(mi ± m )2
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Here, m denotes the mass of the DM particle and mi is the mass of nucleon i. These limits
are obtained by momentum and energy conservation. Within this range all energy transfers
have the same probability. If the total cross section is denoted as tot , the diﬀerential cross
section can be written as
d
1
=
Q).
(3.12)
tot ⇥ (Qmax
dQ
Qmax
To be captured, a WIMP has to lose enough energy, so that its velocity is below uesc (r) after
the scattering. From this the minimal required energy transfer can be determined to be
Qmin =

1
m u2 .
2

(3.13)

With the diﬀerential cross section and the minimal energy transfer needed for a WIMP to be
captured we can define the downscattering rate ⌦uesc (w) to be
⌦uesc (w) = ni (r) w

Z

Qmaximal
Qmin

d
dQ =
dQ

tot ni (r) w

Qmax
Qmin
⇥ (Qmax
Qmax

Qmin )

(3.14)
This equation gives the total rate of scattering, tot ni (r) w, multiplied by the probability that
a scattered DM particle has lost enough energy to be captured after the scattering. Here, tot
is the total cross section and ni (r) is the number denisty of the nucleon i at the distance r to
the center of the star.
So the first part of equation 3.8 is derived.
The second part of equation 3.8, dt = dl
w , is the diﬀerential time which the DM particle needs to travel through the shell. The relation
dl =

dr
cos ✓

(3.15)

applies, where dl is the diﬀerential distance covered by the DM particle in the shell. With
J = rw sin ✓ we can write
dr
dl = q
.
(3.16)
J2
1
2
2
r w
Using dr =

dJ
w sin ✓ ,

we can rewrite equation 3.16 and we obtain the diﬀerential time
1
dt =
w

✓

1

J2
r2 w2

◆

1
2

dJ ⇥ 2 ⇥ (r w

J)

(3.17)

where the Heaviside function and an additional factor was added. Here, the angular momentum per unit mass becomes important in the Heaviside function. It causes the DM particle
to move only through the shell if the angular momentum is small enough, namely rw < J, to
reach r. The 2 comes from the fact that if the DM particle moves through the shell, it would
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move through dl always twice.
By multiplying now 3.5 and 3.8, plugging in 3.17 and integrating over all angular momenta,
we obtain the number of DM particles per unit time, unit velocity and unit volume. The
DM capture rate can then be written as the integral over the volume of the star and over the
velocity distribution.
Z
X ⇢H Z
f (u)
C =
dV
du
w ⌦uesc (w)
m
u

(3.18)

i

where ⇢H is the local dark matter halo density, usually set to 0.3 GeV
[51]. To get the total
cm3
capture rate, all contributions of every element in the star have to be added up. For this
reason, the sum over i was added to equation 3.18.
It is important to note that for large energy transfers a form factor has to be added.
In [23], Gould used the Helm form factor
2

2

| F (q ) | = exp

✓

q 2 Ri2
3h̄2

◆

(3.19)

where q is the momentum transfer, Ri is the radius of nucleon i and c = 1. In the following
calculations we assume for simplicity that | F (q 2 ) |2 = 1.
This is the capture formalism used since the 80s. In the following sections, we present
two approaches where rotation is considered.

3.2. The dark matter capture rate for a rotating star
The following sections contain the improvements for the capture rate. We fully perform the
first approach, later called SRF approach, in the SRF. For the second approach, we use the
advantages that the probabilities for all possible recoil energies are the same in the TRF, and
that the escape velocity takes a simple form in the SRF. This approach we later call ’hybrid
approach’ since it combines the advantages of both, the SRF and TRF. But first of all, we
explain the choice of the reference frames in more detail.

3.2.1. Comparison between the diﬀerent frames
Trivially, the standard choice of the reference frame is actually the frame in which the target is
at rest (TRF). One reason for this is that one can set the initial velocity of the target particle
equal to zero, which may simplify the calculation. Another reason is that the cross section
is well known. So, for a non-rotating star, meaning that the target particles have no velocity
before the scattering, the choice of the reference frame is clear. One chooses the TRF, which
simultaneously corresponds to the rest frame of the star (SRF) in the case of the non-moving
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target particles.
For a rotating star, however, the question arises as to whether the TRF is the most suitable
reference frame. An advantage of the TRF is still the cross section which is well known.
One challenge, however, is determining the escape velocity. Since the gravitational field is no
longer isotropic in the TRF as the star rotates, the escape velocity becomes directional in the
TRF. To visualize this fact, one can do a thought experiment, which is probably easier to do
with the aid of figure 3.1.
wS1 
SRF

wS

wS2 

wT1 
TRF

wT

wT2 

Figure 3.1.: An example for velocities of DM and target particles in the star rest frame (upper
part) and in the target rest frame (lower part)

Let us first consider the SRF. Suppose that the escape velocity in the SRF is 7. The target
particle moves with velocity 5, which is simultaneously the velocity of the SRF. After collision
with the target particle, DM particle No. 1 moves with velocity 10 in the same direction as
the target particle and DM particle No. 2 moves with velocity 10 in the opposite direction.
Since the modulus of the DM particle velocity is larger than the escape velocity, both DM
particles would escape from the star.
After transferring to the TRF, the targets have velocity 0, DM particle No. 1 moves with
5 and DM particle No. 2 moves with 15 (both again in the opposite direction). If the escape
velocity remained unchanged, DM particle No. 2 would escape from the star in the TRF,
whereas DM particle No. 1 would not. This is in contradiction to the SRF. This very simple
example shows that we have to be careful with the expression for the escape velocity in the
TRF and that the direction of the incoming and outgoing DM particles play a role for the
respective particle. How the escape velocity for the DM particles looks like in the TRF can
be seen in the appendix F.
But going from the TRF to the SRF, where the escape velocity is not directional, does not
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make things necessarily easier, since one has to redetermine the cross section for the SRF.
That is why, no matter which way one takes, one has to deal with diﬀerent challenges in both
frames, the SRF and TRF.
In addition to the SRF and TRF, there are also the galactic rest frame (GRF) and the
center of mass (COM) frame. In these frames, many problems would occur. In both frames,
we neither have the advantage that the target particles are initially at rest, nor that the escape
velocity is isotropic. Since the target particles are not at rest initially, we furthermore have
to redetermine the cross section in these frames as well.
These are the reasons, why we forgot about the GRF and the COM frame, but there was
still the question, which frame to use, SRF or TRF, and how to deal with the particular
challenge. We have finally chosen the SRF, since one very quickly loses intuition in the TRF
because of the direction dependent escape velocity, so we focussed on the SRF.
It is always good to have the chance to cross check one’s results, so we used two diﬀerent
approaches to calculate the dark matter capture rate. We present these two approaches in
the following sections.

3.2.2. Derivation of the SRF approach
In this subsection, we finally derive the SRF approach. First, we rewrite the velocity distribution function, in a further step, we determine the kinematic limits for the energy transfer,
and finally, we build the formula for the DM capture rate. Important to note is that this
approach is only valid if all energy transfers have the same probability as in the case of the
target particle at rest.
Derivation of the velocity distribution function
We assume that the DM particles in the galactic halo follow a Maxwell-Boltzmann distribution
(MBD). This coincides with the calculated velocity distribution for the earth vicinity by
using the empirically obtained NFW density profile. For a comparison between the velocity
distribution functions (VDFs), see appendix D. The VDF for the DM particles in the GRF
infinitely far away from the star with the velocity ~uG has the form
f (~uG ) =

✓

1
⇡ v0 2

◆3
2

e

2
u
~G
v0 2

.

(3.20)

Expressed by the velocity of the DM particles infinitely far away from the star in the SRF,
the velocity of the DM particle in the GRF ~uG can be written as ~uG = ~uS + ~vs with
0

1
uS sin ✓u cos 'u
B
C
~uS = @ uS sin ✓u sin 'u A
uS cos ✓u
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and
0

1
vs sin ↵
B
C
~vs = @
0
A,
vs cos ↵

(3.22)

where ~vs is the velocity of the star motion around the galactic centre which lies in the x-z
plane, ↵ is the angle between ~vs and the angular velocity ! which lies along the z-axis, ✓u is
the polar angle and 'u the azimuth angle of ~uS , which is pictured in figure 3.2. There one
can also see ~vS and ', where ~vS is the velocity of the nuclei in the star, lying in the x-y plane
and ' is the azimuth angle of ~vS .

Figure 3.2.: Pictorial representation of ~uS , ~vs , ~vS , ↵, ✓u , 'u and '

The modulus of the velocity of the DM particle has the form
q
| ~uG | = u2S + vs 2 + 2 uS vs (sin ✓uS cos 'uS sin ↵ + cos ✓uS cos ↵).

(3.23)

By plugging in equation 3.23 in 3.20, we obtain the expression
f (~uS , ↵) =

✓

1
⇡ v0 2

◆3
2

·e

2
u2
S + vs + 2 uS vs (sin ✓u
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S

sin ↵ + cos ✓u

S
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.

(3.24)
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The probability for ~uS being in d3 uS is f (~uS , ↵) u2S sin ✓u duS d'u d✓u , by using spherical coordinates. The final expression for the VDF which can be used in equation 3.18 is
(3.25)

f (~uS , ↵) = f (uS , ✓u , 'u , ↵).

Kinematic limits for the energy transfer
In this part, we derive the maximal energy transfer, Qmax , and the minimal energy transfer,
Qminimal , between the DM and target particle.
To determine Qmax and Qminimal , we use the four equations which we obtain from momentum and energy conservation

eqE =

eqx = pix + p

x

qix

q

x

(3.26)

eqy = piy + p

y

qiy

q

y

(3.27)

eqz = piz + p

z

qiz

q

z

(3.28)

p i x 2 + p i y 2 + pi z 2
p 2 + p y2 + p z2
+ x
2 mi
2m
2
2
2
2
qix + qiy + qiz
q x + q y2 + q z2
,
2 mi
2m

where p denotes the momentum before and q after the scattering. The indices i and
for nucleon i and DM particle, respectively.
To optimize the kinetic energy of the recoiling nucleus, we use the Lagrangian
L =

qix 2 + qiy 2 + qiz 2
2 mi

x eqx

y

eqy

z eqz

E

eqE

(3.29)
stand

(3.30)

with the Lagrangian multipliers x , y , z and E and the equations of momentum and energy
conservation 3.26 to 3.29 as constraints. The next step is to diﬀerentiate equation 3.30 with
respect to qix , qiy , qiz , q x ,q y , q z , x , y , z and E . This leads to a system of equations
which can be solved. By plugging in the solutions in the formula for the maximal [minimal]
recoil energy
Qmax [minimal] =

(qix 2 + qiy 2 + qiz 2 )max [minimal]
2 mi

Anja Brenner

pi x 2 + p i y 2 + pi z 2
,
2 mi

(3.31)
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we obtain the expression

Qmax [minimal] =

1
2 mi (mi + m )2

((mi 2 + m 2 ) pi 2 + 2 mi 2 p

2

+ 2 mi (mi
m ) pi p cos 'coll
q
+ [ ] 2 mi pi 2 + p 2 + 2 pi p cos 'coll
q
· m 2 pi 2 + mi 2 p 2
2 mi m pi p cos 'coll ),

(3.32)

where the colliding angle 'coll is the angle between ~vS and ~uS . To get 'coll , we use the cosine
rule
< ~uS , ~vS >
cos('coll ) =
(3.33)
| ~uS | | ~vS |
with

~vS

0

1
vS sin ✓ cos '
B
C
= @ vS sin ✓ sin ' A
vS cos ✓

and for ~u see 3.21. The polar angle ✓ is equal to
colliding angle 'coll can then be written as
'coll = cos

1

⇡
2,

(3.34)

because ~vS lies in the x-y plane. The

(sin ✓u cos('u

')).

(3.35)

We make the following substitutions in equation 3.32 by assuming that the star rotates like a
rigid body
pi = mi ⇢ !,
(3.36)
where ⇢ is the smallest distance between the position of the nucleon in the star and the rotation axis and ! is the angular velocity of the star,
and
p = m w = m

q
u2S + uescS (r)2 .
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So we obtain the final expression for the maximal recoil energy

Qmax =

1
2 mi (mi + m )2

((mi 2 + m 2 ) (mi ⇢ !)2 + 2 mi 2 (m

q
u2S + uescS (r)2 )2

q
m ) mi ⇢ ! m
u2S + uescS (r)2 cos 'coll
q
2
+ 2 mi (((mi ⇢ !) + (m
u2S + uescS (r)2 )2
q
1
+ 2 mi ⇢ ! m
u2S + uescS (r)2 cos 'coll ) 2
q
· (m 2 (mi ⇢ !)2 + mi 2 (m
u2S + uescS (r)2 )2
q
1
(mi ⇢ !)2
2 mi m mi ⇢ ! m
u2S + uescS (r)2 cos 'coll ) 2
.
2 mi
+ 2 mi (mi

(3.38)

The minimal recoil energy is

Qminimal =

1
2 mi (mi + m )2

((mi 2 + m 2 ) (mi ⇢ !)2 + 2 mi 2 (m
q

q
u2S + uescS (r)2 )2

m ) mi ⇢ ! m
u2S + uescS (r)2 cos 'coll
q
2 mi (((mi ⇢ !)2 + (m
u2S + uescS (r)2 )2
q
1
+ 2 mi ⇢ ! m
u2S + uescS (r)2 cos 'coll ) 2
q
· (m 2 (mi ⇢ !)2 + mi 2 (m
u2S + uescS (r)2 )2
q
1
(mi ⇢ !)2
2 mi m mi ⇢ ! m
u2S + uescS (r)2 cos 'coll ) 2
.
2 mi
+ 2 mi (mi

(3.39)

The dark matter capture rate in the SRF approach
Combining the results for the VDF and the kinematic limits, Qmax and Qminimal , we can
build the formula for the DM capture rate.
The downscattering rate ⌦uesc (w) can be written as
⌦uesc (w) = ni (r)

tot wrel

Qmax
Qmax

Qmin
Qminimal

⇥ (Qmax

Qmin )

(3.40)

where ni (r) is the target density of nucleon i at the distance r to the star center, tot is the
total cross section and wrel is the relative velocity between the DM and target particles. The
numerator Qmax Qmin describes the range for the energy transfer where capture is possible
and the nominator Qmax Qminimal describes all kinematically possible energy transfers. So
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the fraction in 3.40 is the probability that a DM particle is captured if it has scattered oﬀ a
nucleon.
The final formula for the capture is then
Z
X ⇢H Z
f (~uS , ↵)
C =
dV
d3 uS
wS ⌦uesc (w)
S
m
uS

(3.41)

i

where we sum over all the diﬀerent kinds of nuclei i inside the star.

3.2.3. Derivation of the hybrid approach
In this section, we derive the capture formula by using the advantages of both frame, the
SRF and TRF. No matter in which frame we work, we have to check in the end whether
the velocity of the DM particles after the scattering |w
~ S0 | is smaller than the escape velocity
at the scattering point. We want to check this in the SRF, using the simple expression for
the escape velocity. So the main goal of this section is to derive the expression for the DM
velocity after scattering in the SRF, |w
~ S0 |.
For this, we first go from the SRF to the TRF by shifting the velocities by ~vS .
w
~T = w
~S

~vS

(3.42)

~vT = ~vS

~vS

(3.43)

The diﬀerential cross section is
d
mi
(|w
~ T |, ERT ) =
2
dERT
2 µ |w
~ T |2
with the recoil energy in the TRF, ERT .
The kinematic limits are
max
ERT
=

tot

2 µ2 |w
~ T |2
mi

min
ERT
= 0.

(3.44)

(3.45)
(3.46)

The modulus of the velocity of the final-state-particles in the TRF are given by
vT0

|~vT0 |

=

=

|w
~ T0 |

for the target, and
wT0

=

r

=

2 ERT
mi

s

wT2

2 ERT
m

(3.47)

(3.48)

for the DM particle.
The angle between the incoming and outgoing particle can be calculated by squaring the
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equation for momentum conservation

cos ✓T =

m2i
m2

wT2 + wT02
2 wT wT0

vT02

(3.49)

.

The next step is to rotate
velocity vector so that it is parallel to the z-axis.
0 the arbitrary
1
wT x
B
C
First, we rotate w~T = @ wT y A around the z-axis with the rotation matrix
2

cos ✓z
6
Az = 4 sin ✓z
0
So

wT z
3
0
7
05 so that the vector ~v˜T lies in the y-z-plain.

sin ✓z
cos ✓z
0
1

Az · w
~T
must be fulfilled.
This follows cos ✓z wT x

0

1
0
B
C
= @ w̃T y A
w̃T z

(3.50)

sin ✓z wT y = 0 and leads to the condition
t12 ⌘ tan ✓z =

and
w
~˜T

wT x
wT y

(3.51)

0

1
0
B
C
= @ sin ✓z wT x + cos ✓z wT y A .
wT z

(3.52)

The next
~˜3
T around the x-axis with the rotation matrix
2 step is to rotate w
1
0
0
6
7
Ax = 40 cos ✓x
sin ✓x 5 so that the vector w~T rot is parallel to the z-axis.
0 sin ✓x
cos ✓x
So
0
1
0
B
C
Ax · w~˜T = @
0
A
wT˜zrot
must be fulfilled.
This follows cos ✓x (sin ✓z wT x + cos ✓z wT y )
t23 = tan ✓x =

(3.53)

sin ✓x wT z = 0 and leads to the condition

sin ✓z wT x + cos ✓z wT y
.
wT z

If the polar angle of the incoming DM particle ✓wS is smaller than
Otherwise, the velocity would point in the negative z-direction.
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2,

(3.54)
one has to add ⇡ to ✓x .

34

CHAPTER 3. DARK MATTER CAPTURE
The rotation matrix is then defined by
2

32
0
c12
76
s23 5 4s12
c23
0

1 0
6
R = Ax · Az = 40 c23
0 s23

3
2
s12 0
c12
s12
7
6
c12 05 = 4c23 s12 c23 c12
0
1
s23 s12 s23 c12

In the rotated TRF the DM particle has the velocity

w
~ T0 rot

0

sin ✓T sin
0 B
= |w
~ T | @ sin ✓T cos
cos ✓T

3
0
7
s23 5 .
c23

1
C
A

(3.55)

(3.56)

where is a free parameter.
To obtain finally w
~ T0 we multiplie the inverse of 3.55 with 3.56 and we obtain

w
~ T0

0

1
(c12 s' + s12 c23 c' ) sin ✓T + s12 s23 cos ✓T
B
C
= @ (c12 c23 c'
~ T |.
s12 s' ) sin ✓T + c12 s23 cos ✓T A |w
s23 c' sin ✓T + c23 cos ✓T

(3.57)

The last step is to go back to the SRF

(3.58)

w
~S = w
~ T + ~vS
and to check whether |w
~ S0 | < uescS (r). Then the DM particle will be captured.

In the following, we calculate the probability that a DM particle is captured after scattering
by using the previous result.
The downscattering rate can be written as
⌦uesc

S

=

Z

max
ERT

dERT

0

where

Z

2⇡
0

d |w
~ T | ni (r)

d
dERT d

=

d
⇥ (uescS (r)
dERT d

1 1
max
2⇡ ERT

tot .

|w
~ S0 |)

(3.59)

(3.60)

1
In equation 3.60, we can simply write E max
in front of tot since all possible recoil energies,
RT
1
max
from 0 to ERT , have the same probability. We can also simply add 2⇡
, because the possible
values for the free parameter , between 0 and 2⇡, have the same probability as well.

The general form of the formula for the capture rate is the same as for the SRF approach,
namely
Z
X ⇢H Z
f (~uS , ↵)
C =
dV
d3 uS
wS ⌦uesc (w)
(3.61)
S
m
uS
i
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but the expressions for the downscattering rate ⌦uesc , 3.40 and 3.59, are diﬀerent.
S

3.3. Summary of the chapter ’Dark matter capture’
In this chapter, we derived the capture formalism where the rotation of stars is considered. To
get familiar with this formalism, we first derived the capture formalism as it was used so far,
without considering the rotation. After that, we presented two approaches for the modified
capture rate, the SRF approach, where we studied the problem fully in the SRF, and the
hybrid approach, where we made use of the advantages of both frames, the SRF and TRF.
We present the results for both approaches in the following chapter.
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4. Results
It was clear from the beginning that the calculations are numerically challenging. To keep
the calculation simple in the beginning, we first used two toy models before going to the
realistic case. So we got a feeling for the modified capture formalism. We present all these
results below in this chapter, but before showing the results, we added a section in which we
summarize all the assumptions.

4.1. Assumptions
For the calculations we made several assumptions concerning the properties of the star, DM
properties, particle physics, and nuclear physics which we explain in the following.
Properties of the star
We performed this calculation for two kinds of stars, the sun and an O-B-star.
For the sun, we have chosen R = 696 ⇥ 106 m for the radius, and M = 2 ⇥ 1030 kg for
the total mass [52]. The sun is located at a distance of about 8 kpc to the galactic center and
moves with vs = 220 km
s around it [53].
For the O-B-star, we assumed R = 6.6 ⇥ R for the radius and M = 16 ⇥ M for
the total mass. This is the stellar mass and radius that lies in the transition range between
O-stars and B-stars. For more detailed information see appendix A. For the distance to the
galactic center, we have chosen 0.1 kpc. This short distance is motivated by the "paradox of
youth" of stars close to the center of our galaxy, which might be explained by DSs. We have
chosen the velocity of the O-B-star around the galactic center to be vs = 150 km
s [53].
⇡
For both stars, we have chosen the inclination angle ↵ to be 2 , which means that the
rotation axis is perpendicular to the star motion ~vs . We assumed that the total mass of the
stars is made of hydrogen, which has atomic mass mN = 0.938 GeV, and that they are rigid
bodies, which means that the angular velocity ! is constant throughout the star.
For the nuclei inside the star, we first assumed a number density that is the same in the
whole star. The result with this assumption is presented in subsection 4.2.1.
In reality, the number density decreases for larger distances to the center of the star. So
our next step was to approximate the number density in the star in a more realistic way.
We used the realistic number density from the sun, the solar model AGSS09 [54]. Assuming
that the stellar mass is only composed of hydrogen, we had to adapt this model. To keep
the calculation still simple, we splitted the star in eleven shells. For each part we used the
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average number density for this particular shell, as the gray curve in figure 4.1 represents it.
number density

1031
1030
1029
1028
1027
r/R
0.2

0.4

0.6

0.8

1.0

Figure 4.1.: Number density in the star at certain distance to the core normalized with the
radius of the star, Rr . The black line describes the realistic number density from
the solar model AGSS09 adapted for an only-hydrogen star. The gray line is the
approximated number density.

The results for this assumption are presented in subsection 4.2.2.
The last step was to use the realistic number density. It is shown as black curve in figure
4.1. The results for this number density are presented in section 4.3.
DM properties
For the DM particles in the galactic halo, we assumed a MBD. The velocity dispersion of DM
km
particles at a distance of 8 kpc is v0 = 200 km
s and for 0.1 kpc it is v0 = 150 s [55]. Other
velocity distributions which we possibly could have taken are briefly explained in appendix
D. It was not necessary to take a certain value for the particular local DM halo density. Since
we normalize our result for the DM capture rate with the one for the non-rotating case, it
cancels out.
Particle physics
We have evaluated the calculation for the three DM masses, namely 100 GeV, 1 TeV and 10
TeV. We have chosen such high masses so that the neutrinos coming from DM annihilations
would exceed the threshold of IceCube, O (100 GeV), and DeepCore, O (10 GeV). We assumed velocity independent scattering. Distinguishing between SD and SI scattering was not
necessary, since we have normalized all the results with the one for the non-rotating case. As
we have additionally assumed that the star is composed of only one element, the scattering
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cross section cancels out.
Nuclear physics
Since we have only
WIMP-proton scattering, we assumed that the form factor
⌘
⇣ investigated
q 2 Ri2
2
2
| F (q ) | = exp
= 1.
3h̄2

4.2. Toy models
In this section, we show the results for two diﬀerent toy models. The following subsections
presents our results for the DM capture rate depending on the angular velocity ! for two
diﬀerent assumptions for the number density.

4.2.1. Constant number density inside the star
In this subsection, we are using the same number density throughout the star. Furthermore,
we consider the case of the sun and the O-B-star.
Sun
In figure 4.2, we present plots for the sun for m = 100 GeV (top), 1 TeV (middle), and 10
TeV (bottom).
The right plots in figure 4.2 are parts of the left plots where the interesting !-range for the
sun is better resolved to better see a possible increase or decrease of the capture rate in the
case of the sun. The red line shows the results obtained from the SRF approach, the dashed
purple line was obtained from the hybrid approach. The black dot corresponds to the actual
angular velocity of the sun, which is ! = 10 6 1s . As we can see very well in the plots for the
three assumed DM masses, the capture rate is not significantly changed when we consider an
angular velocity as the one for the sun. This is not surprising since the rotational velocity
at the equator of the sun is ⇡ 2 km
s and the DM particles have at least escape velocity of
km
the sun which is O (100 s ). So the relative velocity between the nuclei in the sun and the
DM particles is only weakly changed by considering the rotation. For ! > O (10 3 1s ), the
capture rate increases rapidly for increasing !’s, but this value is three orders of magnitude
larger than the angular velocity of the sun and even larger than the sun’s break-up angular
velocity.
In the bottom-left plot of figure 4.2, we can see that the SRF and hybrid approach do not
agree, possibly due to numerical instabilities. This plot was produced for a high DM mass,
namely 10 TeV. The DM mass influences the upper integration limit for the integral over the
recoil energy. The maximal possible recoil energy grows and the region over which we must
integrate becomes larger. In this case, the SRF approach is more trustable than the hybrid
approach.
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Figure 4.2.: Capture rate for the sun normalized with the capture rate for the non-rotating
case, C(!)
C(0) , vs. angular velocity ! for m = 100 GeV (top), 1 TeV (middle), and
10 TeV (bottom). The number density was assumed to be the same throughout
the whole star. The red curve was obtained by using the SRF approach. The
dashed purple curve was obtained by using the hybrid approach. The black dot
corresponds to the actual angular velocity of the sun, which is ! = 10 6 1s . The
left plot describes a large !-range, the right plot describes a short !-range.
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O-B-star
For O-B-stars, the form of the curve looks similar compared to the curves for the sun, see
figure 4.3. There, we present the results for m = 100 GeV (top), 1 TeV (middle), and 10
TeV (bottom). The red line represents the SRF approach, whereas the dashed purple line
represents the hybrid approach. The black dot corresponds to the angular break-up velocity
of the O-B-star, which is ! = 2 · 10 4 1s .
The DM capture rate is not significantly influenced by a change in the angular velocity until
a value of ! = 10 4 1s is reached. For higher angular velocities, the value for the capture
rate increases rapidly. Especially in the left plots of figure 4.3 we can see that rotation indeed
can have an influence on the capture rate. The value is enhanced by approximately 15% for
m = 100 GeV and 20 % for m = 1 TeV and 10 TeV for the break-up velocity.
Both approaches give basically the same result for m = 100 GeV and 1 TeV. However, as
for the case of the sun, the hybrid approach shows numerical instabilities for m = 10 TeV.
For this reason, we only show the result for the SRF approach in this case.
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Figure 4.3.: Capture rate for an O-B-star normalized for the capture rate in the non-rotating
case, C(!)
C(0) , vs. angular velocity ! for m = 100 GeV (top), 1 TeV (middle), and
10 TeV (bottom). The number density was assumed to be constant for the whole
star. The red curve was obtained by using the SRF approach. The dashed purple
curve was obtained by using the hybrid approach. The black dot corresponds to
the angular break-up velocity of the O-B-star, which is ! = 2 · 10 4 1s . The left
plot describes a large !-range, the right plot describes a short !-range.
In figure 4.4 we can see that the influence is stronger for heavier DM particles.
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Figure 4.4.: Comparison of the normalized capture rates for an O-B-star using the SRF approach, for m = 100 GeV (black solid line), 1 TeV (gray dashed line) and 10
TeV (red dotted line), and for a constant number density.

A possible explanation for this could be the following. The larger the mass of a DM particle,
the larger the energy required to lose in order to be captured, since the minimal energy transfer
required for capture writes as Qmin = 12 m u2 . So for the DM particles with a large mass
only the ones with a very low velocity u can be captured. Otherwise, Qmin exceeds the
kinematically determined maximal energy transfer Qmax . If now the target particles move
initially, Qmax becomes larger compared to the case where the target particles are at rest,
whereas Qmin remains unchanged. This eﬀect is enhanced for larger DM masses.

4.2.2. Splitted star with particular average number density
To get a more realistic result, we approximate the density distribution by an "onion-shell"
structure with constant density in each shell, as shown in figure 4.1. The gray curve refers
to this approximation. As one can see, we still assume a constant number density, but not
the same for the whole star. We again present results for the sun and an O-B-star. We limit
ourselves on the case for m = 1 TeV and the SRF approach owing to the long computation
times.
Sun
Figure 4.5 shows the results of the capture rate for the sun for m = 1 T eV .
We obtained a curve with a form similar to one in subsection 4.2.1, but the increase is less
rapid here. Even for large !’s the eﬀect of the rotation is very small compared to the curves
for the constant number density. This lower eﬀect of rotation for a more realistic number
density is not very surprising. Assuming the same number density throughout the whole star,
we strongly overestimate the outer regions of the star where the eﬀect of the rotation should
be the largest.
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Figure 4.5.: Capture rate for the sun normalized with the capture rate for the non-rotating
case, C(!)
= 1 TeV. The number density was
C(0) , vs. angular velocity ! for m
approached as one can see in figure 4.1 (gray curve). We used the SRF approach.
The black dot corresponds to the actual angular velocity of the sun, which is
! = 10 6 1s . The left plot describes a large !-range, the right plot describes a
short !-range.
O-B-star
The same holds for the O-B-star, as we can see in figure 4.6.
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Figure 4.6.: Capture rate for the O-B-star normalized with the capture rate for the nonrotating case, C(!)
C(0) , vs. angular velocity ! for m = 1 TeV. The number density
was approached as one can see in figure 4.1 (gray curve). We used the SRF
approach. The black dot corresponds to the angular break-up velocity of the
O-B-star, which is ! = 2 · 10 4 1s . The left plot describes a large !-range, the
right plot describes a short !-range.
As in the case of the sun, the impact of the rotation on the DM capture rate is reduced
compared to the case with the constant number density.

4.3. Realistic number density
Our final and most important result is presented in this section. Here, we finally use the
realistic number density for the sun and the O-B-star. However, it is important to mention
again that we have assumed that the star is composed only of hydrogen, with a density
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distribution as given by the solar model AGSS09, which is shown as black curve in figure 4.1.
We again limit ourselves on the case for m = 1 TeV and the SRF approach.
Sun
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Figure 4.7.: Capture rate for the sun normalized with the capture rate for the non-rotating
case, C(!)
C(0) , vs. angular velocity ! for m = 1 TeV. We assumed a realistic number
density as one can see in figure 4.1 (black curve). The red curve was obtained
by using the SRF approach. The black dot corresponds to the actual angular
velocity of the sun, which is ! = 10 6 1s . The left plot describes a large !-range,
the right plot describes a short !-range.
The result in figure 4.7 is similar to the result in subsection 4.2.2. Considering the realistic
number density, there is no visible eﬀect of the rotation on the capture rate of the sun. We
again have only a significant increase in the capture rate for !’s larger than ⇡ 10 3 1s , which
exceed the angular break-up velocity for sunlike stars.
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O-B-star
For the O-B-star the result is also similar to the one in subsection 4.2.2, as we can see in
figure 4.8.
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Figure 4.8.: Capture rate for an O-B-star normalized with the capture rate for the non-rotating
case, C(!)
C(0) , vs. angular velocity ! for m = 1 TeV. We assumed a realistic number
density as one can see in figure 4.1 (black curve). The red curve was obtained
by using the SRF approach. The black dot corresponds to the angular break-up
velocity of the O-B-star, which is ! = 2 · 10 4 1s . The left plot describes a large
!-range, the right plot describes a short !-range.
For an O-B-star, a small increase of the capture rate due to rotation is possible if ! is close
to the break-up angular velocity. Higher angular velocities are again physically impossible.
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5. Conclusions
DM particles in the galactic halo which are travelling through a star can scatter oﬀ a nuclei in
the star and transfer energy to them. If the energy transfer is suﬃciently high, the DM particles get captured and can accumulate at the core of the star via multiple scattering. Reaching
a suﬃciently high DM density inside the star, the DM particles can annihilate eﬃciently. The
annihilation products which are trapped inside the star provide another energy source, besides
nuclear fusion, for the star system and might influence the stellar evolution. The produced
neutrinos however, which leave the star almost unhindered, could be detected by neutrino
telescopes like IceCube. In the DM capture formalism that was used so far, one neglects the
rotation of stars. The goal of this project was to analyze the impact of stellar rotation on
the DM capture rate by paying particular attention to the sun, which is the star closest to
us, and O-B-stars close to the galactic center. Investigating the influence on O-B-stars was
motivated by the fact that this class of stars can have large rotational velocities, and by the
"paradox of youth" which might be explained by an eﬃcient energy injection into the star
caused by the annihilation of captured DM particles.
We have presented two approaches to determine the DM capture rate considering the stellar
rotation. For the first approach, the SRF approach, we fully stayed in the SRF, whereas we
used the advantages of both frames, the simple form of the escape velocity in the SRF and
the well known cross section in the TRF, for the second approach, the hybrid approach.
We have investigated the DM capture rate for m = 100 GeV, 1 TeV, and 10 TeV for the
constant number density, and m = 1 TeV for the realistic number density, as given by the
solar model AGSS09, by using the presented approaches, where stellar rotation is considered.
For both, the sun and the O-B-star, we have assumed that they are only composed of hydrogen.
Assuming that the number density of nuclei is the same throughout the star, we found that
the DM capture is not significantly changed for the sun when we take stellar rotation into
account. For the O-B-star rotating with break-up velocity, we obtained an increase in the
DM capture rate of ⇡ 15 % for m = 100 GeV, and ⇡ 20 % for m = 1 TeV and 10 TeV.
Assuming a realistic number density of nuclei, we again obtained no significant change in
the DM capture rate in the case of the sun. For the O-B-star, the DM capture rate still
increases for larger angular velocities, but less rapidly as in the case of the constant number
density. If this star rotates with break-up velocity, the increase is ⇡ 1 %.
The DM capture rate is not significantly aﬀected by rotation, so we conclude that there
are no changes for IceCube concerning the neutrino flux produced by DM annihilations inside
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the sun.
The eﬀect on the O-B-star rotating with break-up velocity is ⇡ 1 %. This means that
rather no eﬀect on the stellar evolution by a change in the DM capture rate can be seen.
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6. Outlook
There are several improvements for the evaluation of the modified capture formalism concerning the properties of the star, particle physics, and nuclear physics which we defer to the
future.
An improvement for the properties of the star will be to take all appearing elements inside
the star into account, since the assumption that a star only consists of hydrogen describes the
star poorly. Also the number density distribution of the O-B-star has to be improved. The
solar model AGSS09 is a good description for the nucleon density distribution inside the sun,
but the O-B-stars have a completely diﬀerent nucleon density profile than the sun, so the one
assumed in this work has to be adapted.
Also the particle physics aspects can be improved. If we now take all elements inside the
star into account, we have to perform the calculation for SD and SI scattering. The impact
for SI scattering could be especially large, as the dominant contribution to the capture rate
in this case comes from oxygen and helium-4, and not from hydrogen [56]. Further, it was
shown in various concrete particle models for DM that the scattering cross section could be
dependent on the momentum transfer or on the velocity [57]. So one could evaluate the calculations also for these kinds of cross sections. In this work, we have considered DM masses
higher than 100 GeV, because of the IceCube threshold. But it would also be interesting to
check, how the stellar rotation influences the DM capture rate for lower DM masses, since we
cannot exclude the possibility of a decrease in the DM capture rate for high angular velocities
assuming a lower DM mass. The best limits of indirect detection experiments for m < 20
GeV provides SuperK [16, 17].
By taking into account also heavier elements than hydrogen, the nuclear form factor cannot
be set equal to 1 anymore. So also the assumptions for nuclear physics can be improved.
As we can see with the help of the both used examples, sun and O-B-star, it is clear that
the DM capture rate of some kinds of stars are stronger influenced by stellar rotation than
others. For this reason, it would be sensible to take also other kinds of stars into account and
to evaluate the modified capture formalism for them.
Other objects of interest for the detection of DM via capture could be neutron stars (NS).
To calculate capture rates for NSs by considering rotation, this capture formalism has to be
adapted since NSs are compact objects with a high mass which makes them relativistic. This
fact causes strong forces, high accelerations and therefore relativistic velocities of the incoming
DM particles. In order to have a small relative velocity between the incoming DM particles
and the neutrons, the value for the angular momentum has to be comparatively high. Besides,
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in the non-relativistic case, the escape velocity can be derived by using Newtonian gravity, but
for NSs we have to take General Relativity into account. In addition, the other composition
of NSs has to be considered. This consists, as the name implies, essentially of neutrons, but
for example also of ions and electrons in the outer layers [58]. Also the cross section has to
be treated carefully since the DM velocity at the time of scattering is relativistic.
One idea of how NSs can be influenced by captured DM, and therefore also by considering
the rotation, is the NS heating by DM which annihilates inside the NS [59]. In this scenario,
the products of DM annihilation transfer their energy to the neutrons in the NS. This energy
is not enough to counteract the NS’s gravity, but it may generate a glow which prohibits the
NS to cool out completely. If the rotation aﬀects the DM capture rate significantly, the glow
caused by DM annihilation changes.
Another probe for DM are pulsars. Pulsars are highly magnetized NSs which emit a electromagnetic beam of radiation. In [60, 61], the authors propose that a suﬃcient dense core of
DM particles in a pulsar could create a black hole (BH) which causes the implosion of the NS.
This leads to a maximal lifetime for the NS. If its rotation enhances the capture, the lifetime
of the NS will though be shortened.
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Appendices

A. Advantages of O-B-stars
Choosing a suitable star is important to see what eﬀect rotation has on the DM capture rate.
In the following three kinds of stars are presented.
Since the sun is the star closest to us, it would be natural to check the influence of stellar
rotation on the DM capture rate for this star. The rotational velocity of the sun at the equator
is about 2 km
s [62]. The DM particles in the Milky Way reach velocities of several hundred
kilometers per second [55]. The relative velocity of the target particles (the nuclei in the sun)
and the DM particles would not greatly diﬀer from the velocity of the DM particles, which
means that in the case of the sun, the rotation probably has a vanishingly small influence
on the capture rate. Therefore, one should also consider celestial bodies that have a higher
rotational velocity than the sun. However, we also applied the modified capture formalism to
the sun in order to see if considering the rotation has at least a small eﬀect.
Very fast rotating objects in the universe are, for example, NSs. One of the NS closest
to us is PSR J0108-1431 [63]. Its rotation period is 0.808 s, whereby its rotation velocity at
the equator is an order of magnitude larger than that of the sun. But NSs can rotate even
faster. The fastest spinning NS known is PSR J1748-2446ad [64]. This rotates 716 times a
second, which is equivalent to a rotation velocity of about 0.24 c at the equator. For NSs
it is necessary that they rotate rapidly in order to see a signficiant eﬀect of stellar rotation.
Due to their compactness and high mass, the NS accelerates the DM particles to relativistic
velocities before the DM particles have the chance to interact with the target particles. If
the DM particles move at a relativistic velocity and the NS rotates comparatively slowly, the
relative velocity between the target particles and the DM particles hardly diﬀers from the
velocity of the DM particles, as in the case of the sun. Thus, the rotation again might not
influence the capture rate. Additionally, the modified capture formalism in this work has to
be adapted for relativistic velocities. Promising candidates are the so-called O-B-stars.
Stars can be divided into diﬀerent groups using their spectral characteristics. They are
classified by using the letters O, B, A, F, G, K and M (optionally with numeric subdivision),
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from O being hottest and M being coolest [65]. These stars can not only be assigned a special
temperature range but also a mass and radius range. O-stars have masses of more than 16 M
and a radius of more than 6.6 R [66], whereas B-stars are smaller and have less mass. These
have a mass in the range of 2.1 - 16 M and a radius of 1.8 - 6.6 R [67].
Regulus [32, 68], which is located approximately 79 ly from the sun, is a multiple star
system which consists of four stars, where Regulus A is the dominant star. Regulus A is a
binary system with a satellite star of 0.3 M and a blue-white main-sequence star of type
B [69]. Regulus is interesting because, with a mass of 3.8 M [70], a radius of 3.1 R [68]
and a projected rotational velocity (see appendix E for a definition) of 320 km
s [71], which is
three orders of magnitudes larger than the rotational velocity of the sun, it provides optimal
conditions to study the influence of the rotation on the capture rate. The rotation velocity fits
well with the velocity of the DM particles, which are not accelerated to relativistic velocities
since this star is not massive and compact enough, as NSs are. This rotation velocity is
extremely high for a star of this type and it is worth noting that it has 96.5 % of the critical
angular velocity for break-up.
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B. Definition of variables and indices
Here, we explain diﬀerent variables and abbrevations that we use in this thesis.
~u:
uesc (r):
w
~ (r):
w
~ 0 (r):

velocity of the incoming DM particle infinitely far away from the star
escape velocity at the distance r to the center of the star
velocity of the DM particle at the collision point r before scattering, accelerated
by the gravitational field of the star, w2 (r) = u2 + u2esc (r)
velocity of the DM particle at the collision point r after scattering

!:
angular velocity of the nuclei inside the star
v = ⇢!: velocity of the target particles inside the star at distance ⇢ to rotation axis of
the star before scattering
v0:
velocity of the target particles inside the star after scattering
vs :
v0 :

The
G:
S:
T:

velocity of the star around the galactic center
velocity dispersion of the MBD

indices denote the following:
galactic rest frame (GRF)
star rest frame (SRF)
target rest frame (TRF)

Further abbreviations we use frequently:
DM: dark matter
: designation index for dark matter in connection with a variable
DS: Dark Star
SM: standard model
NS: neutron star
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C. DM annihilation rate and DM
abundance in the star
After DM particles have been captured and have accumulated in the core in a suﬃciently high
amount to have a high DM density, the DM particles can start to self-annihilate eﬃciently.
The annihilation rate can be written as [72]
A

=

1
CA N 2
2

(C.1)

where CA is the annihilation constant and N is the number of DM particles. Besides capture
and annihilation, there is another process that influences the number of DM particles inside
the star, namely evaporation [73, 74]. Captured DM particles can gain energy when they
rescatter with nuclei in the star. If they gain enough energy to have a larger velocity than the
local escape velocity in the end, they can escape from the star. The change of the number of
DM particles inside a star is then determined by capture, evaporation and annihilation and
can be written as [72]
dN
= C
CE N
CA N 2
(C.2)
dt
where CE is the evaporation rate. In [75], they elaborated that for the sun DM evaporation
is important for DM masses of m = 1 4 GeV. We investigate DM masses of O (100 GeV)
or higher. So we neglect evaporation in the following. Assuming that there were no WIMPs
inside the star in the beginning, n (t = 0) = 0, and neglecting evaporation, equation C.2 can
be solved with
r
✓ ◆
C
t
N (t) =
tanh
(C.3)
CA
⌧
where ⌧ = pC1C is the equilibration time. If t >> ⌧ , the number of DM particles does not
A
change anymore. This means that an equilibrium between capture and annihilation sets in.
So when equilibrium is reached
✓ ◆
t
tanh
⇡ 1,
(C.4)
⌧
and equation C.3 simplifies to

N (t) =

r

C
.
CA

(C.5)
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By plugging in C.1 in C.5, we obtain
A

=

C
.
2

(C.6)

This equation is valid when equilibrium is reached, and tells us that after the capture of two
DM particles, one DM annihilation (of two DM particles) follows.
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D. DM velocity distributions
To determine the DM velocity distribution in galaxies, one needs to know the DM density
profile. There are several diﬀerent density profiles. First, one assumed that the DM distribution was that of the Standard Halo [76]. In this model, the DM particles are distributed in
the galaxy after the singular isothermal sphere (SIS) profile
v02
2⇡ G r2

⇢SIS (r) =

(D.1)

where v0 is the velocity dispersion. In the past years, it became clear that the SIS profile
describes the DM halo not good enough. E.g. [77, 78, 79] show numerical simulations that
confirm this.
In the following, three diﬀerent DM density profiles are presented.

D.1. DM density profiles
In the following subsection, we present the Navarro-Frenk-White (NFW), Einasto and Burkert profile.
Navarro-Frenck-White profile
The (cusped) NFW density profile [79] can be expressed by
⇢N F W =

where rs = 20 kpc is the scale radius.

r
rs

⇣

⇢0
1+

r
rs

(D.2)

⌘2

Einasto profile
An alternative density profile that provides a less steep rise of the DM density near the galactic
center is the Einasto profile [80] which can be written as
⇢Ein = ⇢0 exp

✓

2

✓

r
rs

◆

1

◆

(D.3)

where rs = 20 kpc is again the scale radius. The value is chosen to be 0.17 since it fits
galactic- and cluster-sized halos in N-body simulations very well [81, 82].
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Burkert profile
In contrast to the NFW profile, which provides a poor fit for dwarf galaxies, the Burkert
profile is a cored density profile that describes dwarf galaxies quite well [83]. It is given by
the density
⇢
⌘ 0⇣
⌘.
⇢Bur = ⇣
(D.4)
2
1 + rrs
1 + rr2
s

In this case, the scale radius rs = 650 pc was chosen, which fits the kinematics of Draco [84].
The velocity distribution is associated with the density profile.

D.2. DM velocity distributions in comparison
One way to get the velocity distribution from the density profile was shown in the paper [55].
In the following, we briefly review the calculation. One necessary formula to obtain the
velocity distribution is Eddington’s equation
F (˜
✏) =
8

p

where

1
1
q
⇥ F̃ (˜
✏),
g(c)
3 M
2 ⇡ 3 G3 rvir
vir

F̃ (˜
✏) =

Z

✏˜
0

(D.5)

d˜
d2 ˜
q
.
˜ d ˜2
✏˜

(D.6)

A tilde indicates a dimensionless quantity.
The virial radius rvir is defined such that the average density contained in a sphere with
volume 3 ⇡ 4r3 is ⇡ 200 times the critical mass of the universe. Mvir is then the mass
vir
contained in this sphere. The concentration parameter is defined as c = rvir . Here, ˜ is the
rs

dimensionless relative potential
˜ =
where

rvir
G Mvir

,

(D.7)

=

is the gravitational potential per unit mass, and ✏˜ is the dimensionless relative energy
✏˜ =

rvir
✏,
G Mvir

v2
.
2

✏ =

(D.8)

Using D.5 and D.6, we can write the three-dimensional velocity distribution function as

f~x (~v ) d~v = p

1
8⇡ 2

s✓

rvir
G Mvir

◆3 F̃
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v2
2

⇢˜(~x)

⌘

.

(D.9)
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The one-dimensional velocity distribution of the magnitude of the velocity takes the form
p s✓
◆3
2
rvir
f˜
fr (v 2 ) dv =
v 2 dv.
⇡
G Mvir
⇢˜

(D.10)

Figures D.1, D.2 and D.3 compare the velocity distributions obtained by the NFW, Einasto
and Burkert profiles with MBD. I created these plots for my Bachelor’s thesis, following [55].

Figure D.1.: Comparison of the velocity distribution obtained by the NFW profile and the
MBD for diﬀerent distances to the galactic center. Equation D.10 was used
and baryons weren’t considered. The same-colored, dotted lines refer to the
corresponding MBD with the same velocity dispersion as for the NFW velocity
distribution.
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Figure D.2.: Comparison of the velocity distribution obtained by the Einasto profile and the
MBD for diﬀerent distances to the galactic center. Equation D.10 was used
and baryons weren’t considered. The same-colored, dotted lines refer to the
corresponding MBD with the same velocity dispersion as for the Einasto velocity
distribution.

Figure D.3.: Comparison of the velocity distribution obtained by the Burkert profile for a
classical dwarf galaxy and the MBD for diﬀerent distances to the galactic center.
Equation D.10 was used and baryons weren’t considered. The same-colored,
dotted lines refer to the corresponding MBD with the same velocity dispersion
as for the Burkert velocity distribution.

In the figures D.1, D.2 and D.3, we can see the velocity distribution for three diﬀerent
distances to the galactic center. To create these figures, the designation Pr (v) was used for
the velocity distribution, instead of f (u), which we actually use in this work.
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For larger distances to the galactic center, figure D.1 and D.2 show that MBD fits the NFW
and Einasto profile very well. For smaller distances, however, the diﬀerence becomes larger.
For dwarf galaxies and the Burkert velocity distribution, the MBD is an even worser fit for
smaller distances, as one can see in D.3.
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E. Measurement of the stellar rotation
velocity
Usually, the rotation axis of a star is inclined by an angle i to the line of sight. This means
that the real equatorial rotation velocity vrot cannot be measured directly. The observed
rotation velocity, also called "projected rotational velocity", of the star is vo = vrot sin(i).
Figure E.1 clarifies the problem. The velocity vo can be determined spectroscopically [85].

vr

ot

rotation axis

i

to observer on earth
vo =vrot sin(i)

equator

Figure E.1.: Equatorial and projected rotation velocity

For the determination of vo one uses the Doppler eﬀect. For this, one takes the spectrum
from stars. It is known how broad the absorption lines of the certain star is. Since the star is
rotating, there are regions where the emitted light is red-shifted and there are regions where
the light is blue-shifted (if the inclination angle i is not 0). This means that the faster a star
rotates, the broader the absorption line will be. Depending on how broad the absorption line
is, one can deduce the projected rotation velocity. But if the inclination i is not known, vrot
cannot be determined. However, vo gives at least a lower limit for the rotation velocity vrot .
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F. Escape velocity in the target rest frame
The position of the target in the SRF is given by
0

1
0
1
⇢ cos (! t)
⇢ cos '
B
C
B
C
~xNS (t) = @ ⇢ sin (! t) A = @ ⇢ sin ' A .
z
z

(F.1)

The velocity of the targets in the SRF is then given by

~vS

0

1
0
1
⇢ ! sin (! t)
⇢ ! sin '
B
C
B
C
⌘ ~x˙ NS (t) = @ ⇢ ! cos (! t) A = @ ⇢ ! cos ' A
0
0

(F.2)

which is also the velocity of the TRF.
The boosted velocity of the DM particles in the GRF is

w
~G

0

1
wG sin ✓u cos 'u
B
C
= @ wG sin ✓u sin 'u A
wG cos ✓u

(F.3)

and the velocity of the star in the GRF is

~vsG

0

1
vsG sin ↵
B
C
= @
0
A
vsG cos ↵

(F.4)

where ↵ is defined as the angle between the z-axis and ~vsG .
The velocity of the DM particles in the SRF is
0

B
w
~S = @

1
vsG sin ↵ + wG sin ✓u cos 'u
C
wG sin ✓u sin 'u
A
vsG cos ↵ + wG cos ✓u

(F.5)

which is the relative velocity of the star and the DM particle in the GRF.
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The velocity of the DM particles in the TRF is

w
~T

0

1
⇢ ! sin ' + vsG sin ↵
wG sin ✓u cos 'u
B
C
= @
⇢ ! cos '
wG sin ✓u sin 'u
A
vsG cos ↵
wG cos ✓u

(F.6)

which is the relative velocity between the SRF and the DM particles in the SRF.
That a DM particle can just escape,
| uescS | = | w
~S | = | w
~ T + ~vS | =

q
vT2 + wT2 + 2 wT vS cos (w
~ T , ~vS )

(F.7)

must be fulfilled.
Solving F.7 for wT provides the two solutions
w T1 =
w T2 =

vS cos (w
~ T , ~vS ) +
vS cos (w
~ T , ~vS )

q
u2escS + vS2 (cos 2 (w
~ T , ~vS )

q
u2escS + vS2 (cos 2 (w
~ T , ~vS )

1)

(F.8)

1).

(F.9)

The values for the solution F.9 are negative. So I drop this solution and use F.8.
The direction dependent escape velocity in the TRF is then defined by
uescT =

vS cos (w
~ T , ~vS ) +

q
u2escS + vS2 (cos 2 (w
~ T , ~vS )
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